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Random variables

Example 1a: Suppose that our experiment consists of tossing 3 fair coins. Let Y denote the
number of heads that appear. So:

Example 1b: Three balls are to be randomly selected without replacement from an urn con-
taining 20 balls numbered 1 through 20. Let X be the largest ball selected. So:

Definition
A random variable is a real-valued function defined on the sample space.

Typical notation: X , Y , Z , etc.



Characterizing a random variable

Indicate what values it takes and with what probabilities.1

Example 1a: Suppose that our experiment consists of tossing 3 fair coins. Let Y denote the
number of heads that appear.

Example 1b: Three balls are to be randomly selected without replacement from an urn con-
taining 20 balls numbered 1 through 20. Let X be the largest ball selected.

1Note that the values of a random variable can be regarded as outcomes in a new probability space, with
probabilities assigned.

Characterizing a random variable

Through (cumulative) distribution function (d.f.):

F (x) = P(X ⩽ x), −∞ < x < ∞.

Question: Why random variables?

Random variables: discrete and continuous.

Discrete random variable
takes at most a countable number of possible values.

Note: the random variables in Examples 1a, 1b are discrete.



Probability mass function

Probability mass function (p.m.f.):

p(a) = P(X = a).

Discrete random variable X :
X assumes one of its values x1, x2, . . .,

p(xi ) ⩾ 0, i = 1, 2, . . . , p(x) = 0 for other x .

Note: p.m.f. characterizes discrete X . Moreover:
∑∞

i=1 p(xi ) = 1.

Graphically:

Note: F characterizes p and hence X .

Expectation

Definition

If X is a discrete random variable taking values xi with probability p(xi ), its expected value (or
mean) is defined as

EX =
∑
i

xip(xi ).

Motivation:

EX = long run average of values of X in n repeated experiments

= lim
n

1

n

n∑
i=1

X (i)

= lim
n

∑
k

xk
number of xk in n repeated experiments

n

=
∑
k

xkp(xk).



Examples

Example 3a: Find EX , where X is the outcome when we roll a fair die.

Example 3b: We say that I is an indicator variable for the event A if

I =

{
1 if A occurs,
0 if Ac occurs.

Find EI .

Questions?



Problem 29

There are two possible causes for a breakdown of a machine. To check the first possibility would
cost C1 dollars, and, if that were the cause of the breakdown, the trouble could be repaired at
a cost of R1 dollars. Similarly, there are costs C2 and R2 associated with the second possibility.

Let p and (1−p) denote, respectively, the probabilities that the breakdown is caused by the first
and second possibilities. Under what conditions on p, Ci , Ri , i = 1, 2, should we check the first
possible cause of breakdown and then the second, as opposed to reversing the checking order,
so as to minimize the expected cost involved in returning the machine to working order?

Choose 1 before 2 if

Problem 29: Solution



Random variables

If X is a discrete random variable and g is a function, then g(X ) is also a discrete random
variable.

If one wanted to compute the expected value of g(X ), one could do this by definition after
finding the values it takes and the probabilities.

Example: Suppose X takes values −1, 0 and 1 with probabilities 0.2, 0.5 and 0.3. Let Y = X 2.
Then, EY is:

Note also that:

Expectation of function of RV

Computing expectation of function of random variable

If X is a discrete random variable taking values xi with probability p(xi ), and g is a function,
then

Eg(X ) =
∑
i

g(xi )p(xi ).

Terminology: EX = mean, 1st moment; EX n = n-th moment, n ⩾ 1.



Variance

Mean EX is a measure of center of p.m.f. It says nothing about variation or spread of the values.
For example W = 0, Y = ±1 with probability 1/2, and Z = ±100 with probability 1/2, have
all mean zero EW = EY = EZ = 0 but very different spreads.

Definition
If X is a random variable with mean µ, its variance is defined as

Var(X ) = E(X − µ)2.√
Var(X ) is called the standard deviation of X .

Questions?




