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CHAPTER 1

Connections with Measure Theory

The grammar of probability theory is measure theory. We always start with

i) A measurable space (2, #). Thus Q is a set, often called the event space, and . is a sigma-algebra
of subsets of 2. The elements of {2 are often denoted by w, and dependence on w is often suppressed.
ii) A measure P on (Q, %) for which P(Q) = 1; this is called a probability measure.

We then call (2, %, P) a probability triple. Often the existence of (Q, #,P) is assumed or implicit. Often, we
will assume that  has a topology 7, and then we will let # = 0(7), the smallest sigma-algebra containing
the open subsets of Q!; this is called the Borel sigma algebra of subsets of Q.

Now let’s define random variables. Let (S,.#) be a second measurable space?.

DerINITION 0.1 (Random variables). A random variable is a measurable mapping from (X, %) to (5, %);
ie., X71Se Z forall S € ..

We also can take expectations.

DEFINITION 0.2 (Expectation). If X is an R-valued random variable, we define

E[x] % / X (w)P(dw)
we
when the quantity on the right is defined. We say that this quantity is the expectation of X.

Note that if X is any set which contains another set A, we can define the indicator function x4 : X —

{0,1} as
()def 1 ifze A
xTr) =
xa 0 ifzeX\A

Then for any A € #,
Elxa] =P(A).
Some other common expectations are as follows.

DEFINITION 0.3 (Moments). The p-th moment of a R-valued random variable is defined as E[X?], when
this expectation exists.

DEFINITION 0.4 (Mean and variance). If X is a R-valued random variable, we define its mean to be
E[X] (if it exists) and its variance to be

E[(X — B[X))?).

DEFINITION 0.5 (Characteristic function). If X is an R?-valued random variable, we define its charac-
teristic function ¢ as

0(0) ¥ Elexpli(X,0)rd]]. 6€R

where (-, -)ga is the standard inner product in R?.

1See Problem 1.
215 = R%, we usually endow R? with the standard topology and then take . = B(R%).
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6 1. CONNECTIONS WITH MEASURE THEORY

1. Convergence

Now let’s consider how random variables can converge. We assume that (S,.%) is a measurable space
and that {X,; n=1,2...} and X be (S, .#)-valued random variables. First, we assume that S has a metric
d (which generates a topology) and that % D %(S).

DEeFINITION 1.1 (Almost sure convergence). We say that X, converges to X almost surely (written
X, — X as.) if
JP’{ lim d(X,,X) = 0} =1
n—oo
(in the language of measure theory, X,, converges to X almost everywhere).

DEFINITION 1.2 (Convergence in probability). We say that X,, converges to X in probability if
lim P{d(X,,X)>e} =0
n—o0

for every € > 0 (in the language of measure theory, X,, converges to X in measure).

DEFINITION 1.3 (Weak convergence®). We say that X,, converges to X weakly, in law, or in distribution,
if
lim E[p(Xy)] = E[p(X)]
n—oo

for all ¢ € Cp(X), the vector space of bounded real-valued continuous functions on X. More generally, we
say that a collection {un;n = 1,2...} on (S,.) converges weakly to another probability measure y on

(S,7) if
fim [ d@un(ds) = [ dlohutao)
for all ¢ € Cy(X).
Now we assume that the metric d comes from a norm || - ||.
DEFINITION 1.4 (Convergence in LP). Fix 1 < p < oo’. We say an S-valued random variable is in L? if
E[[| X P] < o0
and we define
I1X 11> < EfJIX 1P/
for all X € LP. If the X,,’s and X are in L?, we say that X, converges to X in L? if lim,,_, o, || X — X,||z» = 0.
Let’s understand how these types of convergence are related. The proofs are given as exercises.

PROPOSITION 1.5. Assume that S has metric d and that % D PB(S).

o If X,, tends to X a.s., then X,, tends to X in probability.

o If X,, tends to X in probability, then X,, tends to X in law.

e If the metric d comes from a norm || - ||, then if X, tends to X in LP (for 1 < p < c0), then X,
tends to X in probability.

We also have a partial converse, whose proof is also one of the exercises.

PROPOSITION 1.6. Assume that S has metric d and that ¥ D PB(S). If X, tends to X in probability,
then X,,, tends to X a.s., where {X,,} is some subsequence of {X,}.

We will later on need to know more about the relationship between almost-sure convergence and con-
vergence in L'. We will start with

DEFINITION 1.7 (Uniform Integrability). Let A be an index set. A collection {X4; a € A} of real-valued
random variables is said to be uniformly integrable if

im sup E [|Xalx{x.|5K}] = 0.

K—oo a€

An alternate formulation of this condition is given in the following result.

3We will take this up in more detail in Chapter 2.
4There is typically little use for L®° in probability theory.
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PROPOSITION 1.8. A collection {X,; a € A} is uniformly integrable if

i) supea Bl Xa | < oo.
i) For every € > 0, there is a § > 0 such that sup,c 4 E[|Xo|xa] < € for any A € F such that
P(A) <.

PROOF. First, assume that {X,; a € A} is uniformly integrable. Let’s show that then condition 1 holds.
Fix K > 0 such that
sup E[|Xa|x{ix. 2] < 1.
a€cA

Then for any a € A,

Ef| Xa ] = E[| Xa |x{x.>x3] + Bl XalX{x. <x}] <1+ K.

Thus condition i) is true. Next let’s show that condition ii) is also true. Fix & > 0 and let K > 0 be such
that

SUB]EHXQ |X{|Xa|2K}] < 8/2.
aE

Set § %' ¢/(2K). Then if P(A4) < 6,
E[| Xa xa] < E[|Xalxan{x.>x3] + Bl Xa [xan{x.)<k}]
< E[|Xa|X{|XQ|2K}] + K]P(A) < 6/2 +€/2 = €.
Next, let’s assume that conditions i) and ii) are true. Fix ¢ > 0. Take § > 0 such that E[|X,|x4] < €

for all @ € A whenever P(A) < § (possible by condition ii)). For any K > §~'sup,c 4 E[|X«|] (possible by
condition 1), Markov’s inequality yields that P{|X,| > K} < § for all & > 0. Thus

lim <e.
A Bl X |xqx, >r)] <e
Now let € tend to zero. O

A slightly easier condition which is sufficient for uniform integrability is given by the following.

PROPOSITION 1.9. Let {X,; a € A} be a collection of random variables. Suppose that there is a function
¢ : Ry — Ry such that
t
lim $) _

t—oo ¢

and such that

sup E[¢(|Xa])] < 00

a€A
Then {X,; a € A} is uniformly integrable.

Proor. Fix M > 0 and K' > 0 such that ¢(¢)/t > M if t > K'. Then for any K > K’,
txpsrr < M7 o) xpsry < M7 o(t).
Thus
T ~1
Am | Xa xqx, > < M sup E[¢(|Xal)]-

Now let M tend to infinity. O

It turns out that uniform integrability is exactly the condition needed to strengthen almost-sure conver-
gence to L' convergence. The following lemma will be useful in proving this.

LEMMA 1.10. If {X,; n € N} is a uniformly integrable collection of real-valued random variables, then

E[n_m Xn] < lim E[X,] < Tm HX,]<E[ m X,].
n—oo n—oo

n—o0 n— 00



8 1. CONNECTIONS WITH MEASURE THEORY

PrROOF. By putting negative signs in the obvious places, we see that it is sufficient to prove the first
inequality.
Fix € > 0 and K > 0 such that
sup E[| X, |x{x,|>k}] <&
neN
Set
def
Yo = Xax{x,>-k} = Xn — XaX{X,.<-K}-
Then it is easy to see that Y,, > X,, and Y,, > —K. By these observations and Fatou’s lemma, we have that
B[ lim X,]<E [ lim Yn] < lim E[Y,] < lim E[X,]+ sup E[|X,|x{x, >x}] < lim E[X,]+e.
n—o00 n—o00 n—o00 n—o00 neN - n—o00

Now let € tend to zero. O
We can now prove
PROPOSITION 1.11. If {X,; n € NU{oo}} C L! and X,, = X P-a.s., then X,, = Xoo in L' if and only
if {Xn; n € N} is uniformly integrable.

PRrROOF. First, assume that {X,,; n € N}} is uniformly integrable. Set Z, def | Xy, — Xoo|- Then (as it is

easy to see) {Z,; n € N} is uniformly integrable. Since Z,, — 0 P-a.s., by the previous lemma
lim E[|X, — Xoo|] = lim E[Z,]E[ lim Z,] = 0.
n—oo n—oo n—00

Now assume that X, = X, in L. For any 4 € &,
El[| Xnxa] < El|Xoo [xa] + E[|Xn — Xoo|XAJE[| Xoo [xa] + E[[ X5 — Xeol]

for all n € N. If we set A =, we get that
sup E[| X, |] € E[| Xoo|] + sup E[| X, — Xoo|] < 00.
neEN neN

This is condition 1 of the alternate characterization of uniform integrability. To see condition 2, fix £ > 0.
Since X, — X in L!, there is also an N > 0 such that sup,sy E[|X, — Xwl|] < £/2. Since X is

integrable, there is a d; > 0 such that E[|Xoo|xa] < £/2 if P(A) < 61. Thus sup,>y E[|Xn[xa] < ¢ if
P(A) < 6;. Since N is finite, we can then fix do > 0 such that sup,, . 5 E[|Xn|xa] < € whenever P(4) < 6.

If we set § &' min{di, 62}, we then see that sup,cnE[|Xn|x4] < € whenever P(4) < do. O

Exercises
We assume a probability triple (Q,.%#,P) on which are defined all random variables. We also assume
that (S,.%) is a second measurable space.

(1) Let . be a collection of subsets of 2. Show that
o(S) < N 7'

' a sigma-algebra
SO

is the smallest sigma-algebra containing ..
(2) Let {A,; n=1,2...} be a collection of measurable subsets of 2. Show that if

Z P(A,) < o,
n=1

then
P (ﬂ U Ak) =0.
n=1k=n
Hint: Note that
Mot Ukep Ak C URZ N A
for any N and use the monotonicity and subadditivity of P. This is the first half of the Borel-Cantelli
law. The second part is in Chapter 3.
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(3) Fix a mapping X : Q — S, where (S,.%) is some measurable space. Show that if & C &, o(&/) = 7,
and X 1A € Z for all A€ .7, then X is a random variable.
(4) Let X be an S-valued random variable. Define

w(A) ¥P{xedl. Aes

Show that p is a probability measure on (5,.%) and that for any bounded and measurable function
p: 85 >R

Ejp(X)] = /R p(2)u(dz).

The measure p is called the law of X and is often denoted by PX 1.
(5) Let F : R — [0,1] be right-continuous and nondecreasing and have the following limits:
zllgloo F(z) =0 and zli}n;o F(z)=
We want to find a random variable X (on some probability space (Q, . #,P)) such that P{X < t} = F(t)
for all t € R; then F' is called the cumulative distribution function of X. Consider the probability
triple ([0, 1], 4([0,1] £1| 20 1])), where £1| 20 1])) is one-dimensional Lebesgue measure restricted to
A([0,1]). Set X (w) = w for all w € [0,1]. The random variable is said to be uniformly distributed
on [0,1]. Set
G(t) inf{s: F(s) >t}. tel0,1]
Prove that ¥ = G(X) has distribution F.
(6) Assume that X is a nonnegative real-valued random variable. Assume that ¢ : Ry — R, is a nonde-
creasing function. Show that for any L > 0, such that ¢(L) > 0,

P{X > L} <E[¢(X)x(x>r}]/¢(L) < E[$(X)]/$(L).
This is a generalized form of the Chebychev inequality.
(7) Let X be a nonnegative real-valued random variable and fix 1 < p < oo. Show that

]E[Xp] = p/ E [XP_IX{XZt}] dt.
0

Hint: Note that X? = pfooo t”_lx{tsx}dt.

(8) Let (S1,%%) and (S2,.5%) be two measurable spaces. Assume that X is an S;-measurable random
variable and that Y is an Sy-measurable random variable. Show that X(w) = def (X(w),Y (w)) is an
(S1 x S1, A x S»)-random variable. (Thus d(X,,X) is measurable in the definitions of almost-sure
convergence and convergence in probability). Hint: Consider the collection & of rectangle sets and the
set

oY S e S xS XS e F).
Now assume that S has metric d and that ¥ D %(S).

(9) Show that if X,, tends to X a.s., then X,, tends to X in probability.

(10) Show that if X,, tends to X in probability, then X,, tends to X in law.

(11) Show that if X, tends to X in probability, then X, tends to X a.s., where {X,,, } is some subsequence of
{X,}. Hint: Consider the sets Ay def {d(Xn,,X) > 1/k}, where n; is large enough that P (4, ) < 27F.
Then use Borel-Cantelli
Next, assume that the metric d comes from a norm || - ||.

(12) Show that if X,, tends to X in L? (for 1 < p < o0), then X,, tends to X in probability. Hint: use
Chebychev’s inequality.

(13) Let (2,#,P) = ([0,1], %(]0,1] £1|%( 0 1])) and set X,, = nxjo,1/n) for all n € N and X = 0. Show that
X, tends to X a.s. but not in L'. Thus, neither almost-sure convergence nor convergence in probability
imply L' convergence.

(14) Let (Q,.#,P) = ([0, 1], (][0, 1],£1|@([0’1])), and set Ay, = [k/n,(k+1)/n) foralln e Nand 1 <k <
n — 1. Let {Bp; n € N} be some enumeration of the A ,’s and set X,, = xp, and X = 0. Show that
X, converges to X in probability but not almost-surely.

(15) Show that if 1 < p < p’ < o0, then || - ||, is stronger than || - ||z».



(16)

(17)

1. CONNECTIONS WITH MEASURE THEORY

Show that if 1 < p1 < p2 < p3s < oo, lim, || X, — X||,, = 0, and sup,, || X» — X||ps < o0, then
lim,, || X;, — X||p, = 0. This ends up using a simple interpolation inequality.

Assume that {X,} are identically distributed (i.e., they have the same law) square-integrable random
variables with common expectation p and which are uncorrelated, i.e.,

E[(X; — ) (X —p)] =0
if j # k. Then show that n=" 37, X; tends to g in L?. This implies the weak law of large numbers
(see Theorem 1.1).
Show that the variance of a random variable X is also equal to E[X?] — (E[X])?2.
Show that if ¢ is the characteristic function of some random variable, then
@ is continuous
p(0) =1
For any N > 0, any 61,05 ...0y in R and any ay,as...ay in C,
Z aia;-‘cp(Gz- — GJ) Z 0.
1<i,j<N
Show that if X is an R-valued random variable in LP, then E[XP?] = (—4)Po() (0).

Let X be an R?-valued random variable with characteristic function ¢. Show if f is bounded and
continuous, the
1 €
E[f(X)] = li —— —=181” — (6, X 0)do ¢ dz.
101 =t [ @) { s [ e [-51617 = 16, X (0)8 | da

e—0

Thus, characteristic functions are unique.



CHAPTER 2

Independence, and Conditioning

1. Independence

Next, let’s consider independence. We now assume a probability measure P on (2, %) and an index set
A.

DEFINITION 1.1 (Independence). Let {¥;; i € A} be a collection of sub-sigma-fields of .#. We say that
these sigma-algebras are independent if

P (ﬂ Ai> =[] P4

i€ i€
for all A; € ¢4; and for all finite subsets A of A. If {X;; ¢ € A} is some collection of random variables, we say
that they are independent if {o{X;}; i € A} are independent

This reduces to the requirement that two sigma-fields ¢ and ¥, are independent if P(A N B) = P(A)P(B)
forall Ae % and all B € %.
The following is an interesting consequence of having an infinite number of independent sigma-algebras:

THEOREM 1.2 (Kolmogorov’s 0 — 1 Law). Let {#%,; n =1,2...} be a collection of independent sigma-
algebras. Define

DL

S = G

J 2J
this is called the tail sigma-algebra. Then either P(A) =0 or P(A) =1 for any A € .#.

ProOF. We will show that .# is independent of itself; then P(A) = P(ANA) = P(A)P(A), which implies
the result. Fix 1 <k < j. Then \/,,, ;% is independent of \/,, ;. ¥m C #. Now let j tend to infinity.
Thus V,,~ %m C # is independent of .#. O

Il
-
x~

~—

We also have the second half of the Borel-Cantelli law®

THEOREM 1.3 (Borel-Cantelli, second half). Assume that {A1,A2...} are independent events. Then
>°  P(A) = oo implies that

n=1

oo oo
(1) m(ﬂ UAk>:1.
n=1k=n
PROOF. It of course suffices to show that
o0 o0
P (ﬂ U Ag) =0.
n=1 k=n

To this end, recall that 1 —z < e~ * for any = > 0, and calculate that for any 0 < n < m,

P (U AS) = I P4f) = T] (1 - P(Ax)) <exp l— S P4 | =0.
k=n k=n k=n k=n
Let m tend to infinity to see that (1) is true. O

IThe first half was in one of the problems in Chapter 1.

11



12 2. INDEPENDENCE, AND CONDITIONING

2. Conditional probability

If a random variable X is independent of a sub sigma-algebra ¢, then we expect that ¢ should have no
effect on X. What happens if X and ¢ are not independent?

DEFINITION 2.1 (Conditional expectation). Fix ¢ a sub sigma-algebra of # and X an integrable real-
valued random variable. We say that a second integrable real-valued random variable £ is a wversion of
E[X|¥], the conditional expectation of X given ¢, if

(a) £ is Y-measurable.
(b) For every A € 4, E[xa&] = E[xaX].

The following result answers the obvious question of existence.

THEOREM 2.2 (Existence of versions of conditional expectations). For any real-valued integrable random
variable X and any sub sigma-algebra & of F, a version of E[X|¥] exists.

PROOF. Define the two measures

e (4) <

where X+ &' max{X,0} and X~ def max{—X,0}. Then p4 is a measure on (2,%) which is absolutely

continuous with respect to 1P’|g (if A €9 and P(A) = 0, then pui(A) = 0). Thus applying the Radon-
Nikodym theorem to measures on (2,%), we get the existence of two ¥-measurable integrable random
variables &4 and £_ such that

ElxaX*] Ae¥

Elxaés] = pa(A) = Elxa X7

for all A €¥. Since X = XT — X_ and since expectations are linear, we get that & def &t — & is a version
of E[X|¥]. O

One of the problems tells us that all versions of E[X|¥] differ only on a set of measure zero, so we can
safely refer to E[X|¥] as an equivalence class of integrable functions.

DerINITION 2.3 (Conditional probability). For any A € % and any sub sigma-algebra & of %, we define

P(Al%) € E[x|¥]-

Exercises
As usual, we consider an underlying probability triple (2, %#,P). We also assume an index set [ C R
and a filtration {%#; t € I}.

(1) Show that if X is a random variable taking values in a measurable space (S, %), then o{X} = {X1(4) :
A € 7}, The point of this is that our original definition of o{X} relied upon a generated sigma-field,
whereas we can also define it directly as X ~!.7.

(2) Prove Halmos’ monotone class theorem. A collection %y of subsets of Q is called a field if it
contains (2, is closed under complementation and (finite) unions. A collection .# of subsets of (2 is called
a monotone class if it is closed under monotone limits (i.e., if {A,} C 4 and if 4, /" A or A, \| A,
then A € .#). Show that if %y C A, then o(%y) C 4. Hints:

(a) Define

m(F) & N M.

#' a monotone class
M’ D%o

Show that m(%) is a monotone class and that if it is a field, then it is a sigma-algebra (and hence
(o) C m(H)).

(b) Show that Q € m(%).

(c) Show that m(%#) is closed under complementation by showing that

m(F) C{ACQ: A°em(H)}.



(d)

3)

(a)
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Show that m (%) is closed under (finite) unions by showing that
m(Fo) C{ACQ: AUB e m(%) for all B € %y}
m(Fo) C{ACQ: AUB e m(%) for all B € m(H%)}.
Prove Dynkin’s 7 — A theorem. A collection &2 of subsets of 2 is called a mw-system if it is closed
under (finite) intersections. A collection . of subsets of Q2 is called a A-system if it contains €2, is closed

under complementation and countable disjoint unions (i.e., if {4,} C £ are disjoint, then U, A, € ).
Show that if & C .2, then o(&?) C .£. Hints:

Define
2e N 2.
£ a A-system
£'o2
Show that (&) is a A-system and that if it is a w-system, then it is a sigma-algebra (and hence
o(Z) CU(2)).

Show that [(&?) is a m-system by showing that
(P)C{ACQ: ANBel(Z) for all Be #}
(P)C{ACQ: ANBel(Z) forall Bel(#)}.

To show that the collections on the right are closed under complementation, note that (A° N B)¢ =
AUB®= (AN B)UB°.

Let E be a metric space and T' > 0 and consider the measurable space (2, %), where Q def C[0,T); E),

this being endowed with the topology generated by the supremum norm, and % = def P(C([0,T]; E)). For

each 0 <t < T, let Xy(w) = w(t) for all w € Q. Show that the X;’s are E-valued random variables and
that and that %(C([O,T]; E)) =o{Xy; t €]0,T]}.

Fix A and B in %, and set 4 < {0,0,4,A4°} and % < {0,Q, B, B¢}. Show that A and B are
independent if and only if 4 and ¥, are 1ndependent This reduces the general definition of independence
to the most elementary one.

Let A be an index set and let {¥4;; i € A} be a collection of sub sigma-algebras of .#. We define

def
V@< { U gt} :
teA teA
Show that

\/ 4, = o {NterAr : A C A is countable and A; € ¥; for all t € A}.

teEA
Assume that &7 and % are either m-systems or fields, and that all of the sets in & are independent of
all of the sets in o%. Show that o(2#) is independent of o(2%).
Let (9;,%;,P;) be a probability triple for 4 = 1,2...n. Define 2 ef X2, 9 = ef X2 .%, and P ef
x 1 P;. For each 1 < ¢ < n, define

7 d—ef{(xl,mg ) €Y € A A €9}

Show that the %;’s are independent. This proves that independent random variables give rise to product
measures.
Assume that X and Y are independent random variables taking values, respectively, in two measurable
spaces (S1,-71) and (.5’2, ) with laws, respectively, of p1 and pe. Define the (S1 x S22, % X #%)-valued
random variable Z % (X Y). Let pu be the law of Z. Show that u = p3 x pe. Hint: start with rectangle
sets. This proves that product measures give rise to independence.
Assume that {X;,X5...} are independent real-valued random variables. Show that

1
Pq lim n~ ZIX exists » € {0,1}.
i

Hint: show that the existence of the limit does not depend on any finite number of terms.
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Now let X be a real-valued integrable random variable and let 4 be a sub sigma-algebra of Z.

(11) Any two versions of E[X|¥¢] differ only on a set of measure zero.

(12) The mapping X — E[X|¥] is a linear mapping from L! into itself of norm 1.

(13) If ¢ : R — R is any convex function such that ¢(X) is integrable, then o(E[X|¥]) < E[p(X)|¢]. Hint:
write ¢ as the supremum of all linear minorants.

(14) If X > 0, then E[X|¢] > 0.

(15) If X is ¥-measurable, then E[X|¥4] = X.

(16) If ¢’ is a second sub sigma-algebra of .# such that ¢ C ¢, then E[E[X|¢']|4] = E[X|¢]. This is iterated
conditioning.

(17) Let X and Y be random variables which take values in measurable spaces (S1,.%1) and (S2, .%2) respec-

tively. Suppose that Y is measurable with respect to some sigma-algebra ¢ but that X is independent of

4. Let ¢ : S1 X S2 = R be a bounded function. Then E[p(X,Y)|¥9] = ®(Y), where ®(y) def E[¢(X,y)]

for all y € S3. Hint: first consider functions which are indicators of rectangle sets.

(18) Let ¢ def o{A1,As... A}, where {A;} C & are disjoint and U ; A; = Q. Let X be an integrable
random variable. Find E[X|¥].

(19) Let X be a bounded or nonnegative random variable, and let 4 be a sub sigma-algebra of .#. Let P’ be
a second probability measure on (£2,.#) which is absolutely continuous with respect to P, and let E' be
the expecation operator associated with P'. Show that

dp’
IE'[X|§4]: w_
E[F Y]

This is a form of Bayes’ rule.



CHAPTER 3

Asymptotics: Limit theorems

We now take up some asymptotic questions. Throughout this section, we will let {£;,& ...} be an
independent and identically distributed (i.i.d.) collection of R-valued random variables with common law p.

Also define .
def
Sn = ny
j=1

for all n.

1. The weak law of large numbers

First, let’s assume that

(2) / |z|p(dz) < oo and /xu(daz) =0
R R
(if the second condition is not true, we translate).

THEOREM 1.1. [Weak Law of Large Numbers for L? random variables] Assume that

/ z?p(dz) < .
T€ER

Then we have that
. Sn
lim — =0
n—oo N

in probability.

PROOF. We use problem 15 in chapter 1. Since the &;’s are independent, they are uncorrelated. Problem
15 in chapter 1 implies that n~1S, tends to zero in L2. Since L? convergence implies convergence in
probability, we have the desired result. d

We can fairly easily remove the requirement of square-integrability.

THEOREM 1.2. [Weak Law of Large Numbers] Under the assumptions of (2) we have the weak law of
ProoFr. Fix § > 0; we want to bound
=S,

large numbers.
P{l 25}.
n

Fix next L > 0 (to be determined in a moment) and truncate the &;’; define

& = gxnn(&)

§ ¢ -Elg]
xr, def
& =&-¢

for all j € N. Then we have that

def

Sn S Syt + 5%+ 5y

where
n n n
L,1 def ;L L,2 def L L,3 def &L
Syt = E & Syt = E E[.fj ] and S0 = E &
Jj=1 Jj=1 Jj=1

15
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We first note that SL? is in fact not random;

1
Lsre — opf(-1, 1)) + / 2n(dz);
n |2|<L

by dominated convergence,

lim zu(dz) =0,
Lo Jizl<L (@)
so there is an L such that
1)
/ zu(dz)| < <
|=|<L 3

if L > L. We next note that

"

0

1ars 3o larns 3« L
S5E3| > 28 < SE||-SEA) < = S E|E]
nS" _3}_6 HnS" H‘&nj:l li&; 1

<

[STIRL]

{OH{[—LaL]}+ / >Lzu(d2)} =3 /| @)

By the weak law of large numbers for L? random variables, we have that

1
lim P{‘—S{;’l > é} =0,
n 3

n—oo
sofor L > L,
]P’{ 1S >(5}<3 zp(dz)
n " -4 |z|>L
By dominated convergence,
lim zu(dz) =0,

L—oo |z|>L

so we have the claimed result. O

We will later use martingale theory to prove the strong law of large numbers, which gives almost-sure
convergence if p is integrable.
2. The Central Limit Theorem
We now consider the central limit theorem for the £;’s. Let us begin by defining

DEFINITION 2.1 (Gaussian Random Variables). Define

2
&(A) d:“/ L e [—%] de. A€ AR
A V2T

For any m € R and o > 0, we say that an R-valued random variable 7 (defined on some probability triple
(Q, Z,P)) is N(m, o?) if

P{ne A} =&({z € R: ox + m € A}). A e ZR)

We now assume that
3) / zu(dz) =0 and / w?p(dr) = 1;
R R
i.e., the £’s have mean zero and standard deviation 1!. Then we have

LThis is not really a big restriction; as long as the standard deviation o of the &;’s is positive, we can get (3) by replacing

& by (& —€)/0.
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THEOREM 2.2 (Central Limit Theorem). Let v, be the law of S, /+/n; i.e.,
vn(A) ¥ p {n_1/25n € A} . Ae B®)

then lim,,_, o p, = ® in the Prohorov topology. Equivalently,

lim ]E[cp (nflﬂsn)] - /R o(z)®(dz)

n—oo
for all ¢ € Cp(R).

PrOOF. The key observation is that the result is identically true for all n if the §;’s are Gaussian. To
make this precise, enlarge (Q, #,P) as necessary to include a collection {n;; = 1,2...} of independent
91(0, 1)-random variable which are also independent of the ¢;’s. Then n~1/2 > i1 nj is N(0,1) for all n. We
want to sequentially replace the &;’s by the n;’s. For each n, define

SN 5+ Y

je{1,2..n} je{1,2..n}
§<k >k

Then S™ = S,, and that S°/y/n is 9(0, 1).
Fix now ¢ € CZ(R) which is bounded and such that ¢ and ¢ are both bounded ?. Thus
B[ 125)] - [ o(@®(do) = E[p(n/250)] - E[p(n1/259)
R

n

=Y {E[em25p)] ~E[pm1/255 )]}

|
—

x~
Il
<

To take full advantage of independence, define

UEE Y G+ Y

je{1,2..n} je{1,2..n}
j<k >k

then for each k =1,2...m,
Sk=UF+¢, and SK'=UF+n,
and ¢ and 7 are independent of UF. Define now

R(z:9) € oz +9) - 0(@) - $(e)y — 3@

=y / (1— ) {$(x + sy) — $(2)} ds.

1=0

z,y €R

Then for any k = 1,2...n,
E[ptn/28%)] = E[ptn208)] + —=E o206
+ 5B [ UR) @)?] + B[R0k /)]
= B[ 200)] + o E[pn 70K + B[RO/ 6/ V)
E[p(n/285)] =E[p(n 12Uk + %E [o(n 2k ]
+ 5B [ PUR )] + B[R 20k V)
= E[p(n 1 2UR)] + 5B ¢ 0B + & [R0 20k )|

2To see that this is sufficient, see one of the problems in Chapter 2.
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Thus
n

<> {E[IR@2Uks &/ vm)| + E[ IR 2UE e/ V)] -

k=1

‘E[wn—lﬂsn)] - [ poreian

We will now bound R(z;y) in two ways, for large y and then for small y. By Taylor’s theorem, we have that

y 1
|R(z;y)| = ‘/0 ¥ (@ +y —r)ridr| < 6||<P(r°))||c(1ra)|y|3

and also

y r

Rl = [ [ 18 +) - pa))duds) < [@lows

z=0 Ju=0

thus
. 1 . . .
IRGeo)| < min { S0 ooy, Illcon | < eminflyf.i?) = ey min 1, )
where
def 1 .
R g||<P(3)||C(R) + [|@llcr)

Thus,

E[p(Sn/vVi)] - | p(0)e(d)

n

Z{ e Ale /v + [ 1A |z/¢ﬁ|)es<dz>}

k=1

<

< K/RIzIQ(l/\ |2/v/n)p(dz) +H/RIZIQ(1/\ |2/+/nl)® (dz)

By dominated convergence,

dnn { [P ALV + [ AL e | -

which completes the proof. d

3. Large Deviations

Let’s now go back to the weak law of large numbers, and study how quickly does convergence occurs.
This is the subject of large deviations.

Let’s first carry out a Gaussian calculation, just because we can. Let {n;; i € N} be an independent
collection of identically-distributed 9%(0, 1) random variables. Define

Then n~'5, is 9(0,1/n). We have

LeEmMA 3.1. For any L > 0,

(4) lim 1o P{|n" 'S |>L}——L—2
n—oo N g nl= - 2 ’

PRrOOF. First, we note that

P{|Sn/n| > L} = exp [—nz?/2] dz.

1
l2[>L \/2T/n
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For any § > 0, we thus have that

exp [—nz*/2] dz

- 1
P{|S,./n| > L 2/
{ISn/n| = L} <i<irs VanTn

1 26
> exp [——(L + 5)2] T
Thus )
lim LlogP{jn=13, > 1} > L
n—oo T 2

so in fact we have the lower bound
1 ~ L?

n—oo

We also have that for each § > 0
1

2[>L \/27/n

< exp [-n(1 —§)L?/2] / -

P{|S./n| > L} <

exp [—n(1 — 8)z%/2] exp [-ndz?/2] dz

1

V2m/n

exp [—ndz*/2] dz

< exp [-n(1 —§)L?/2] / ! exp [-néz?/2] dz = \/Eexp [-n(1-68)L?/2].
2eR \/27[n 0
Thus 21 _ gy
1 s L1 -
z SV>_—2 "%
Jim —logP{[n™"5| > L} > 5

so in fact we have the upper bound

1 ]- —1& L2
lim —logP{|n™"S,| > L} > —5
n

n—oo

If we define I5(2) def é for all z € R, we thus can rewrite (4) as

1 ~
lim —logP{|n 'S, > L} = — inf Is(2).
i 2 logP{n""5n] > L} = — inf, Ia(2)

DEFINITION 3.2 (Large deviations). A collection {X,} of random variables taking values in some Polish
space X has a large deviations principle with rate function I : X — [0, oo] if
(a) For every s > 0, the set
() Lz eX: I(z) <s}
is compact.
(b) For every F' C R closed,

T 1 < _ i )
nlgréon logP{Sp/n € F} < ;relgI(x)
(c) For every G C R open,
lim n~"'logP{S,/n € G} > — 1r€1fGI(:c)

n—oo

Heuristically, we can write that

P{X, € A} <exp [—n irelgI(x)]

To return to our setting, assume now that
M(6) dZEf/ e u(dz) < oo
R

for all # € R. We want to show that under this assumption, S, /n has a large deviations principle. To guess
what the action functional is, let’s first observe a certain way to use the exponential Chebychev inequality.
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LEmMMA 3.3. For any L > 0 and any 6 € R,
P{6S,/n > L} < exp[—n(L —log M(6))]
for all n.

Proor. We have that
P{0S, >nL} < e "FElexp [n6X,]].
Note that

Elexp [n0X,]] =E [1_”[ eggi] =M(@)".

From this we can immediately see that for any L > 0 and any § > 0,
P{Sp/n > L} = P{6S,/n > L} < exp[~n(L0 — log M (9))]

Thus
lim n 'logP{S,/n > L} < inf {—0x +log M (9)} = —sup{fzlog M (8)}.
n—oo >0 >0
Define now
I(z) ¥sup {6z —logM(®)} 6€R
9€R

(I is the Legendre-Fenchel transform of log M). We will show that X, def Sp/n has a large deviations
principle (in R) with rate function I.

LEMMA 3.4. For every s > 0, ®(s) is compact.

PROOF. For convenience, define

fo(z) €0z —logM(®) z€R

for each § € R. Then
{xER:supfg(x) Ss} = ﬂ {z e R: fy(x) < s}.

feR 9cR

Since fy is continuous for each €, we have written ®(s) as an intersection of closed sets. Thus ®(s) is clearly
closed. We also note that

P(s)Cc{zeR: filz) <s}n{zeR: f1(z) < s}.
If fi(z) <sand f_1(z) < s, then z < s+1log M(1) and —z < s+ log M(-1), so
®(s) C [-s —logM(—1),s+log M(1)]
so ®(s) is also bounded. Thus ®(s) is compact. O
We now want to prove the large deviations upper bound. We begin with compact sets.
LEMMA 3.5. For every K CC R,
(5) 711520 n 'logP{S,/n € K} < —zlg(l(:v)

ProoF. First fix s < inf,cx I(z), and note that
Kc{zeR: I(x)>s}=|J{z €R: 0z —log M(6) > s}
feER

Since we thus cover K by a collection of open sets, we can extract a finite subcover; there is a finite subset
O of R such that
K C U{:UGJR: Oz > s+ log M (0)}
)
Now note that for any 8 € ©, Lemma 3.3 implies that

P{6S,/n > s +logM(0)} <e™°".
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Thus, P{S,/n € K} < |Ole~*" for all n, and hence

P{Sn/n € K} < [0]e™"",
SO

lim n~'logP{S,/n € K} < —s
n— o0
and thus (5) holds.

Now we prove exponential tightness;

LEMMA 3.6. We have that
(6) L@o n@o n~'log P{|Sn/n| > L} = —oc0.
PRrOOF. This is an easy consequence of Lemma 3.3. Take § = +1 and any L > 0. Then
n@o n logP{S,/n > L} < —(L —log M (1))

lim logP{S,/n < —-L} < —(L —log M(-1))
n—oo
and this proves (6).

We now have the full upper bound

PROPOSITION 3.7. For every closed subset F' of R,

T 1 .
) nh_}rréon logP{Sp/n € F} < ;I€1fFI(£L')
ProOF. For any L > 0, we thus have that F' C (FN[-L,L]) U (-L,L)¢, so

1i_Tm n~'logP{S,/n € F} < 11_>_m n~'log {P{S,/n € FN[-L, L]} + P{|Sn/n| > L}}

< X - [lf _l z), W L
W heI‘e

w(L) = Tm n~'logP{|Sn/n| > L};
n—oo
we have from (6) that limp_, ., w(L) = —co. We also have that

lim inf  I(z) =

L=00 zeFN[=L,L] zlgr I().
Thus we have the desired upper bound (7). O
To prove the lower bound, let’s first study I a bit more closely under a regularity assumption.
LEMMA 3.8. Assume that p((a, 8)) > 0 for all a < 8 (i.e., supp u = R). Then

I(z) = max {0z —log M(6)}.
PRrROOF. For each x € R, define

F2(0) €' 0z —log M(0) = — log / G udz)  HeR
2€R
Each f, is continuous. We also note that = — —logz is decreasing on (0,00). If § > 0, then

fz(8) < —log /

== p(dz) < —log / ¢ p(dz) = 0 — log u((x +1,00))
z>x+1 z>z+1
so limg_yoo fm(ﬁ) = —

00, and if 8 < 0, then

£2(6) < —log / ") u(dz) < —log /
z<z—1

“’u(dz) = 6 — log p((—o00, z + 1))
z<z+1
so limg_y oo fa (8) = —oo. Thus the claim follows.

O
This allows us to prove the lower bound under the above regularity assumption.

21
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LEMMA 3.9. Assume that supppu = R. Then for every G C R open,
T -1 o
Jim 7 log P{S,/n € G} < ;relgl(x)

Proor. It is sufficient to prove that for any x € G,
(8) lim lim n~'logP{S,/n € G} > —I(z).

6—0 n—o0
This is trivial if I(z) = oo, so we further assume that I(z) < oo.
Fix 6 € R such that

I(z) = 0z — log M ().

Note that the first-order condition of optimality for 6 is that
M (8)

9 M@©) _
we will use this later. Now fix any § > 0 such that (x — §,z + §) C G (possible since G is open). We now
write that

P{S,/n € G} > P{|Sn/n — z| < 8}

= E[X{|5, /n—z|<s} €xp [0Sn — nlog M (6)] exp [-n (65, /n — log M (6))]]
Note that
E [xa[Tic, €]
B[, o]
is a probability measure on (92,.%#). Also note that if |S,/n — z| < §, then by our choice of 6,
0S,/n —log M () < I(x) + ||6]|d.

no(A) ZE[xa exp [6S, —nlog M(6)]] = Aes

Thus
P{|Sn/n—x| <} > P, 4 {|Sn/n — x| < §}exp[—n (I(zx) + [|0]|9)].
Let’s next look at the statistics of the ¢;’s under P}, ;. For any {4;;i=1,2...n} in Z(R),

= " (& Tb—l 0¢; n :
Pr6 <ﬂ{§i € Az’}) _E [H’:]E?ﬁ'?(ilg:]_ ] _ H %[e—‘g& H/‘

=1 i=1

where

0z d
po(4) 7zeAﬂjwf§< )

Thus, under Py ,, the &,& ... &, are iid. with law py. Note that the expected value of the &’s (for
1<i<n) under P’ n,0 15 exactly

A e B(R)

Lz () _210) _
/zemz””(dz" M@ M) "

by (9). Note also that
/ 22 pg(dz) = Joer 2" md2) _ M(®)
zeR M (6) M)’
so the variance of the &;’s (for 1 < i <n) is

M) M(6)
which is finite. By Chebychev’s inequality,
(MO M)
' - >1-P —z|>6>1-n"t | - — =],
]P’n,a{|5n/n z|<d}>1 ]P’nyg{|5n/n z|>dt>1—-n (M(G) )

Thus
lim n~"logP{|S,/n — 2| < 6} > —n(I(z) + [|6]]5)-

n—oo
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Now let § tend to zero; we get (8). O

Let’s now prove the full lower bound.
LEMMA 3.10. For every G C R open,
T -1 o
nh_}rr;on log P{S,/n € G} < ;relgl(:c)
This holds even if supp p # R.

Proor. Enlarge (2, #,P) as necessary to support a independent collection {n:,7s...} of 91(0,1) ran-
dom variables which are independent of the &;’s. For each € > 0, define

def .
3 =& ten; j€eN
def n n
SZ§Z§§=SH+EZUJ" neN
=1 =1
Then the £;’s are independent and identically distributed with common law

WA [ Fed Aeam
z€EA
where
2
Fo(z) & / (27e2)~ /2 exp [_”_2] p(dz) zeER
2€R 2e
Thus supp p¢ = R. We furthermore have that
M.(6) & / e po(dz) = M(9)e™ "'/
2ER
for all # € R and we define
I.(z) ¥ sup{fz — log M.(6)} = sup {Hx —log M(6) — 0—} < I(z).
9ER 9€R 2

Fix now § > 0 and z* € G such that I(z*) < infeq I(z)+6. Fix next 6’ > 0 such that (z*—4§',2*+4d") C
G. Then by Lemma 3.9

(10)  lim llog;]P’{‘&—x*
n

n—oo 1

< 5'/2} > 1(2) 2 ~L(") 2 ~I(2*) + 6 = — inf I(2) +34.

inf
|z—2z*|<d"/2
We now compute that

n

p{[2
n

__x*

<6’/2} SP{‘&—SIT*
n

<oper{
n

< 5’}

> lim llog{ﬂ”{ 5
n

€
_n
n—oo T

> (5’/2} .
and thus

1 1
1) tm LlogP(S,/ne0) > m Elogw{‘%—w*

n—oo n—oo

n

Sn— S,

_:E*

< 6’/2} —]P’{

>3/2) = -o0

o)

From Lemma L:GaussLDP we have that

— — 1
lim lim —logP
eNO0n—oon

Sy — S¢
n

and combining this and (10) in (11), we get the desired result. O
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Exercises
(1) Show that if M is finite on a region (a,b), it is infinitely differentiable on (a,b).
(2) Fix f € C(R) is such that lim;,o f(z) = —occ and [, ef(@dz < co. Show (directly) that for any

measurable subset A of R,

lim n’llog/ @ dz > sup f(z)
z€A

n—00 TEA°
lim n~* log/ e @ de < sup f(z)

n—oo z€EA z€A

(3) Let p = Ay + (1 — N)dp, for fixed A € [0,1] and a and b in R. Compute M () and I(z).
= = def
(4) Show that I(§) = 0, where £ = [}, zp(dz). »
(5) Show that 7 is 9M(m, ¢?) if and only if E[e?®"] = e~ ¢ /24m? for all § € R.
(6) Show that if n is 9(m,0?), then its mean is m and its variance is o?. Hint: use the characteristic
function.

(7) Show that if o > 0, then 7 is M(m, o?) if and only if

P{ne A} = /A \/2;7 exp [— (@ 2_02”)2] dr. Ae BR)

Show that the law of a 9t(m, 0) random variable is dy,.




CHAPTER 4

Martingales

As usual, we assume the existence of an underlying measurable space (2, &); note that for the moment,
we are not requiring a probability measure on (2, %#). Throughout, we fix an index set I C R.

DEeFINITION 0.11 (Filtration). A collection {%#;; t € I} of sub-sigma-algebras of .# is called a filtration
of it F, C F for all s and t in I such that s <t¢. If I =[0,T] or I = [0,00) and there is a probability
measure P on (Q, %), then we say that {F;; t € I} satisfies the usual conditions if
(a) H# contains all of the subsets of all P-null sets (and thus % also must contain all such sets).

(b) F =Ny Fs for all t € I (such that s € I for some s > t); i.e., the filtration is right-continuous

DEFINITION 0.12 (Stochastic process). Fix a measurable space (S,.%#). Then a collection {Xy; ¢t € I} of
S-valued random variables is called a stochastic process.

In practice, filtrations are often related to stochastic processes. We can ask that a stochastic process “follow”
a filtration

DEFINITION 0.13 (Adapted process). If we have a filtration {%#;; t € I'} and a stochastic process {X;; t €
I}, then the stochastic process is said to be adapted to the filtration if X, is %;-measurable for each t € I;
ie,ifo{X;} € Fforalltel

We can also generate a filtration by a stochastic process. To so so, let’s first make a definition.
DEFINITION 0.14 (Sigma-algebra generated by a variables). Let A be an index set. Let {X; t € A} be

a collection of random variables, and let X; take values in a measurable space (S;, %) for all t € A. Then

def

o{X;;t€ A} = o {X;(A); t€ Aand 4, € ).

Then we have

DEFINITION 0.15 (Filtration defined by a process). Let {Xy; ¢ € I} be a stochastic process. We then
define

FX dof o{Xs; s < t}.
Often it is useful to stop based upon current knowledge.

DEFINITION 0.16 (Stopping time). Let {Z;; t € I} be a filtration. An I-valued random variable 7 is a
called stopping time if {r <t} € F for all t € I.

We can then randomly ”stop” the filtration

DEFINITION 0.17 (Stopped filtration). Let {%#;; t € I} be a filtration and let 7 be a stopping time. We
define
F, Y AeF: An{r<tle Fforaltel}.
We will have a lot more to say about stopping times when we consider martingales.
Let’s now consider the following setup. Let {%#,; n € N} be a filtration of (2,.%#). We then define

DEFINITION 0.18 (Martingale). An adapted collection X = {X,,; n € N} of integrable random variables
is a martingale if
E[Xpt1|Fn] = Xn
for allm € N.

25
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DEFINITION 0.19 (Supermartingale). An adapted collection X = {X,; n € N} of integrable random
variables is a supermartingale if
E[Xn-i-l |yn] <Xn

for alln e N.

DEFINITION 0.20 (Submartingale). An adapted collection X = {X,;n € N} of integrable random
variables is a submartingale if

foralln e N.

Note, of course that the negative of a submartingale is a supermartingale and vice versa, and that a
process is a martingale if and only if it is a supermartingale and submartingale.

We will study martingale inequalities and convergence. It turns out that this topic has connections to
a lot of probability theory. One may look at the above setup as a general framework for considering the
evolution of information. This is important in itself, and it is also important for the characterization of
Markov processes (which we shall not touch upon in this course).

First of all, let’s extend the above properties from fixed times to stopping times.

PropPoSITION 0.21 (Optional Sampling Theorem (Doob)). Suppose that X is a supermartingale and p
and T are bounded stopping times with p < 7. Then
(12) HX,|7,] < X,
ProOOF. We will prove the result via three steps
Step 1. First, assume that p=k and k <7 <k +1 (i.e., p is constant and 7 can vary at most by 1. Then
E[X,|Z,] = B[ X, |Zk] = B[ X7 X {r>} [ Fr] + B X X {r<r}| Fk]
= E[Xpt1 | ZrlX{r>k) + Xixr<it < XeXirsey + Xaoxgr<ny = Xe = X,

The third equality comes from the fact that if 7 > k, then 7 = k + 1 and if 7 < k, then 7 = k, and that
{r >k}, {r <k}, and X} are F,-measurable.

Step 2. Now assume that p is simply a bounded stopping time (assume M is an upper bound for p and that
p <7< p+1). To show (12), we will show that for any A € .%,,

E[X, x4] < E[X, xx]

Define the stopping time 7y def min{max{r, k},k + 1} for each & > 0; then if p = k, 7 = 7. We calculate
that

M M
E[X-xa] = ) EIX: xax(o=r}] = D EE[X: xan(p=r} | ]
k=0 k=0

M M
= ZE[]E[Xﬁ | ZkIXangp=k}] < Z]E[XkXAm{p:k}] = E[X,x4]-
k=0 k=0

The third equality uses several facts. First, note that AN{p=k} = (AN{p<k}P)\AN{p<k—1}) and
that AN{p <k} e Frand AN{p<k—1} € Fp_1 C Fy; thus AN{p =k} is F; measurable. Also, note
that 7 = 7 on p = k. The first inequality stems from Step 1 (since k < 7, < k+1).

Step 3. Now assume that p and 7 are simply bounded stopping times and p < 7. For each j > 0,
define the stopping time 7; def min{7, p + j}. Then the 7;’s are stopping times, 7o = p and 7ar = 7, and
7j < Tj41 < 7j + 1. Thus for every 0 < 5 < M — 1,

E[X3, . |7] = HE[X3,, [F5,]| 2] < BIX3, [F).
By induction, we then get (12) in full generality. O

Note that if X is a submartingale, then E[X, 1] > E[X,], so X is in some sense “increasing”. Let’s
investigate this. Note that an increasing function has two obvious properties: that it is bounded from above
on any interval by its value at the end of that interval, and it is not increasing.
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PROPOSITION 0.22 (Doob’s Maximal Inequality). Suppose that X is either a martingale or a nonnegative
submartingale. Then for any n and any L,

]E X max,
]P{ max |Xk| > L} < [l an{ axXo<k<n |Xk\ZL}] ‘
0<k<n T

Y min{k >0: |X;z| > L}.

PROOF. Set

Then

{Orgkagcn X > L} — {|[Xomnl 2 I} = {7 <0} € 55 N F = Fon
By Chebychev’s inequality,
E [1 X7 anlX{1 %, 0 > 23]

> = > < .
(13) P{ max 1] > L} = B{|X0nl > I < 4

By Optional Sampling (and Jensen’s inequality if X is a martingale),
EHX””‘QT/VL] Z |XT/\n|-
Thus
E[|Xnlx{ X, rn1>2}] < E[E|Xn || FranlXir<ny] = E[E|Xn X (r<n}|Franl] = Bl XnlX {r<ny]-
Use this in (13) to complete the proof. O
Let’s use this to get
COROLLARY 0.23. Under the same assumptions as in Doob’s mazimal inequality,

1/p P
IE[ max |Xk|P] < <—) E[| X, [P]'/?
0<k<n p—1

for any 1 < p < o0.
PRrROOF. For convenience, define the maximal function
def

X & Xl
n 021132‘”' k|

If X* =0, the result is trivial, so we assume that X > 0. Let ¢ =p/(p—1) (i.e,, p ' + ¢! =1). We now

calculate that
X
| X | / tP=2dt
0

= ER[XIG)P ] < BB R G )

B =p [ 0T 2 thdt <p [ 0B Xl suldt = pE
0 0

p—1
We use Doob’s maximal inequality to get the first inequality and we use Holder’s inequality to get the last
inequality. Noting that (p — 1)¢ = p and rearranging, we get the desired result. O

Now note that if a function is “increasing”, it crosses any interval at most once. We can also generalize
this to submartingales.

PROPOSITION 0.24 (Doob’s Upcrossing Inequality). Let X be a submartingale and fix a < b. Define
o1 dzefmin{n >0: X, <a}
T dzefmin{n >o01: Xp > b}
Ok d:efmin{n >1p_1: X <a} k>2

Tk d=efmin{n >0op—1: Xp > b} k>2
For each n, define now
(0fetd dzef|{k >1: 7 <n}.
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(U2 is the number of upcrossings of (a,b) by X by the time n). Then U’ is measurable and
E[(X, — a)*]

14 EUeb) < 2 2

(1) U] < G

ProOF. First, note that for any L,
{U2" > L} = {r5y <n},

so U2 is indeed measurable.
Define now
Y, d:‘Ef(X"—a)ﬂ neN
since z — (z — a)T is nondecreasing, convex, and nonnegative, Y is a nonnegative submartingale (this
reduces our original problem to a simpler one). We first claim that for any & < n,

Yrk/\n - Ya'k/\n > (b - a)X{‘rkSn}-

If o}, > n, this is clearly true since then both sides are zero. If 7, < n, it is also true since then Y, an =
Y, = (b—a)and Y, an =Y,, =0. Finally, if o, <n < 7%, then Yy rn =Y, > 0and Y, an =Y, = 0.
Thus

(YTkAn - Ya';c/\n) 2 (b - a)US’b-

M=

=~
Il

1

Thus
b—a)EU"] < Y {B Yo an] — EYo, an} = E[Yr, an] —EYo, an] - i {E[Yors1an] = E[Yr an]} < E[Yr, an]-
k=1 k=1

To get the first equality, we simply rearranged terms. To get the second inequality, we used the fact that
Y is nonnegative (hence E[Y, An] > 0) and Doob’s optional sampling theorem (to show that the sum is
nonnegative). Finally, note that 7,, > 2n, so 7, An = n, and this gives us (14). O

Now note that limits exist if and only if there is no oscillation. We now have

PROPOSITION 0.25 (Submartingale Convergence Theorem). Suppose that X is a submartingale and
SUp,>o E[X,F] < 0o. Then X dzeflimn_,C>O X, exists P-a.s. and E[|X|] < oo.

PRroOF. For any a < b,

E[ lim U*’) = lim EU%*] < (b—a) 'supE[(X, —a)T] < (b—a)*t {sup]E[XTJ{] + |a|} < oo.
n—oo n—o00 n>0 n>0

The first equality comes from monotone convergence and the last inequality comes from the fact that (x —

a)t <|z| +a for all z € R. Thus

lP’{li_anSaand HXHZb}:O.

n—0o n—00
But
IP{lim X,, does not exist}g U P{li_m X, <aand lim Xan}z().
n—oo a<b n—oo n—oo

a, b rational

Now note that by Fatou’s lemma,
E[X*] < lim E[X,/] <supE[X;'] < 0

~ n—oo n>0
and also
n—0o0

E[X~] < Tim B[X;] < sup {E[X;}] - E[X,]} <supB[X;]-E[X,]

The second inequality comes from the fact that £ = x+ — z~ and the third comes from the fact that X is a
submartingale. O

COROLLARY 0.26. Let X be a nonnegative supermartingale. Then X def lim,, 00 X, exists (P-a.s.) and
E[X] < E[Xo].
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PROOF. Since —X is a submartingale and sup,,~¢ E[(—=X,,)*] = 0 < oo, we can use the submartingale
convergence theorem to see that X exists and is integrable. By Fatou’s lemma and the supermartingale
property,

E[X] < lim B[X,] < E[X].

n—o0

O

From the submartingale convergence theorem, we see that martingales want to converge. Let’s follow
this thought for a while.

PROPOSITION 0.27. Let X be a martingale such that X, converges to X in L'. Then
X, =EX|%,] n €N
PrROOF. By the definition of conditional expectation, it suffices to show that for any n and any A € %,
E[Xxa] = E[Xnxa]-
Fix any m > n. Then
[E[X xa] = E[X 0 xa]| = [E[Xn Xa] — EIE[X 0 |0 ]xA]
= [E[X7 xa] — B[Xmxa]| = [B[(X — Xp)xall < IX = XL, -
Let m tend to infinity. O

We have already understood how to strengthen almost-sure convergence to convergence in L'—the
criterion is uniform integrability. Thus we have

COROLLARY 0.28. If X is a uniformly integrable martingale, then X = lim,,_, o, X, exists P-a.s. and in
L', and X,, = E[X|Z,] for all n.

We also have

THEOREM 0.29 (Martingale continuity theorem). Fiz X € L' and {Z,; n € N} a filtration. Set . o

Vayen Zn- Then lim, o E[X|Z,] = B[X|Z«] P-a.s. and in L.

ProoF. First, consider the martingale

Y, ¥EX|Z,]. neN

We claim that Y is uniformly integrable. Note that for any n € N and K > 0,
El|YnlX{ v, >k}] = BIE[X|Zn]xq v, >3] < BE[X||Zn]xqy, >k = BIX Xy, 1>k}
Note that
P{|Yn| > K} < KT'E[|Y,|] < K'E[|IX]].
Since X is integrable, this means that
lim sup P{|Y,| > K} =0,
K—oo neN
which, since X is integrable, allows us to see that Y is uniformly integrable from (??).

Thus Y = lim, o Y, exists P-a.s. and in L' and Y,, = E[Y|%,]. It remains only to show that
Y = E[X| %] For any n € N and any A € %,

E[Xx4] = E[E[X|F,]xa] = E[Y xa].

Thus E[X xa] = E[Xx4] for any A € Upen%, and thus for any A € Fo, (use the monotone class theorem).
Thus

EX|Zw] =EY | %] =7,
the last equality holding since Y, which is the P-a.s. limit of a sequence of % ,-measurable functions, is
itself #,,-measurable. O

Finally, let’s prove an alternate characterization for submartingales.
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THEOREM 0.30 (Doob-Meyer decomposition). An adapted stochastic process X is a submartingale if and
only if
X, =M, + A,, n €N

where M is a martingale and A is a nondecreasing integrable process such that A, is F#,_1-measurable for
each n > 1. If Ay (or alternately My ) is specified, then this decomposition is unique.

PROOF. First, assume that we have (??). Then for any n > 1,
B[ Xnt1|Fn] = BlMpy1 | Fn] + ElAni1 | Fn] > My, + B[4, |F] = My, + A, = X,
Assume now that X is a submartingale. Set

def {2?21 (E[X;[Fja] - Xj1) ifn>1
0

Ap = .
(15) ifn=0 neN

M, % x, —A,.

Then A is clearly nondecreasing (by the submartingale property of X) and integrable and A, is &%#,_1-
measurable for each n > 1. Also X is integrable and adapted and for any n > 0,

E[Mpi1|Fn] = B Xn1 Fn] — BAng1 | Fn] = B Xnqa [Fn] — (B[ Xny [ Fn] — Xn) — An = My,
Finally, consider any decomposition X = M' + A’ as in (??). Then for any n > 0,
]E[Xn—i-l |§n] = ]E[lel—}—l |yn] + ]E[A;-H |=§Zn] = M’;L + Aln+1 =Xn+ (Aln+1 - A;l)

Thus
AL = AL+ E[X 41 | ] — X, n €N
and so
A=A, + A n €N
where A is as in (15). O

We simply note for future reference the following definition

DEeFINITION 0.31 (Bracket). Let M be a square-integrable martingale. Then (M) is the martingale part
of the Doob-Meyer decomposition of the submartingale M?.; i.e., (M) is the unique process such that

o (M), is F#,_1-measurable,
[ <M>0 =
e M? — (M) is a martingale.

Finally, let’s discuss some issues of backward martingales. The essential difference is that before we were
interested in convergence as n tended to co; now we are interested in convergence as n tends to —oo. We
will

PROPOSITION 0.32 (Backward submartingale convergence theorem'). Let {%,; n € —N} be a filtration

and let X be a submartingale with respect to {¥n; n € —N}. Then X def lim, , o, X, erists P-a.s. If
sup,, E[| X, |] < oo, then X is uniformly integrable, X o = lim, , o X,, the limit now being both P-a.s.

and in L', and X_o < E[X,|9—0] for all n € —N, where G_ def Nne—N%n-
PROOF. Since Xq is assumed to be integrable, Doob’s Upcrossing Inequality implies that for every
(a,b) C R,
E[(Xy —a)t
E[|{upcrossings of (a,b) by X in between times n and 0}|] < % < oo

for all n € —N. This implies that X_., exists P-a.s., just as for the regular submartingale convergence
theorem.

ITaken from Revuz and Yor
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Now assume that sup,c_nE[|X,|] < oo; then sup,c_y|E[X,]| < co. Since n — E[X,,] is increasing,
lim,,—,_ o E[X,,] exists and is finite. Fix & > 0; then there is an Ny € —N such that E[X,,] > E[Xn] —¢ if
n < N. For any K > 0, we calculate that for any n < N,

E[|Xalxgx.>k}] = E[Xaxx. k3] — E[XaX(x,<—k}] = E[Xn (X{x.>K) + X(x,>-K})] — E[X,]
<E[XN (X{x,>k} + X{x.>—-k})] — EIXN] +6/2 = 2E [| X N |X{1x, K1)

In the last inequality, the first term comes from the submartingale inequality, and the last term comes from
the choice of N. By Markov’s inequality,

sup P{|X,| > K} <K' sup E[|X,]].
ne—N ne—N

Since Xy is integrable, we have that

lim E[|X,, <eg;
A s B{Xnlxgx. >0] <&

since all of the X,,’s are integrable, we also have that

Tim E[|X <85
dm swp B[ Xalx, 2e] <&

putting these two together, we have that the X,,’s are uniformly integrable. Hence, the P-a.s. convergence
of X, to X_o also holds in L'. For any A € ¥_, and any n, we thus have

EX_woxa]l= lm E[X,,xa] <EX,xal
m——00
The last inequality follows from the submartingale inequality. Thus we get the final claim. d
We can use this result to easily prove the Strong Law of Large Numbers

THEOREM 0.33 (Strong Law of Large Numbers). Let {£1,& ...} be a collection of independent and
identically distributed integrable random variables with common law u. Then

. 1 _
lim n ;ék —/Rwu(dw),

this limit being both almost-sure and in L.

PROOF. Set
S €Y &6 neN

For each n € N, define

G_p L o {Sk; k> n}.

Set

X, ©¥E619,). ne-N

Then X is a martingale. Clearly
sup E[|X,[] <E[[& ],
ne—N

so X_ def limp—s _ 00X exists both in L' and P-a.s. Note that for any n > 1 and any 1 < k < n,

]E[é-k |gfn] = ]E[§1 |gfn];
thus

> B 9-n] = > El&|Y-n] = nE[Sn|F-n] = Sn
k=1 k=1
Thus S, = X_,, for all n € N. Hence
Sn

X_ o= lim —
n—oo N
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this limit being both P-a.s. and in L'. We thus only need show that X ., = [, 2u(dz). Note that for every
k,

L= lim — = lim

n—oo N n—oo n

n
def 77— Sn [T Zj:l §k+j

Clearly L = X _, P-a.s., so L is integrable. By Kolmogorov’s zero-one law, L is almost-surely constant, so

n—oo

L=F[L] = lim n'E[S,] = / zp(dz)
R

This completes the proof. a

Exercises

1) Show that for any stopping time 7, %, is indeed a sigma-algebra.

2) Show that for any stopping time 7, 7 is itself .#,-measurable.

3) Show that for any fixed ¢ € I, the mapping 7 : Q + ¢ is a stopping time. Show that %, = %;.

4) Let {71, 72 ...} be a countable collection of stopping times. Show that sup,,~; 7 is also a stopping time.

Show that if {r1,72...,7,} is a finite collection of stopping times, then min;<j<, 74 is also a stopping

time. stopping times.

(5) Let 7 be a stopping time and s a nonnegative number. Show that 7 + s is a stopping time.

(6) Suppose that I is discrete, X is an adapted process taking values in a measurable space (5,.%), A € .7,
and 7 is a stopping time. Define

(
(
(
(

P L min{teI:t>rand X, € A}
and show that 7' is a stopping time.
(7) Suppose that I = Ry, X is a continuous process taking values in a topological space S, and F' C S is
closed. Define
szefinf{t >0: X, € A}

and show that 7 is a stopping time.
8) Suppose that 71 and 7» are stopping times. Show that
a) If 4 <1, then &, C Zo,.
b) If A€ Z,,, then An{n < n} € %,,. Hint: note that

{Tlst}ﬂ{Tlst}ﬂ{Tl STQ}:{TlSt}ﬂ{Tlst}ﬂ{Tl/\tSTz/\t}

and use the fact that 7 is %, -measurable.

Frinmg = Fr, N Fr,.

{n <} e F, NF, (and thus {nin} € ¥, N %, where i is any inequality or equality.

Let 7 be a stopping time. For each n, define 7, def [Tn]/n. Show that each 7, is also a stopping time.

If I C Z, X is an adapted process, and 7 is a stopping time, then X, is %, -measurable. Hint: partition

the space according to the values of 7.

(11) Let {&n; n € N} be a collection of independent and identically distributed integrable random variables.
Define

Fn Eo{&; k <n}
and show that X, %' > r_i & is a martingale with respect to {F,; n € N}. Show that {X,; n € N} is
a martingale, submartingale, or supermartingale, respectively, if the mean of the £’s is zero, positive, or
negative.

(12) Let X be a martingale with respect to a filtration, and suppose that {Y,; n € N} is a collection of
integrable random variables such that Y,, is .%,,_1-measurable for all n. Show that

7z d=ef ZZ:lYk(Xk_kal) lfTLZl
"o ifn=0

is also a martingale (with respect to the same filtration). This new process is called a martingale
transform of X and is a simple case of a stochastic integral.
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(13) Let X be a martingale and ¢ : R — R be convex and such that Ejp(X,,)] < oo for all n. Show that
Z, (Xp) is a submartingale.
(14) Let X be a martingale, submartingale, or supermartingale (respectively), and let 7 be a stopping time.

Show that Z, def X an is also a martingale, submartingale, or supermartingale, respectively. Also show
that Z can be written as a martingale transform of X.






CHAPTER 5

Weak convergence

1. The topology of weak convergence

It turns out that the notion of weak convergence, defined in Chapter 1, is an important one. In this
chapter, we will assume that X is Polish, i.e., that it has a metric d under which it is complete and separable.
We let 7 denote the collection of open subsets of X defined by d. Our goal is to study &(X), the collection
of probability measures on (X, 24(X)). As a first simple observation, note that 4(X) is convex. Note that
we can also topologize it as a dual of Cy(X). In other words, this topology, the weak topology on £(X), is
the smallest topology on #(X) with respect to which all of the mappings I, : #(X) — R defined by

L™ [ paus)  ue 2(x)

are continuous, as ¢ varies over Cy(X). It turns out that £ (X), endowed with this topology, is itself Polish,
and that we can characterize its compact sets.

2. The Prohorov metric

To begin, let’s write down the Prohorov metric. Let € be the collection of closed subsets of X, and for
any subset A of X and any ¢ > 0, define

A €z € X : dist(z, A) < e},
d

where dist(z, A) fef infyeca d(z,y) for all x € X. We define

p(p,v) inf {e>0: p(F)<v(F*)+eforall Fe %}

for all 4 and v in #(X).
We have the following theorem which connects the Prohorov metric and different definitions of weak
convergence. For future reference, we now define the open balls

B(z,¢) ef {' e X :d(' z) <e}
for each z € X and € > 0.
PROPOSITION 2.1. Fiz {u1,ps...} and p in P(X). The following are equivalent.

(a) li_mn—>oo p(tn, ) = 0.
(b) limy, o0 pin (F) < u(F) for all F C X closed.
(c) im, . pn(G) > p(G) for oll G C X open.
(d) imnooo [ o(@)pin(dz) = [x p(z)p(dz) for all ¢ € Cy(X).
PRrROOF. Most of the work is done in the problems; namely that (a) implies (b) and that (b) and (c) are
equivalent and are in turn equivalent to (d). The only remaining part is that (b) implies (a).
Since X is separable and metric, we can find {z1,22 ...} a countable dense subset of X. Fix £ > 0 and

define By &' B(z1,¢/4) and Ej, def B(zn,e/4) \ U}_ E; for all n > 2. Then the E,’s are disjoint and the
diameter of each of them is /2 or less. Let L be an integer large enough that

M ((U]L:1Ej)c) <e/2.

Thus by assumption, for n sufficiently large
Hn (((UleEj)C) <e/2.

35
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Also, by assumption, for n sufficiently large
pin (Uier Bi) < p (User E;) +¢/2

for all subsets I of the finite set {1,2...L}. Fix now n large enough that (??) and (??) hold. Fix any closed
subset F' of X. It is easy to see that

E;NF#0
Ui<icr B; C F*.
EinF+#¢
Then
pn(F) < p (U 1<i<L Ei) +e < pu(F) +e.
E;NF#0
Vary F to get that p(un, ) < € for all n large. Let n tend to infinity, and then £ tend to zero to see that
limy, 00 p(ftn, ) = 0. O

3. Tightness and compactness in the Prohorov topology

A natural next question is: what do the compact subsets of &(X) look like? It turns out that the
following has a lot to do with compactness.

DEFINITION 3.1 (Tightness). A subset .# of #(X) is tight if for each € > 0 there is a compact subset
K of X (denoted by K CC X) such that pu(K°¢) < e forall u € 4.

Below we will conclude that .# C P(X) is tight if and only if 4 is compact. First we will show that
if . # Cc 2(X) is compact, it must be tight. Then we will show that if .# C 2(X) is tight, then .# is
compact.

Let’s start by showing that the simplest possible compact subsets of Z(X) are tight.

LEMMA 3.2. Any p € P(X) is tight.

ProoOF. Fix ¢ > 0. Since X is separable, it contains a countable dense subset {z1,z5...}. For each n,
let L,, be such that

Ly
i (U B(mi,l/n)) >1-—¢/2"h
i=1

Set

oo Lp
K€ (N | B(i,1/n).

n=11i=1

Then K is closed and totally bounded and is thus compact. Note that

oo L, oo Ln
)2 (Y Uim) =1- (U () mor

n=1i{=1 n=1i{=1
o Ly o Ly o
>1-> p (ﬂ B(xi,l/n)c> >1->" (1 —u (U B(wi,l/n)>> >1-Y e/t =1,
n=1 i=1 n=1 i=1 n=1
Thus p is tight. g

From here, we can show that compactness implies tightness.
PROPOSITION 3.3. If # C P (X) is compact, then it is tight.

PRroOOF. Fix ¢ > 0. Since . is compact, it is totally bounded, so we can for each n, find a finite subset
Nm or A such that

M ) {ne PX): p(u, i) <e/2"}.
RBENm
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By Lemma 2, each of the fi’s in each of the .4;,’s are tight, so for each n, we can find a K,, CC X such that
A(KY) < g/2"+! for all i € A;,. Thus, for all n and all 4 € 2(X) and fi € A4, such that p(u, i) < /2",

1 _6/271-‘,-1 < ﬁ(Kn) < M (KZ/2ﬂ+1) +6/2n+1
SO [ (KZ/2"+1) >1—¢/2" for all yu € 4. Set now

oo
def 2n+1
KM g/

n=1

Then K is compact and u(K) > 1 — ¢, by a calculation similar to that of Lemma, 2. O

The other direction is a bit more complicated. We will show that if .# C Z(X) is tight, then it is
totally bounded. Secondly, we will show that if .# is tight, its closure is complete.

PROPOSITION 3.4. If # C P(X) is tight, then it is totally bounded.

PRrOOF. Since X is separable, we can find a countable dense subset {z1,22 ...} of X. For each N and
m, define the finite subset

N+1
NNom d=ef{z a0z, € P(X):ar €Zy/mioralll1 <k < m}
k=1

of Z(X). For any ¢, we will show that for sufficiently large N and m, any element of .# is within ¢ (in
the p metric) of some element of Ay ;. Indeed, fix € > 0 and then K CC X such that p(K°) < /2 for all
p€ . Since K C U B(zy,e) and K CC X, we can let N be any number such that K C UY_, B(zy,e),
and we then fix m > 2N/e. Consider any p € #. Set

E; def B(x1,¢)

En % B(zn,20) \ U B(zg,e) n=1,2...

a; | w(E)m]/m 1<i< N

N
def
any1 = 1— E a;.
i=1

Define i € AN ,m by
N+1

~ def
m = Z akéwk.
k=1

Note that
N N
E; -1
l—any = Zai > Z% =p (U, E) — N/m > wK) - N/m>1-¢/2— N/m.
i=1 =1

From here we get that ay4+1 < e/2+ N/m < e. Fix now any F' C X closed. Then

a(F) < Z a; +any1 < Z wWE)+e<up U Ei | +e¢

1<i<N 1<i<N 1<i<N
z;EF z;€F Ti€EF
Note that
U EicFs
1<i<N
z;€EF
Thus fi(F) < pu(F°¢) + ¢ for all closed F' C X and thus p(u, i) < &, which completes the proof. O

Next, we start to prove that if .# is tight, it is complete. We start with
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PROPOSITION 3.5. If # C P(X) is tight and {u,} C A is Cauchy, then

A Y lim [ o(@)pn(dz)

n—oo X

exists for all ¢ € Cy(X). Furthermore, if {¢n} C Cp(X) is such that vn, \( 0, then lim,_,« A(pn) = 0.
PRrROOF. For p € #(X) and ¢ € Cy(X), define

def
llell = sup [p(@)]
zeX

M) /X (@) u(de).

Noting that ¢ + ||¢|| is nonnegative, we can apply problem XXX and a change of variables to see that

[lell
M) = / e e X pla) > ) — el

for all ¢ € Cp(X) and all p € Z(X). Fix now K CC X and set
wr(0) % sup 1e(@) =Wl
d(z,y) <6
i.e., wi is the modulus of continuity of ¢ restricted to K. For any ¢t € R and 6 > 0,
p{z € X+ p(z) >t} < p(K°) + p{z € K = p(z) > t}
{reK:p(x) >t} CK: {z e X: p(x) >t—wk(d)}
Thus, for any v € #(X) and any t € R,
p{z € X1 p(z) >t} < p(K®) +v(K®) +v{z € X : p(z) >t —wk(p(p,v))} + plu,v)
S0

lel
Au(p) < /_” | v{z € X : p(x) 2 t —wi(p(p,v))}dt — [lol| + 2[lp| (#(K®) + v(K°) + p(n,v))

llell
= /_|| I v{z € X : p(z) > t}dt — ol + 2|l (W(K®) + v(K°) + p(p,v)) + wk (p(p, )

= A () + 2llll (u(K°) + v(K°) + p(p, v)) + wk (p(p, v))-
Thus
1Ay (p) = Ap(@)| < 2llll (w(K°) + v(K€) + p(p,v)) + wi (p(; v))
for any p and v in #(X) and any K CC X. In particular, for {u,} C .# which is tight and Cauchy, we
can fix € > 0 and then find K CC X such that p,(K°¢) < ¢ for all n. Then

lim [A, (9) = Ay, (0)] < 4lllle.

m,n— 00

Now let € tend to zero to see that {A,, (¢)} is Cauchy and thus convergent.
Now assume that {¢,} C Cp(X) is such that ¢, \, 0. Clearly lim
and then K CC X such that u(K°) <e¢ for all 4 € #. Then

A(pn) < lim sup @, (z) + [|¢nll sup p(K€) < |le1le.
N—=X zcK nEM

A(pn) > 0. Fix next any € > 0

n— 00

Here we have used Dini’s theorem to see that im0 SUPcr ¥n(x) = 0. Now let € tend to zero to see that
lim,, o0 A(pn) <0. O

From here, we could directly appeal to Daniell’s theory of linear functionals. In the interest of complete-
ness, however, we will write out a proof. Let’s define

©*(0) def sup{A(p) : ¢ € Cc(X;[0,1]) and suppp C O} O open
i(A) €inf {§*(0): 0> Aisopen}. A€ B(X)
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Here C.(X :[0,1]) is the collection of continuous mappings from X into [0, 1] of compact support. The idea
here is to approximate indicators of open sets from below by continuous functions to get p* and to use the
notion of regularity to define the measure of any measurable set.

LEMMA 3.6. The set function p* is an inner content which agrees with i on open sets and such that
u*(0) = 0 and p*(X) = 1. By an inner content, we mean
(a) If Oy C Oz are open subsets of X, then p*(O1) < p*(02).
(b) If O C U2, 0;, where O and the O;’s are open subsets of X, then p*(0) < 322, p*(0;).
(c) If O1 and O2 are two disjoint open subsets of X, then u(O1 U Os2) > u(01) + u(02).
(d) For any open subset O of X,

p*(0) < sup {u*(G) : G is open, G is compact, and G C O} .

PROOF. The facts that u* agrees with u on open sets and that p*(f) = 0 and p*(X) = 1 are obvious.
For convenience, define

0 ife<1/3
o(z) €30 -1 if1/3<2<2/3
1 if > 2/3.

Proof of (a) Obvious.
Proof of (b) Fix ¢ € C.(X : [0,1]) such that supp ¢ C O. Then since supp ¢ is compact, supp ¢ C UN | O;
for some N, and then

n def gist (supp ©, (Uﬁil Oi)c) > 0.

Define
def 0(77_1 diSt(.’L‘, Ozc))

pi(z) = '
Z;-Vzl o(n= dist(z, 0%))
Then for each 4, ¢; is a well-defined element of C.(X;[0,1]) and supp ¢; C O;, and Zf\; L ¢i = ¢. Thus

o(z). ze€X,1<i<N

N N [e3)
Ap) = ZA(%) < Zu* (0i) < ZN*(Oi)'

Now vary ¢ to get (a).

Proof of (¢) Fix ¢1 and @2 in C.(X : [0, 1]) such that supp ¢1 C O; and supp ¢2 C O2. Then ¢ def P1+P2
isin C.(X :[0,1]) and supp ¢ C O; C O2. Thus

A1) + Ap2) = A(p) < p*(01 U Oy).

Vary ¢1 and @2 to get (b).
Proof of (d) Here is where we use the continuity of A. Fix ¢ € C.(X : [0, 1]) such that supp ¢ C O. Set
G izeX: g >0}
on(x) def o(dist(z, G%) /n)p(z). zeX,n=12...

Then G = suppy CC X and G C O is open. Furthermore, ¢, € C.(X : [0,1]) for all n, supp ¢, C G, and
wn /. Thus ¢ — ¢, \(0, so
A(p) = lim A(pn) < p*(G) < sup {p*(G) : G is open, G is compact, and G C O}

Vary ¢ to get (c¢). U
Next, let’s consider .

LEMMA 3.7. For AC B in (X)), i(A) < @(B). For any {A,} C B(X) which are disjoint,

A (UpZiAn) < D A(An).

Secondly,
(@) If 01 C X and O C are open subsets of X, then p(O1) > (01 N O2) + G(0;1 \ O3).
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(b) If O is an open subset of X and A € B(X), p(A) >
(c) For A and B in B(X), u(A) > p(ANB) + z(A\ B).

Then for any {A;} C B(X) which are disjoint,

A(ANO) + (AN O).

Thus i € Z(X).

PROOF. The monotonicity of i is obviously inherited from the monotonicity of p*.
To prove subadditivity, fix e > 0. For each n, let O,, D A,, be open and such that p*(0,,) < G(O,)+e/2".
Then

Iz (Un:lAn) < H* (Un:lon) < Z Z + 5/2n Z ﬂ(A

Let € tend to zero. ~ ~ ~
Proof of (a) Fix G open such that G CC X and G C O1 N O». Note that G and O; \ G are disjoint,
that GU (01 \ G) C O, and that O1 \ G D 01 \ Oa. Thus
f(01) = p*(O1) > p*(G) + p* (01 \ G) > *(G) + (01 \ O2).
Vary now G.
Proof of (b) Fix G D A open. Then
p*(G) = i(G) 2 (GNO) + (G \ 0) 2 G(ANO) + i(A\ O).

Now vary G.
Proof of (c¢) Define

g A e BX): B(S) > a(SNA)+ a(S\ A) for all § € B(X)}.

We claim that ¢ is a sub sigma-algebra of £(X), much like the collection of Lebesgue-measurable subsets
of R is a sigma-algebra. It is clear that ¢ contains X and is closed under complementation. Next, fix any
A and B in &. Then for any S € #(X),

A(S) > (S N A) + (S \ A) > (S NANB) + (SN A\ B) + (S \ A)
>SN (ANB))+u(S\ (AN B))
The first inequality comes from the fact that A € ¢ and the second from the fact that B € ¢4. The last line
comes from the fact that
(ANB)*=A°UB°= AU (B°\ A°) = A°U(A\ B);

this implies that S\ (AN B) = (S\ A) U (SN A\ B), and the subadditivity of fi then gives us the last line

of (??). Thus ¥ is closed under finite intersections and complements, and thus ¢ is a field. Finally, fix

{4,} C ¥, and set B ¥ 4, and B, ¥ 4, \UiZ L A; for all n > 1. Then the B,’s are in ¢, are disjoint,

and US2 B, = U2 A,,. For any n and any S € 33( )
B(S) > (SN (UjiBy)) + (S \ U1 By) Z (SN Bj) + A(S \ UjZ, 4;).-

The first inequality comes from the fact that Uj_, B; € 4. The second inequality comes from the fact that

the Bj’s are in ¢ and that
(U?=1Bj) c= (U?zlAj)c 2 ( ?zlAj)c'
Now let n tend to infinity and use the subadditivity of i to see that

Z (SN Bj) > (U2, SN B;) = (SN (URyA))) .

Thus U2, A; € ¢, so & is a sigma-algebra. Since the open subsets are in & by part (b), we have that
PB(X) C ¢. This implies (c).
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Now we can prove (??). From a repeated application of (c), we get that
n
B(UZ14;) > (Ui 45) = D B(4)).
j=1

Let n tend to infinity.
Finally, we claim that g € £(X). From Lemma 6, we see that (0)) = 0 and z(X) = 1. From the
subadditivity and (??), we see that g is indeed additive, implying that p € £ (X). O

LEMMA 3.8. We have that lim, oo i, = fi-

PROOF. it suffices to show that
lim p,(0) > p*(0)

n—oo

for any open subset O of X. Fix ¢ € C.(X :[0,1]) with suppy C O. Then

im 1, (0) > p*(0) 2 lim | o(z)pa(dz) = A(p).

n—o00 n—oo J X
Vary ¢ to get (?7). O
Finally, we can get
PROPOSITION 3.9. If # C P(X) is tight, its closure is complete.

PROOF. If . is tight, so is its closure %_(one of the problems). From the above, we know that if
{pn} C A is Cauchy, it has a limit point i € . O

This give us

THEOREM 3.10 (Prohorov). .# C P(X) is tight if and only if A is compact.

ProOOF. Compactness of .# implies tightness by Propositidon 3. Tightness of .# implies compactness
by Propositions 4 and 9. O

Finally, we can complete the proof that £ (X) is itself Polish
THEOREM 3.11. The space P (X), endowed with the weak topology, is Polish with metric p.

PRrOOF. Theorem 1 tells us that &(X) with the topology of weak convergence is metric. Separability
is in one of the questions. To prove completeness, fix a Cauchy sequence {u,} in &(X). We claim that
{pn; n=1,2...} is tight. Fix € > 0, and for every [, let a number m; and a K; CC X such that

sup p(fns fny) < 6/21+1

n>m;

i K)>1—g/2!H,
) Snnusnmlun( )>1-¢/

Then for n > my,
I+1
1-— 5/2H'1 < tmy, < pin (KZE/2 ) +6/2l+1,

which implies that v, (KIE/QHI) >1—¢/2!. Thus

inf u, (Klg/2l+1) >1-¢/2%
n

Set

def o g/2i+1
K % npe K77

Then p,(K€) <€ for all n, so {pn; » = 1,2...} is indeed tight, so its closure is compact, so lim, u, must
exist,. O
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Exercises
(1) Consider p € #(X). Show that p is regular; i.e., that for all A € B(X),

n(A) = p*(4) = p(4),
where
p*(A) inf{u(0) : 0 > A is open}

px(A) def sup{u(F) : F C A is closed}
for all A € #(X). Hint: consider the collection

9 E (A€ B : 1 (4) = p(4) = p(4)}
of subsets of X.

(2) Show that the Prohorov metric is a metric. Hint: use question 1.

(3) Show that #?(X) is separable. Hint: consider probability measures of the form }°__; a,d,, where I is a
finite subset of a dense subset of X and where the a(x)’s are nonnegative rationals.

(4) Show that if .# is tight, then so is .Z.

(5) Let {z,} be a collection of points in X and fix some z € X. Consider the probability measures ¢, .
Show that J,, converges to d, in the Prohorov metric if and only if x,, converges to z.

(6) Consider {u,} C £(X). Show that

(a) if p(pn, ) — 0, then lim,, p, (F) < p(F) for all closed F C X.

(b) lim,, pn(F) < p(F) for all closed F C X if and only if lim , p1,(G) > u(G) for all open G C X.

(c) if lim,, p, (F) < p(F) for all closed F C X (and consequently lim,, u,,(G) > u(G) for all open G C X),

then
lim / 2)tin(d2) /X p(@)u(dz)

for ¢ € Cp(X). Hint: Show that there are only countably many ¢ € R such that p{z : p(z) = ¢} > 0.
Then approximate @ by functions which are constant on open sets.

(d) if lim, [y @(2)pn(dz) = [y ¢(z)p(dz) for all bounded and continuous ¢ : X — R, then lim, p,(F) <

u(F) for all closed F C X. Hint: consider functions of the form ¢ () ey (e dist(z, F) A 1).

(7) Fix k > 0. Show that {u,} C Z(R?) converges to p € Z(R?) if and only if limp_y00 Ly (n) = I, (p) for
all ¢ € Cp which are k-differentiable and for which all k£ derivatives are bounded.

(8) Fix T > 0 and two probability measures Py and Py in #(C([0, T]; R?)), where C([0,T]; R?)) is endowed
with the standard supremum-norm topology (and is thus Polish). Show that if

P, (ﬂ{w € O[O, THRY) - w() € At}> _Pp, (ﬂ{w € O[O, THRY) - w(f) € At})
tel tel

for all finite subsets I of [0,7] and {4;; t € I} C #B(R?), then Py = Ps.
(9) Fix T > 0 and consider the set Co([0,T]; R?), which is collection of elements w of C([0,T];R?) for

which w(0) = 0. Then Cy([0,T]; R?) inherits a Polish structure from C([0,T];R?). Show that .# C
P(Co([0,T]; R?)) is tight if

lim sup p{ sup |w(t)—w(s)|>ep =0.
=0 e |t—s|<6é
5,6€[0,T]
(10) Let X be a Polish space with metric p. Assume that for each n € N (where N is the set of positive
integers), we have a u, € £(X™) (X" is the n-fold product of X, which is Polish with the product
topology). Assume furthermore that these mu,,’s are consistent; that for any n € N and any A € B(X™),

/J/n+1{(.'23'1,$2 .. ..’L‘n+1) € XxXntl. (.’L‘l,flfg .. Ilfn) S A} = /J/n(A)

We will show that the u,,’s have a limit in the proper sense. If the p,,’s are themselves product measures
(i.e., the law of independent random variables), this means that we can find a probability triple on which
is defined a countably infinite collection of independent random variables). We can also use this to show
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that, given a discrete-time Markov transition function (which we will not discuss in this course), we can

find a probability space on which is defined a Markov process for all (discrete) time.

(a) Set X def X nenX and endow it with its natural product topology. For each n € N, define 7, : X*° — X

as the natural projection operator (i.e., 7, gives the n-th coordinate). Show that X *° is metrizable with
metric (1 (@), 7 (1))
def _n P\Tnp\Z),TnY
Poo (-77 s y) = 2 .
DD o FS )

(b) Fix z* € X, and for each n € N, define ®,, : X" — X as

T,y € X~

def
D, (r1,22...2,) =< (1,22 ... Ty, ™, 2. .0).

In other words,
Ty fm<n

*

else

Tm@n (1,22 ... 2,) = {x

For each n € N, define

fin(A) € o {(z1,35 .. . 20) € X™ 1 Bp(m1,20...7,) € A}
Ae B(X®)
Show that p, € #(X°°) by showing that each of the ®,,’s is measurable.
(c) Show that {fi,} is tight. Note that by Tychonof’s theorem

K () m ! (K)

neN
is compact for any collection {K,} of compact subsets of X.
(d) Let poo be a limit point of the fi,,’s (in & (X*°)). Show that for any n € N and any A € B(X"),
oo (2(1),2(2) ...) € X & (5(1),2(2) ...2(n)) € A} = pn(4).
Hint: first, note that if ¢ € Cp(X™), then the mapping

Pn(@(1),2(2) ...) E p(2(1),2(2) ... 2(n))

is an element of Cj(X ).
(e) Show that poo is unique. Hint: use problem 1.






CHAPTER 6

Construction of Wiener Measure

Let’s now use a number of the tools we have developed to construct Wiener measure.
We will start out with a collection {£x; £ = 1,2...} of independent and indentically distributed random
variables with common law . We assume that

K, d:ef/ z*p(dr) < oo /w,u(dx) =0 /m2u(da?) < oo.
R R R
Set
"~ o ifn=0
and for each n, define a C([0, 1])-valued random variable X™ by
n def 1
¢ - o (Sine) + (@n = [tn])E(nt)+1) t>0

(note that X™ can be represented as a continuous mapping of the S,’s, so X™ is indeed measurable).
We are interested in the behavior of the law of X™ as n tends to infinity. To be more specific, define for
each n € N an element pu, € Z(C([0,1])) (where C([0,1])) is endowed with the standard supremum-norm

topology) by

e no& ifn>
S, df{zﬂ—lé ifn>1 n €N

X

pn(A) EP{X" € A}.  AeB(C(0,1)
We are interested in the limit of the p,’s in the sense of weak convergence.
First of all, let’s use a simple martingale inequality;

LEMMA 0.12. For everyn € N and L > 0,

n2

P{Oréljagn|s]| > L} < (4/3) (3+K4)L4.

PRrOOF. By Chebychev’s inequality and Doob’s maximal inequality,
E[|Sn |*]
| > Ly < 120
p{max 15> L} < (4325
Now note that for any n > 0, E[S2] = n and
4 4 4
ESp1]=E [Sé + (3) S3¢ni1 + (2> S262., + (1> Sn€3. 1 + §;t+1] =E[S%] + 6n + K4

Thus, since Sy = 0, we get that for n > 1,

n—1
E[Sp] =) 6j+nK,=3n(n—1)+nKy < (3+ Ky)n’.
=1
Since 4/3 < 2, we get (7). O

We can translate this into

LEMMA 0.13. For everyn € N, m € N, and L > 0,

nm

=Skl >Lp<4! —

P ogmj,%én|sj Sp| > L _4(3+K4)L4
li—k|<m

45
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PrOOF. We break n up into intervals of length m. Note that for any 0 < j, k < n with |j — k| < m,

ISk — Sj| < 1Sk = Sik/mim| + S5 = Si/m)ml| + 1S |k/mjm — S|j/mim| < 30<l13ﬁ§mJ oTax |Stmt5 — Siml|-

Thus

[n/m]
P max |S] —Sk| >L < Z P{ magcm|5’lm+j _Slm| > L/3}

<jk<n <j
k< S
2
— , 4 m
= UnfmJ { max 1] > 173} < (/33 + Ko ln/m] 7.
This yields the desired bound. O

From here we note

PRrROPOSITION 0.14. For any 6 >0, anyn € N, and any L > 0,

n n d+n1t

P{ sup |XP—X"|>L ) < (12)4(3+K4)T
0<s,t<1
i—s|<d

PRrOOF. First, for any s and ¢ in [0, 1] with [t — s] < 4,

X7 = X2 < X oy g = X2+ (X g p = X2 X = Xyl 30712 mae ]S = S|
|j—k|<én+1

Now use Lemma 2 with m = |nd + 1] < nd + 1. O
From here we get
PROPOSITION 0.15. The collection {p,; n € N} is tight.

PRroOOF. First, we obviously get that

lim lim P¢ sup |X]'—X7|>ep=0
§—0n—o0 0<s,t<1
[t—s|<d

for each € > 0. Fix now n > 0. For each k € N, fix §; ; and then n; such that

sup P sup | X[ — X7 >1/k ¢ <n/2k.
n>ng 0<s,t<1
[t—s]<d1,%

Since

lim sup P sup |X{-X7|>1/kp =0,
=0 1<n<ny 0<s,t<1
|t—s\§61,k

we can find a d2 1 such that

sup Pq sup |XP - X7 >1/k o <np/2~.
1<n<ny 0<s,t<1
[t—s[<d1,%

Thus, upon setting dy dof min{d1 k, 02,5}, we have that
supPq sup |XP— X7 >1/kp <n/2".

neN | 0<s,t<1
[t—s5|<dk



6. CONSTRUCTION OF WIENER MEASURE 47

From this, we set

Cv & o e C(0,1]): 9(0) =0, sup |o(t) —p(s)| <1/ky  keN

Thus

so the claimed result is true. O

Let’s now define what will turn out to be the limit point. As usual, we define the coordinate random
variables

Xi(w) Eo).  teo1],we0(o,1])
DEFINITION 0.16 (Wiener measure). A measure p € Z(C([0, 1]) is said to be Wiener measure on C([0, 1])
if
e the map t — X; is p-a.s. continuous
o Xy =0 p-as.

e Forany 0 =tg < t1 < ta...tx <1 {Xy, — X4, Xt, — Xty - .- Xty — Xy, } are jointly Gaussian and
independent and X;;, — X;;_, is M(0,t; —t;_1).

Let’s first show that Wiener measure, if it exists, is unique.
PROPOSITION 0.17. Wiener measure, if it exists, is unique.

PROOF. Let p; and pp in #(C([0,1]) be Wiener measures. Fix 0 = tp < t;--- < tg < 1 and
{Ap, A1 ... Ak} € Z(R). Then for i € {1,2},

2

exp [_Mfﬁ] o

e \2m(t; —ti—1)

K
pi (N { X — Xey € A} N { Xy € Ao}) = do(Ao) H/
i=1" %

By the Dynkin 7 — A theorem, we thus have that
M1 {(XtoaXh - Xto .. -XtK - XtK_l) S A} = M2 {(XtoaXh - Xto .. -XtK - XtK_l) S A}

for all A € Z(RE+!). Define now T : RE+! — RE+L 55

def
T(x0,%1 ...TK) = (L0, %1 — X0 -..TK — TK—1)- (zo,%1...2x) € REFL

Note that T is invertible with
K

— def
T I(ZO,ZI...ZK) = (Zo,Zl—FZO"-ZZj) (Zo,zl...ZK)ERK+1
j=1

and that both T' and 7! are measurable from Z(RE*!) to itself. Thus
1551 {(XtoaXh s 'XtK) € A} = M2 {(XtoaXh s -XtK) € A}
for all A € Z(RE+1). Thus by one of the problems in Chapter 2, we know that p; = . O

Finally, we claim that any limit points of the u,’s of (??) is Wiener measure.

def . . . .
ProprosITION 0.18. u def limy, o pn exists and is Wiener measure.
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ProoOF. First of all, Proposition 4 ensures that all subsequences of {u,; n € N} have convergent
subsequences. It suffices to show that all convergent subsequences converge to Wiener measure. Let
= limy, o0 fin,, - First, since p € Z(C([0,1]), we clearly have that ¢t — X} is p-a.s. continuous. Secondly,
for any € > 0, the set

F. € {p e C(0,1) : [o(0)] >}
is a closed subset of C([0,1]). Thus by weak convergence
p{|Xo| > e} = p(F) < Tim ppp, (Fz) < Tim P{|Xg™| > e} = 0.
m—0o0 m—0o0
Thus, by taking e to zero, we get that Xo = 0 p-a.s. Thirdly, fix 0 = tp < t1--- < tg < 1 and
{¢1,02...0K} C Cp(R) and define

B(w) € [[olwts) —wtin);  we C([0,1])

K K
[Texim - Xﬁ’_”l)] = lim E [H P 1/ = X[t from )]

=1 i=1

then ® € C,(C([0,1]). Thus
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The second equality holds because the ¢;’s are in Cy(C([0, 1]) and since for any L > 0,

> L} < lim IP’{ sup |X}7 XLth/n| > L/2}

T n_ yn) _ n
lim P{ sup ‘(Xt Xs) (X\_tnj/n XLsnj/n) neyoo 0<i<1

n—00 0<s,t<1

< lim P sup | X;' — X[}y /ml = L/2

T n—oo 0<s,t<1
[t—s|<1/n

=0

by using Proposition 3. The third equality comes from independence. The last equality comes from the
central limit theorem. O



