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22.1 Distribution of hitting times for BM with drift

Let B be a SBM and for a > 0, let Ta := inf{t > 0 | Bt > a} be the hitting time at a. Previously,

using optional stopping theorem we proved that a2/Ta
d
= η2 where η ∼ N(0, 1) and thus the density

of Ta is given by
a√

2πx3
exp(−a2/2x), x > 0.

Now, given c ∈ R, we will try to understand the distribution of the stopping time

U ca := inf{t > 0 | Bt + ct > a},

i.e., hitting time at a for the BM with drift (Bt + ct)t>0. For any θ > max{−c, 0} the martingale
Mt := exp(2θ(Bt − θt)), t > 0 satisfies 0 6 Mt∧Uc

a
6 exp(2θa − 2θ(c + θ)(t ∧ U ca)) 6 exp(2θa) and

thus using optional stopping theorem we get that

E exp(−2θ(c+ θ)U ca) = exp(−2θa), θ > max{−c, 0}.

In particular, P(U ca <∞) = min(1, e2ca). One can try to solve for the density of U ca from the above
Laplace transform. But using Girsanov’s theorem or more specifically Cameron-Martin formula,
one will use the density formula for Ta = U0

a to derive the density of U ca for any c ∈ R.

For any u > 0, note that (Bt− ct)06t6u has the same distribution under dQ = exp(cBu− c2u/2)dP
as (Bt)06t6u under P. Thus we have

P(U ca 6 u) = P(sup
t6u

(Bt + ct) > a)

= Q(sup
t6u

Bt > a)

= E
(
1{supt6uBt>a} exp(cBu − c2u/2)

)
= E

(
1{Ta6u} exp(cBu − c2u/2)

)
.

Note that {Ta 6 u} ∈ FTa∧u and E(exp(cBu − c2u/2) | FTa∧u) = exp(cBTa∧u − c2(Ta ∧ u)/2). In
particular,

P(U ca 6 u) = E
(
1{Ta6u} exp(cBTa − c2Ta/2)

)
=

∫ u

0

a√
2πx3

exp(−a2/2x+ ca− c2x/2)dx

and the density of U ca at x is given by

a√
2πx3

exp(−(a− cx)2/2x), x > 0.

One can also check by integrating that for c < 0, we have P(Ua =∞) = 1− e2ca.
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22.2 Stochastic differential equations

Itô’s construction of stochastic integrals was motivated by how to model differential equations
perturbed by random noise/stochastic differential equations, or SDEs, in short. Consider a first-
order general ordinary differential equation of the form

dy(t) = b(t, y(t)) dt.

Such an equation is used to model the evolution of a physical system. If we take random pertur-
bations of the system into account, we add a noise term. Assuming independence over disjoint
time intervals and zero-mean with finite second moment for total noise over finite intervals, one
can assume the noise to be of the form σ(t, x) dBt where B is a SBM and σ(t, x) is the strength of
the noise at time t and position x.

In this way, we arrive at a stochastic differential equation of the form

dYt = b(t, Yt) dt+ σ(t, Yt) dBt,

or in integral form

Yt = Y0 +

∫ t

0
b(s, Ys) ds+

∫ t

0
σ(s, Ys) dBs.

Because of the integral in dBs, the preceding equation only makes sense thanks to the theory of
stochastic integrals. Here we consider stochastic integrals in the Itô sense.

Let d,m be positive integers and bi(t, x), σij(t, x), i = 1, 2, . . . , d; j = 1, 2, . . . ,m be locally bounded
measurable functions defined from R+×R to R. We define the “drift vector” b(t, x) := (bi(t, x))di=1

and the d ×m sized “dispersion matrix” σ(t, x) := ((σi(t, x)))d,mi,j=1. We will use | | to denote L2

norm on Rd or Rd×m. The intent is to assign a meaning to the stochastic differential equation (or
system of d equations)

E(σ, b) : dXt = b(t,Xt) dt+ σ(t,Xt) dBt.

We will use E(σ, b) to denote the above equation.

Definition 22.1. A solution of the stochastic differential equation E(σ, b) consists of

(i) a completed filtered probability space (Ω,F ,P, (Ft)t>0),

(ii) an m-dimensional (Ft)t>0–BM B = (B1, B2, . . . , Bd) starting at zero,

(iii) an (Ft)t>0–adapted continuous process (Xt)t>0 taking values in Rd such that

Xt = X0 +

∫ t

0
b(s,Xs) ds+

∫ t

0
σ(s,Xs) dBs, t > 0

or coordinate-wise

Xi
t = Xi

0 +

∫ t

0
bi(s,Xs) ds+

m∑
j=1

∫ t

0
σij(s,Xs) dB

j
s , i = 1, 2, . . . , d; t > 0.

If additionally, X0 = x0 a.s., we say that X is a solution of Ex0(σ, b).
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Note that, when we speak about a solution of E(σ, b), we do not fix a priori the filtered probability
space and the Brownian motion B. Now we discuss several notions of existence and uniqueness for
SDEs.

Definition 22.2. For the equation E(σ, b) we say that there is

(i) weak existence if, for every x ∈ Rd, there exists a solution of Ex(σ, b);

(ii) weak uniqueness if, for every x ∈ Rd, all solutions of Ex(σ, b) have the same law; of have
the same law;

(iii) pathwise uniqueness if, whenever the filtered probability space and the Brownian motion B
are fixed, two solutions X and X ′ such that X0 = X ′0 a.s., are indistinguishable.

(iv) strong solution if X is adapted with respect to the completed canonical filtration of B.

The following theorem links the different notions of existence and uniqueness.

Theorem 22.3 (Yamada–Watanabe (1971)). If both weak existence and pathwise uniqueness
hold, then weak uniqueness also holds. Moreover, for any choice of the filtered probability space
and of the adapted Brownian motion B, there exists for every x ∈ Rd a (unique) strong solution of
Ex(σ, b).

We will not need this result in this class. In the Lipschitz case described below, we will directly
establish the properties given by the Yamada–Watanabe theorem.

22.3 Lipschitz case

First, we need some assumptions on the drift and dispersion functions even to expect a unique
solution to exist. Note that when σ ≡ 0, we get back the ODE with possibly a random initial
condition. We look at two ODE examples.

Example 22.4. Consider the ODE in integral from

y(t) =

∫ t

0
|y(s)|α ds, t > 0,

where α ∈ (0, 1). Here b(t, x) = |x|α. This ODE has uncountably many solutions of the form
y(t) = ((t − t0)/β)β · 1t>t0 where β = 1/(1 − α) > 1 for t0 > 0. One can assume locally Lipschitz
condition to prove uniqueness of solution, which does not hold for b(t, x) = |x|α, α ∈ (0, 1) near 0.

Example 22.5. Consider the ODE in integral from

y(t) = 1 + α−1
∫ t

0
y(s)1+α ds, t > 0,

where α > 0. Here b(t, x) = x1+α is locally Lipschitz but super-linear growth. This ODE has unique
solution given by y(t) = (1 − t)−1/α which is well-defined on [0, 1) and explodes at 1. One can
assume linear growth condition to prove global existence.

Thus we will work under the following assumptions.
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Assumption 22.6. The drift and dispersion coefficients b, σ are locally Lipschitz in the space
variable, i.e., for every integer n > 1 there exists Kn <∞ such that

|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| 6 Kn |x− y| , |x| ∨ |y| 6 n, t > 0.

Assumption 22.7. The drift and dispersion coefficients b, σ have linear growth in the space vari-
able, there exists K <∞ such that

|b(t, x)|+ |σ(t, x)| 6 K(1 + |x|), x ∈ Rd, t > 0.

If b, σ are globally Lipschitz in the space variables, i.e., Kn does not depend on n, then they are
both locally Lipschitz and have linear growth. We will prove the following theorem.

Theorem 22.8. Under the locally Lipschitz assumption, pathwise uniqueness holds for Ex(σ, b).
Under the globally Lipschitz assumption, for every choice of the filtered probability space and of the
adapted Brownian motion B, for every x ∈ Rd, there exists a unique, strong solution of Ex(σ, b).

If there are two solutions X,X ′ to Ex(σ, b) defined on the same filtered probability space with the
same Brownian motion, we have

Xt −X ′t =

∫ t

0
(b(s,Xs)− b(s,X ′s))ds+

∫ t

0
(σ(s,Xs)− σ(s,X ′s))dBs, t > 0.

We can stop both the processes at the stopping time τ := inf{t > 0 | |Xt| ∨ |X ′t| > n} for some
integer n. If we show that Xt∧τ = X ′t∧τ for all t a.s., taking n → ∞ we will have pathwise
uniqueness. So w.l.o.g. assume that both X,X ′ are bounded by some constant n.

Defining

e(t) = E

(
sup
s6t

∣∣Xs −X ′s
∣∣2) , t > 0,

we get

e(t) 6 2t

∫ t

0
K2e(s)ds+ 2 · 4 ·

∫ t

0
K2e(s)ds = 2K2(t+ 4)

∫ t

0
e(s)ds, t > 0.

Using Gronwall’s lemma we get e(t) = 0 for all t. We will expand upon this in the next class.


	Distribution of hitting times for BM with drift
	Stochastic differential equations
	Lipschitz case

