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Randomness has become an inseparable part of modern mathematics as it helps in explaining and
simplifying many observed phenomenas, especially due to the advent of “Big Data Age”. However,
in most cases one needs to quantify the difference between the random behavior and observed
deterministic behavior, for example by bounding fluctuation around some non-random ‘central’
value, to facilitate a rigorous mathematical analysis. Concentration inequalities provide such tools,
mainly by bounding the probability that a random variable differs from its expected (or some
similar nonrandom) value by more than a certain amount. Applications include: High dimensional
geometry, Learning theory, Statistics, Functional Analysis, Statistical Physics, Dynamical systems,
Applied Probability, Information theory, Coding theory, Randomized algorithms, among many
others. Our goal in this course is to introduce such tools and apply them to concrete examples.

Given a real-valued random variable X defined on some probability space (Ω,F ,P) one can define
the probability measure induced by X, PX , on R, by

PX(A) := P(X ∈ A) for any Borel set A ∈ B(R).

Conversely, given any probability measure µ on (R,B(R)), one can define a real-valued random
variable X on some probability space (Ω,F ,P) such that PX = µ. Though our goal is to understand
the ‘concentration’ property of the measure µ, most of the times we will work with a random variable
X such that PX = µ. The exact definition of the random variable or the probability space on which
it is defined, is mostly irrelevant for our analysis.

1.1 Basic definitions

We recall the most important non-random number associated with a random variable X, namely
the expectation or mean, denoted by EX. We define the Median of a random variable X, MX, as
any real number (or the smallest one to remove ambiguity) x such that

P(X > x) >
1

2
and P(X 6 x) >

1

2
.

Note that median exist for all random variables. However, we need E |X| < ∞ to define mean of
X. We will use the notation

X̄ := X − EX

for a random variable X with finite mean.
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For p > 0 and a random variable X, we define the

p-th moment : EXp

p-th absolute moment : E |X|p,
p-th norm: ||X||p := (E |X|p)1/p,

and p-th central moment : E X̄p = E(X − EX)p,

when they exist.

The moment generating function of a random variable X is defined as

mX(t) := E etX , t ∈ R.

Using convexity of exponential function, one can easily check that there exist t∗ 6 0 6 t∗ such that
mX(t) < ∞ for t ∈ (t∗, t

∗) and mX(t) = ∞ for t < t∗ or t > t∗. We also define the log moment
generating function of a random variable X by

ϕX(t) := logE etX .

In general, mean or median provides us a ‘central’ or ’typical’ value for the random variable. If one
wants to take one step further and summarize the fluctuation of X around its central value with a
non-random quantity one can consider

Variance: Var(X) := inf
a∈R

E(X − a)2 = E(X − EX)2

or Mean Absolute Deviation: mad(X) := inf
a∈R

E |X − a|.

However, to get a better quantitative estimate about the fluctuation, instead of one point summary,
the natural object to look at is the tail behavior of the random variable, namely

right tail : P(X > µ+ t)

left tail : P(X 6 µ− t)
or two-sided tail : P(|X − µ| > t),

for some ‘central’ value µ of X and all t > 0. The simplest classical tool, Markov?s inequality,
can be used to bound the tail in terms of expectation.

Theorem 1.1 (Markov’s Inequality). For any non-negative random variable X and t > 0, we have

P(X > t) 6 EX/t.

Proof. Write X as a sum in the following way

X = X1X>t +X106X<t > X1X>t > t1X>t.

Now taking expectation in both sides and dividing by t yields the result. �

Exercise 1.1. Prove that Markov’s inequality P(X > t) 6 EX/t is sharp for fixed t > 0, i.e., there
is a non-negative random variable X such that P(X > t) = EX/t.
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A well-known consequence of Markov?s inequality is the following Chebyshev?s inequality. It offers
a better, quadratic dependence on t, and instead of the plain tails, it quantifies the concentration
of X about its mean.

Theorem 1.2 (Chebyshev’s Inequality). Let X be a random variable with finite second moment.
Then, for any t > 0, we have

P(|X − EX| > t) 6 Var(X)/t2.

Proof. We have

P(|X − EX| > t) = P(|X − EX|2 > t2) 6 E |X − EX|2/t2 = Var(X)/t2

where the inequality follows by Markov’s inequality. �

When all moments of X are finite, we can get the following inequality by optimizing over p.

Theorem 1.3 (Moment bound). Let X be a non-negative random variable with EXp <∞ for all
p > 1. Then, for any t > 0 we have

P(X > t) 6 inf
p>1

t−pEXp.

Example 1.4. Let Z ∼ N(0, 1) be a standard Gaussian random variable with density

φ(x) :=
1√
2π
e−x

2/2, x ∈ R.

All even moments of Z can be computed explicitly as

EZ2k =
(2k)!

2kk!
6
√

2 · e−k · (2k)k for all k > 1.

Exercise 1.2. Let X be a non-negative random variable such that

EXk 6 Ce−λkkθk

for all k > 1 and some θ ∈ (0, 1), C ∈ R. Then by moment bound we have

P(X > t) 6 c′e−ct
1/θ
, t > 0

for some constants c, c′ > 0.

Remark 1.5. Note that for Z ∼ N(0, 1) we can compute the two-sided tail bound explicitly form
the density

P(|Z| > t) = 2P(Z > t) = 2Φ̄(t), t > 0

where

Φ̄(t) :=

∫ ∞
t

φ(x)dx ∈
[

t√
2π(t2 + 1)

e−t
2/2,

1√
2πt

e−t
2/2

]
,

where the last inclusion is left as an exercise to the reader.

For a random variable X with finite moment generating function mX(·) on an interval (t∗, t
∗)

around 0, we can get the following one-sided tail bound:
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Theorem 1.6 (Exponential Markov’s inequality). For any t ∈ R, we have

P(X > t) 6 inf
θ∈(0,t∗)

e−θtmX(θ) and P(X 6 t) 6 inf
θ∈(t∗,0)

e−θtmX(θ).

Exercise 1.3 (Moment bound is always better). For a non-negative random variable X with
mX(t) <∞ for all t > 0, prove that

inf
p>1

EXp 6 inf
t>0

e−tmX(t).

Find necessary and sufficient conditions for equality.

Exercise 1.4. Under the assumptions of exercise 1.2, prove that

ϕX(t) 6 ct1/(1−θ), t > 0

for some c > 0.

Hint: We have

mX(t) = E etX = 1 +

∞∑
k=1

tk EXk

k!
6 1 +

∞∑
k=1

Ce−λkkθk
tk

k!
6 exp

(
ct1/(1−θ)

)
where we leave the last inequality as an exercise. �

Note that, for a non negative random variable X we have

EXp =

∫ ∞
0

ptp−1P(X > t)dt.

Thus, we can get back moment bound from the right tail bound for X.

1.2 Lévy’s concentration function

Definition 1.7 (Lévy’s Concentration function). For a real valued random variable X define Lévy’s
Concentration function as

QX(t) := sup
a∈R

P(|X − a| 6 t) = 1− inf
a∈R

P(|X − a| > t)

for all t > 0.

Notice that ifX = c a.s., thenQX(t) = 1t>0. Also for any random variableX, Lévy ’s Concentration
function QX is non-decreasing, QX(t) = 0 as t < 0 and QX(t)→ 1 as t→∞. The speed at which
it converges to 1, or equivalently speed at which QX(t) = 1−QX(t) converges to 0, shows if X is
concentrated or not. In most cases QX is right continuous and hence a CDF.

The fact that for concentration it does not matter what central value we take naturally leads to
the following definition.
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Definition 1.8. A concentration inequality (Lévy sense) for a real valued random variable is a
lower bound for the Lévy’s concentration function.
An anti-concentration inequality (Lévy sense) for a real valued random variable is an upper bound
for a Lévy concentration function.

Lévy’s concentration function QX can be lower bounded by cdf of some random variable and to
establish a concentration inequality one has to bound QX(t) from below this makes it natural to
connect studying of concentration inequalities with stochastic domination and couplings.

Definition 1.9 (Stochastic domination). We say that the random variable Y stochastically domi-
nates random variable X (and write X 6st Y ) if we have

P(X > t) 6 P(Y > t) for all t ∈ R.

Equivalently, there is a coupling (X ′, Y ′) of X and Y such that X ′ 6 Y ′ almost surely.

1.3 Sub-Gaussian tail bound

Note that, if X ∼ N(0, v), we have ϕX(t) = 1
2vt

2, t ∈ R and P(Z > t) 6 e−t
2/(2v) follows by

exponential Markov’s inequality.

If we have ϕY (t) 6 1
2vt

2 for all t > 0, then P(Y > t) 6 e−t
2/(2v) follows exponential Markov’s

inequality. Thus, in most of the cases it is enough to find an appropriate upper bound the (log)
moment generating function. For example,

• Suppose for all t > 0 (ϕX(t))′ 6 vt, then ϕX(t) 6 vt2/2.

• Suppose EX = 0 and (ϕX(t))′′ 6 v, then ϕX(0) = ϕ′X(0) = 0 implies that ϕX(t) 6 vt2/2.

One such example will be the following:

Theorem 1.10 (Hoeffding’s Lemma). If X is a centered random variable taking values almost
surely within [a, b] for some numbers a < b, then

(ϕX(t))′′ 6
(b− a)2

4
.

In particular,

ϕX(t) 6
1

8
(b− a)2t2 for all t ∈ R.

Definition 1.11. We call a random variable X, sub-Gaussian with variance constant v, if

ϕX(t) 6
1

2
vt2 for all t ∈ R.

We will denote such a random variable by X ∈ G(v).
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