
HOMEWORK 2, MATH 525

CHARLES REZK

Due Friday, 14 February.

(1) Hatcher §1.1 #3, p. 38. For a path connected space X, show that π1(X) is abelian iff all
basepoint change homomorphisms conjh depend only on the endpoints of the path.

(2) Hatcher §1.1 #6, p. 38. We can regard π1(X,x0) as the set of basepoint-preserving homotopy
classes of maps (S1, s0)→ (X,x0). Let [S1, X] be the set of homotopy classes of maps with
no conditions on basepoints. There is a natural map Φ: π1(X,x0) → [S1, X] obtained by
ignoring basepoints. Show that Φ is onto if X is path-connected, and that Φ([f ]) = Φ([g])
iff [f ] and [g] are conjugate in π1(X,x0). Hence Φ induces a one-to-one correspondence
between [S1, X] and the set of conjugacy classes π1(X), when X is path-connected.

(3) A monoid is a set G equipped with an associative and unital product (x, y) 7→ x · y. We
write e ∈ G for the identity element. A topological monoid is a topological space G equipped
with a monoid structure such that the product map µ : G×G→ G is continuous.

Write ΩG for the set of loops based at e; i.e., f ∈ ΩG is a continuous f : I → G such
that f(0) = e = f(1).
(a) Show that the rule · : ΩG × ΩG → ΩG by (f · g)(s) := f(s) · g(s) is well-defined, and

gives a monoid structure on the set ΩG.
(b) Show that the product of (a) is compatible with path homotopy, and so descends to a

well-defined function · : π1(G; e) × π1(G; e) → π1(G; e), and that this function makes
the set π1(G; e) into a monoid. (Note that the product “·” is potentially different than
the product “∗” defined by path composition.) What is the identity element of this
monoid structure?

(c) Show that for f, f ′, g, g′ ∈ ΩG the identity (f · f ′) ∗ (g · g′) = (f ∗ g) · (f ′ ∗ g′) holds.
(d) Show that the two monoid structures on π1(G; e) defined by “·” and “∗” are the same.

(Hint: consider (f ∗ c) · (c ∗ g), where c is the constant path at e.)
(e) Show that π1(G; e) is abelian.

(4) Let n, k ∈ Z with n ≥ 1, and let ζ := e2πi/n ∈ C. Regard S1 as the unit circle in C, and
suppose f : S1 → S1 is a continous map such that f(ζx) = ζkf(x) for all x ∈ S1. Show
that W (f) ≡ k mod n.

(5) Hatcher §1.1 #16, p. 39.
(6) Part of Hatcher §1.1 #18, p. 39. Using the technique in the proof of Proposition 1.14, show

that if a space X is obtained from a path-connected space A by attaching a cell en with
n ≥ 2, then the inclusion A ↪→ X induces a surjection on π1.

Apply this to show: The wedge sum S1 ∨ S2 has the fundamental group Z. (For based
spaces (X,x0), (Y, y0), the wedge sum is X ∨ Y := (X q Y )/(x0 ∼ y0).)
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