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Concentration for Maximum
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5.1 Introduction

5.1.1 Spherical isoperimetric inequality

Let X be the unit sphere in the n dimensional Euclidean space equipped with the induced metric
(So the distance from the north pole to the south pole is π). For y ∈X and θ > 0, let B(y, θ) ⊂X
be the ball defined with respect to the metric on X (SoB(north pole, π/2) is the upper hemisphere).
Let µ be the uniform probability measure on X . Then we have the following.

Theorem 5.1. For any Borel subset A ⊂ X , there exists θ > 0 such that µ(B(y, θ)) = µ(A) for
all y ∈X . Moreover, µ(B(y, θ)t) 6 µ(At) for all t > 0.

Here, At ⊂ X is the t-fattening, sometimes t-neighborhood, of A within X . More precisely,
At =

⋃
a∈AB(a, t). In particular, B(y, θ)t = B(y, θ + t). The theorem says that among all subsets

of the same measure, the ball has the least “surface area.” The “surface area” is the casual name
of limt↓0(µ(At)− µ(A))/t.

We have the following corollary.

Corollary 5.2. If µ(A) = 1/2, then µ((At)
c) 6 e−(n−1)t

2/2.

Note that it looks like Talagrand’s concentration inequality. The corollary can be proven by the
previous theorem plus computing µ(B(y, π/2 + t)c) = µ(B(−y, π/2 − t)) carefully. Here is the
intuition: We generate a uniform sample Y on the sphere by generating n i.i.d. standard gaussians
Z1, . . . , Zn and then normalizing. The sample Y lies in B((1, 0, . . . , 0), π/2− t) if and only if

Z1 > sin t ·
√
Z2
1 + Z2

2 + · · ·+ Z2
n or Z1 > tan t ·

√
Z2
2 + · · ·+ Z2

n

What inside the square root is a subgamma concentrating at n − 1. So the inequality is mainly
asking whether Z1 is greater than tan t

√
n− 1. This explains the tail e−(n−1)t

2/2. One can explicitly
calculate the upper bound of (cos t)n−1 ≤ e−(n−1)t2/2.

5.2 Concentration of maximum function

Let f(X1, . . . , Xn) be a statistic. So far we had discussed the concentration behavior of linear form
f =

∑
aiXi and quadratic form

∑
aijXiXj . Here we discuss the behavior of f = max.
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5.2.1 Find expectation using finite temperature

Let X1, . . . , Xn be random variables in G (v). Let Mn be max{X1, . . . , Xn}. Then for any θ > 0 we
have eθMn 6

∑
eθXi . Take expectation; the left hand side EeθMn is greater than eθEMn by Jensen’s

inequality. The right hand side E
∑
eθXi is less than ne−θ

2v by the subgaussian property. Together
we have eθEMn 6 ne−θ

2v/2. That is, EMn 6 log n/θ + θv/2. The minimizer of the right hand side
is θ =

√
2 log n/v, so

EMn 6
√

2v log n.

In the preceding argument, θ−1 log
∑

j e
θXj → Mn as θ → ∞. So Mn can be seen as the value of

∞−1 log
∑

j e
∞Xj . For the fact that this term coincides with some thermodynamics’s fancy term,

θ−1 is called the temperature, θ−1 log
∑

j e
θXj is the value at finite temperature, and Mn is the

value at zero temperature.

Now we claim that if Xi ∈ Γ+(v, a), then EMn 6
√

2v log n+ a log n. To prove so, consider a more
general case: Let ψi(θ) be the log mgf of Xi. Assume ψi 6 ψ(θ) for 0 < θ < k. Then

EMn 6
1

θ
logEeθMn 6

1

θ
log
∑
j

EeθXj 6
log n+ ψ(θ)

θ

To find the tightest bound inf0<θ<k(log n+ψ(θ))/θ on EMn, we derive the dual problem as follows:
Let t be the infimum. Then t 6 (log n + ψ(θ))/θ iff tθ 6 log n + ψ(θ) iff tθ − ψ(θ) 6 log n.
Therefore, with ψ∗(t) defined to be sup0<θ<k tθ−ψ(θ), we should have ψ∗(t) 6 log n, or equivalently
t 6 ψ−1∗ (log n). Therefore, Mn 6 ψ−1∗ (log n).

For the special case of subgamma variables, take ψ(θ) to be θ2v/2(1−aθ). Then ψ∗(t) > t2/2(v+at)
and ψ−1∗ (s) 6 as+

√
2vs as shown in lec03. Now it suffices to plug in ψ−1∗ (log n) to conclude that

EMn 6
√

2v log n+ a log n.

See also http://people.math.gatech.edu/~mdamron6/concentration_notes.pdf page 14 for
derivation.

If we believe that the primal problem and the dual problem form a good pair of problems, that is,
if the conclusions of the Fenchel–Moreau theorem holds, then ψ−1∗ (log n) is a pretty tight bound.
For instance, if Xi follow some normal distribution, then the computation of the log mgf, of ψ∗,
and of ψ−1∗ are all exact; so the inequality is tight modulo the gap eθMn <

∑
eθXi .

Now consider independent standard normal distributions Zi. Then we can brute force the tail

P(Mn > t) = 1− (1− P(Z1 > t))n ≈ 1−
(

1− c

t
e−t

2/2
)n
≈ 1− exp

(
−nc

t
e−t

2/2
)
.

We let t be
√

2 log n then t(Mn− t) is the correct rescaling. More precisely, t(Mn− t) is tight in the
sense that for all ε > 0, there exists Kε such that P(|t(M − t)| > Kε) < ε. Even more precisely, we
have the following lemma.

Lemma 5.3. Mn is the maximum of n i.i.d. standard normals. Then

P
(
Mn >

√
2 log n+

x√
2 log n

)
6 e−x.

The proof is as follows:

http://people.math.gatech.edu/~mdamron6/concentration_notes.pdf
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Let s be the tail P(Z1 > t). Then P(Mn > t) = 1 − (1 − P(Z1 > t))n = 1 − (1 − s)n. Here
(1 − s)n = en log(1−s) > e−n(s/(1−s)) by a lower bound of the logarithm (log(1 − u) > u/(1 − u)).
And then 1− (1− s)n 6 1− e−ns/(1−s) 6 ns/(1− s) by the tangent line of the exponential function
at 0. Now it remains to prove ns/(1− s) < e−x. This is equivalent to proving nex < (1− s)/s and
to proving nex + 1 < 1/s. Using the tail estimate s < e−t

2/2/t, we obtain a sufficient condition
nex + 1 < tet

2/2. Take logarithm, we want to show log(nex + 1) < t2/2 + log t.

Here, log(nex + 1) = log n+ x+ log(1 + 1/nex) and t2/2 = log n+ x+ x2/4 log n. So it suffices to
show log(1 + 1/nex) < x2/4 log n + log t. Finally log(1 + 1/nex) 6 1/nex < log(2

√
log n) < log t

where the middle inequality holds when n > 2.9. The n = 2 case is easy to verify separately.

Further reading: there is a “central limit theorem” states that the maximum, when scaled prop-
erly, converges to the Gumbel distribution. See also https://perso.math.univ-toulouse.fr/

ktanguy/files/2012/04/Article-3-brouillon.pdf and https://math.stackexchange.com/

q/1460412. This requires one to know the correct expected value. In the previous lemma,
√

2 log n
is not the expected value (but close enough) so the bound is looser.

5.2.2 Branching random walk

A branching random walk is tree-valued random variable. It is generated as follows: Start with
X∅ = {123}, here 123 can be replace by other numbers. After one second, X∅ gives birth to N∅
many children X1, X2, . . . , XN∅ . Here N∅ is a random variable, and X1, . . . are i.i.d. variables such
that, say Xi−X0 follows standard gaussian. After another second, each Xi (for i = 1, . . . , N∅) will
give birth to Ni many children Xi,1, Xi,2, . . . , Xi,Ni . These children are such that Xi,j −Xi follows
standard gaussian. And the recursion moves on endless. A special case is when all “N” are 1, there
is no branching at all, just one sequence of numbers.

In this case, we let Mn be the maximum among all descendants of depth n. Then we ask if Mn

concentrate. Assume that everyone has exactly 2 children. A naive approach is that, for any path
(i1, i2, . . . , in) ∈ {0, 1}n from the root to the descendant, the displacements Xi1 −X∅, Xi1,i2 −Xi1 ,
. . . , Xi1,i2,...,in−Xi1,i2,...,in−1 are all standard gaussians. Thus Xi1,i2,...,in ∈ G (n). Note that Mn is the
maximum among 2n many descendants, so Mn concentrates as it were the maximum of gaussians
like in the previous subsection. Roughly EMn 6

√
2 · variance · log(num of desc) =

√
2n log 2n.

It turns out that this is a overestimate since descendants are correlated if their “youngest common
grandparent” is not the root. (For instance, there could be an early vertex that accidentally goes
extremely high, then Mn is most likely its descendants.) For a finer analysis, the keyword is “tree
polymer.”

5.2.3 Lass passage percolation

Suppose there is an n-by-n grids (with (n+ 1)2 vertexes). Every edge is labeled with a weight (the
resistance). For instance, the weight might be subgaussian. A path is a way to move from the
SW corner to the NE corner, heading either north or east. The weight of a path is the sum of the
passing edges. Let Mn be the maximum total weight over all paths. Does Mn concentrate?

Similar to the branching random walk, the total weight of a path is a sum of subgaussians, a
subgaussian. Then, taking the maximum over all path is like taking the maximum of a certain

https://perso.math.univ-toulouse.fr/ktanguy/files/2012/04/Article-3-brouillon.pdf
https://perso.math.univ-toulouse.fr/ktanguy/files/2012/04/Article-3-brouillon.pdf
https://math.stackexchange.com/q/1460412
https://math.stackexchange.com/q/1460412
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number of subgaussians. Namely EMn 6
√

2 · variance · log(num of desc) =
√

2(2n) log
(
n
2

)
. In

this case, this is still an overestimate since edges close to the SW or NE corners play more roles
(there are fewer edges to choose from) than edges closer to the anti-diagonal. But how to refine
the bound along this direction is not covered here.

5.3 Conclusion

In general, to find (to bound) the maximum of a bunch of random variables, one “increases the
temperature” and consider

T log

( ∑
all candidates

equantity in interest/T

)
.

5.4 Next class?

Let σ1, σ2, . . . , σn be n atoms. Each atom is a small magnet that points either up σ1 = +1 or
down σi = −1. Any pair of atoms contributes a small amount of potential energy (or Hamiltonian)
Jijσjσj , where Jij is a coefficient that encodes, say, the distance between the i-th and the j-th atom
(the farther the weaker). The total energy is

∑
i<j Jijσjσj , and we want to maximize it.

If Jij > 0, this model becomes the ferromagnetic Curie–Weiss model (the macroscopic metal is a
magnet or loves magnet). If Jij < 0, this model is the anti-ferromagnetic Curie–Weiss model (the
macroscopic metal hates magnet). https://youtu.be/sENgdSF8ppA?t=307. If Jij are i.i.d. and
mean zero, this model becomes the spin glass.

In any case, the maximum can be approximated by
∑
e
∑
Jijσiσj/T , where the summation is over

all configuration of σs.

https://youtu.be/sENgdSF8ppA?t=307
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