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Covariance and Correlation

Let X1,X2, . . . be independent random variables with common mean µ and common variance
σ2. Set Yn = Xn + 2Xn+1, n ⩾ 1. For j ⩾ 0, find Cov(Yn,Yn+j) and Corr(Yn,Yn+j).



Properties of expectation

Note 1: If Xi ’s are pairwise independent, then
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)
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Note 2: If Xi = 1 if event Ai occurs and = 0 otherwise, then
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Example 2l (A random walk in the plane)

Consider a particle initially located at a given point in the plane, and suppose that it undergoes
a sequence of steps of fixed length, but in a completely random direction.

Specifically, suppose that the new position after each step is one unit of distance from the
previous position and at an angle of orientation from the previous position that is uniformly
distributed over (0, 2π).

Compute the expected square of the distance from the origin after n steps.



Conditional expectation

Recall: For two random variables X and Y , conditional distribution of X given Y = y is
characterized by:

Discrete case: conditional p.m.f. pX |Y (x | y) = p(x,y)
pY (y)

Continuous case: conditional density fX |Y (x | y) = f (x,y)
fY (y)

Note: Conditional expectation of X given Y = y is the function

g(y) := E(X | Y = y) =

{ ∑
x xpX |Y (x | y), discrete case,∫
xfX |Y (x | y)dx , continuous case.

Notation: g(Y ) = E(X | Y ).

Computing expectations through conditioning

For random variables X and Y ,
EX = E(E(X | Y ))

Computing probabilities through conditioning

For event A and random variable Y ,

P(A) =

{ ∑
y yP(A | Y = y), Y discrete,∫∞

−∞P(A | Y = y)fY (y)dy , Y continuous.



Example 5c

A miner is trapped in a mine containing 3 doors. The first door leads to a tunnel that will take
him to safety after 3 hours of travel. The second door leads to a tunnel that will return him to
the mine after 5 hours of travel. The third door leads to a tunnel that will return him to the
mine after 7 hours. If we assume that the miner is at all times equally likely to choose any one
of the doors, what is the expected length of time until he reaches safety?

Example 5d

Suppose that the number of people entering a department store on a given day is a random
variable with mean 50. Suppose further that the amounts of money spent by these customers
are independent random variables having a common mean of $8. Finally, suppose also that the
amount of money spent by a customer is also independent of the total number of customers
who enter the store. What is the expected amount of money spent in the store on a given day?



Moment generating function

A moment generating function (m.g.f.) of a random variable X is defined as

MX (t) = EetX =

{ ∑
x e

txp(x), X discrete,∫∞
−∞ etx f (x)dx , X continuous.

Why this name?

Properties of expectation

Important fact 1

A m.g.f. MX (t) uniquely determines distribution of X :

if MX exists and is finite in some region of t = 0, then the distribution of X is uniquely
determined.

Important fact 2

X and Y are independent, if and only if

MX+Y (t) = MX (t)MY (t).



Example 7a

Find a m.g.f. of a binomial random variable with parameters n and p.

Example 7b

Find a m.g.f. of a Poisson random variable with parameters λ.



Example 7g

Let X and Y be independent Poisson random variables with parameters λ1 and λ2, respectively.
What is the distribution of X + Y ?

Example 5k

• Suppose that we are to be presented with n distinct prizes, in sequence.

• After being presented with a prize, we must immediately decide whether to accept it or to
reject it and consider the next prize.

• The only information we are given when deciding whether to accept a prize is the relative
rank of that prize compared to ones already seen. That is, for instance, when the fifth prize is
presented, we learn how it compares with the four prizes we’ve already seen.

• Suppose that once a prize is rejected, it is lost, and that our objective is to maximize the
probability of obtaining the best prize.

• Assuming that all n! orderings of the prizes are equally likely, how well can we do?


