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Diffusion processes are Markov processes with continuous sample paths arising from solutions of
SDE of the form E(σ, b). They originated in physics as mathematical models of the motions of
individual molecules undergoing random collisions with other molecules in a gas or fluid. Einstein
realized that the random microscopic motion of molecules, modeled by Brownian Motion, can
describe the macroscopic physical phenomenon of diffusion. The connection between the differential
equations of diffusion, heat flow, and the random process of Brownian motion has been a recurring
theme in mathematical research ever since.

In the 1940s, Richard Feynman discovered that the Schrödinger equation could be solved by av-
eraging over paths, an observation which led him to a far-reaching reformulation of the quantum
theory in terms of “path integrals”. While attending a presentation of Feynman’s at Cornell, Mark
Kac remarked that the two were working on the same thing from different directions and realized
that a path representation could be given for solutions of the heat equation and other related diffu-
sion equations with external cooling terms. This representation is now known as the Feynman-Kac
formula.

28.1 Feynman-Kac Formula

The most straightforward heat equation with a cooling term is

∂u

∂t
=

1

2

∂2u

∂x2
−K(x)u,

where K(x) is a non-negative function of the space variable x representing the amount of external
cooling at location x ∈ R. The d-dimensional version is given by

∂u

∂t
=

1

2

d∑
i=1

∂2u

∂x2i
−K(x)u =

1

2
∆u−K(x)u,

where K : Rd → R+ represents the amount of external cooling at location x ∈ Rd.

Theorem 28.1 (Feynman-Kac Formula). Let K : Rd → R+ and f : Rd → R be continuous
functions, with f bounded. Suppose that u(t, x) is a bounded function that satisfies the partial
differential equation

∂u

∂t
=

1

2
∆u−K(x)u,

and the initial condition

u(0, x) = lim
t→0,y→x

u(t, y) = f(x).
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Assume that, under the probability measure Px, the process B is a d-dimensional Brownian motion
started at x. Then

u(t, x) = Ex exp(−
∫ t

0
K(Bs) ds)f(Bs).

Moreover, the function u defined above is the only solution to the heat equation satisfying the initial
condition that grows sub-exponentially in the space variable x.

Proof of the Feynman-Kac formula. Fix T > 0. Consider the stochastic process given by

Yt = e−Rtu(T − t, Bt) where Rt =

∫ t

0
K(Bs) ds, 0 6 t 6 T.

By hypothesis u(t, x) is a solution of the heat equation and thus it is continuously differentiable
once in t and twice in x. Moreover, since u is bounded, so is the process Yt. Using Itô’s formula,
we get

dYt = e−Rtux(T − t, Bt) dBt + e−Rt(−K(Bt)u(T − t, Bt)− ut(T − t, Bt) +
1

2
∆u(T − t, Bt)) dt

= e−Rtux(T − t, Bt) dBt

where the last line follows since u is a solution of the heat equation. Thus, Yt is a martingale up
to time T . In particular, we have

u(T, x) = Ex(Y0) = Ex(YT ) = Ex e−
∫ T
0 K(Bs) dsf(BT ).

Since T, x are arbitrary, we have the proof. We omit the proof of uniqueness. �

The hypotheses given are not the most general under which the theorem remains valid but suffice for
many critical applications. Occasionally one encounters functions K and f that are not continuous
everywhere but have only isolated discontinuities; the Feynman-Kac formula remains valid for such
functions, but the initial condition holds only at points x where f is continuous. The Feynman-
Kac formula may also be used for an existence theorem, but this is somewhat tangential to our
purposes. When f is an unbounded function, the expectation in the Feynman-Kac formula need
not be well-defined, and nonuniqueness of solutions to the Cauchy problem is also an obstacle.

The function

v(t, x) =
∞∑
n=0

x2n

(2n)!

dn

dtn
e−1/t

is a non-zero solution of the heat equation satisfying the initial condition with K ≡ 0 and f ≡ 0.
However, the function v(t, x) grows exponentially as x→∞. Sub-exponential growth condition for
the solution ensures uniqueness.

The mathematical literature is rich in generalizations and variations of the Feynman-Kac formula.
Two types of generalizations are of particular interest in applications: (1) those in which the
Brownian motion is replaced by another diffusion process, and (2) those where the Brownian motion
or, more generally, the diffusion process is restricted to stay within a specific region of space.
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28.1.1 Feynman-Kac formula for diffusion processes

We fix the drift function b ∈ C(Rd;Rd) and volatility function σ ∈ C(Rd;Rd×m), satisfying the
globally Lipschitz condition. Let Px be a family of probability measures on some probability space,
one for each possible initial point x, under which the stochastic process X obeys the stochastic dif-
ferential equation Ex(σ, b) with a m-dimensional standard Brownian motion B. The infinitesimal
generator of the process X is given by

L =
1

2

d∑
i,j=1

(σσ∗)ij∂xi∂xj +
d∑
i=1

bi∂xi .

We have the following generalization.

Theorem 28.2 (General Feynman-Kac formula). Assume that the coefficient b and σ satisfy
the global Lipschitz condition. Let f and K be continuous functions such that K > 0 and f has
linear growth. Assume that under Px the process X solves Ex(σ, b). Then the function u(t, x)
defined by

u(t, x) = Ex e−
∫ t
0 K(Xs) dsf(Xt)

satisfies the diffusion equation
∂u

∂t
= Lu−Ku

with initial condition u(0, x) = f(x). Moreover, u is the only solution to the Cauchy problem that
is of at most polynomial growth in x.

28.1.2 Feynman-Kac formula with boundary condition

Let us next impose a boundary condition. Assume that, under the probability measure Px the
one-dimensional process X is a solution of Ex(σ, b) started at x. The infinitesimal generator is
given by

L =
1

2
σ2(x)

d2

dx2
+ b(x)

d

dx
.

Fix an open interval (l, r) of R and define the stopping time

τ = inf{t > 0 | Xt /∈ (l, r)}

be the time of first exit time from the interval (l, r). Also fix two functions fl and fr in C[0,∞).

Theorem 28.3. Let K : [l, r] → [0,∞) and f : (l, r) → R be continuous functions such that
f(l) = fl(0) and f(r) = fr(0). Then

u(t, x) = Ex
[
e−

∫ t
0 K(Xs) dsf(Xt)1τ>t + e−

∫ τ
0 K(Xs) ds1τ<t(fl(t− τ)1Xτ=l + fr(t− τ)1Xτ=r)

]
is the unique bounded solution of the heat equation

∂u

∂t
=

1

2

∂2u

∂x2
−Ku, x ∈ (l, r), t > 0

with boundary and initial conditions

u(t, l) = fl(t)

u(t, r) = fr(t)

and u(0, x) = f(x).
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The proof is similar to the classical one but now we have to work with the process

e−
∫ t∧τ
0 K(Xs) dsu(T − t ∧ τ,Xt∧τ ), t ∈ [0, T ].

Example 28.4 (Black-Scholes formula). Solve

1

2
σ2x2uxx + rxux + ut = ru

with u(T, x) = f(x) a bounded measurable function. Check that the solution os given by

u(0, x0) = E
(
e−rT f(Xx0

T )
)

where X is the geometric Brownian motion satisfying dXt = σXtdBt + rXtdt with X0 = x0. The
explicit solution is given by Xt = exp(σBt+(r−σ2/2)t). One can numerically evaluate the function
u(0, x) by Monte-Carlo method.

28.2 Numerical Methods

Previously, we discussed conditions for strong existence and uniqueness for the solution of an SDE.
However, in general, there is no explicit formula for the solution in terms of the underlying SBM.
Numerical methods can be used to approximate the solution on a discrete grid on time points.

We consider the following SDE:

dXt = b(t,Xt)dt+ σ(t,Xt)dBt for t ∈ [0, T ]

X0 = x0

with b, σ satisfying the globally Lipschitz condition. This condition implies the strong existence
and uniqueness of the solution. Note that, Xt satisfies

Xt = x0 +

∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dBs, t ∈ [0, T ].

Moreover, we have for every ε > 0

sup
t∈[0,T ]

E sup
s∈[0,ε]

|Xt+s −Xt|2 6 Cε

for some C = CT > 0.

Suppose we want to numerically simulate the process Xt upto time T > 0. We consider a
partition π = {0 = t0 < t1 < t2 < · · · < tn = T} of the interval [0, T ] with mesh size
‖π‖ = max06i6n |ti+1 − ti|. We want to approximate the solution (Xt)t∈[0,T ] at the points
ti, i = 0, 1, . . . , n based on the data (Bti)

n
i=0.

We write
∆iB = Bti+1 −Bti and ∆it = ti+1 − ti for i = 0, 1, . . . , n− 1.

We can easily simulate ∆it as they are independent Gaussian with mean 0 and variance ∆it for
i = 0, 1, . . . , n− 1. We also define

τπ(t) := max{ti | ti 6 t}

as the largest point in the partition below t.

There are many ways to simulate X. We can either approximate the Brownian motion by linear
interpolation and use that to numerically solve a random ODE, giving rise to Wong-Zakai theory.
Or, we can use classical Euler-Maruyama method to use gradient approach.
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28.2.1 Wong-Zakai Theory

Here we approximate the SBM with a piecewise continuously differentiable function

Bπ
t = Bti +

∆iB

∆it
(t− ti) for t ∈ [ti, ti+1], i = 0, 1, . . . , n− 1

and numerically solve the random ODE

Xπ
t = x0 +

∫ t

0
b(s,Xπ

s )ds+

∫ t

0
σ(s,Xπ

s )dBπ
s , t ∈ [0, T ].

Note that, supt6T |Bπ
t −Bt| → 0 as ‖π‖ → 0. So where does (Xπ

t )t∈[0,T ] converge when ‖π‖ → 0?
By looking at the example b ≡ 0, σ(t, x) = x, x0 = 1, we can see that Xπ

t ≈ exp(Bπ(t)) rather than
the true solution Xt = exp(Bt − t2/2). Note that, Yt = exp(Bt) solves the SDE E1(x, x/2).

One can show that
E sup

06t6T
|Xπ

t − Yt|
2 → 0 as ‖π‖ → 0

where Y is the solution of Ex0(σ, b+ 1
2σσ

′).

28.2.2 Euler-Maruyama Method

Another natural way to approximate the solution X is via the Euler-Maruyama scheme. Fix a
partition π = {0 = t0 < t1 < t2 < · · · < tn = T} of the interval [0, T ] and define

Xπ
ti+1

= Xπ
ti + b(Xπ

ti)∆it+ σ(Xπ
ti)∆iB, i = 0, 1, . . . , n− 1

with Xπ
0 = x0. Here, indeed, E supi

∣∣Xπ
ti −Xti

∣∣2 → 0 as ‖π‖ → 0.

28.2.3 Milstein Scheme

This is an improved version of Euler-Maruyama Method, with the recursion given by

Xπ
ti+1

= Xπ
ti + b(Xπ

ti)∆it+ σ(Xπ
ti)∆iB +

1

2
b(Xπ

ti)b
′(Xπ

ti)(|∆iB|2 −∆it), i = 0, 1, . . . , n− 1

with Xπ
0 = x0. Here b′ is the derivative of b.
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