
Math 461: Second Midterm

Date: Tuesday, April 4
Time: 9:30–10:45am (75 minutes)
Location: 245 Altgeld Hall
Course website: https://go.illinois.edu/math461

Test format

1. Exam time is 75 minutes.
2. There will be 10 MC questions (one line argument for partial credit), ∼ 15 minutes, 20 points;
3. 5 free response questions (with explanations & partial credit), ∼ 50 minutes, 80 points.
4. 1 extra credit problem worth 10 points.
5. Overall, the questions will be of roughly the same difficulty level and length as an average

homework problem.
6. A table of important discrete distributions with their pmf, mean, variance will be provided.

Rules:

• Collaboration not allowed.
• Write your own solution.

Material covered: Fair game is anything from

• Lecture up to and including Thursday, March 23.
• All course notes, Homework assignments, Quizzes relating to that material.
• Use your lecture notes and homework as a guide to the emphasis you should place on the
various topics.

• You do not need to learn topics that were not covered in class or homework.
• Topics covered in the First Midterm is included, but emphasis will be on topics covered
after that.

• This includes Sec. 4.1–4.10, 5.1–5.6, 6.1 from Ross, 9th Ed. A detailed list of topics is given
below.

Study resources:

• Carefully read the handout available in the Canvas website.
• The canvas site contains solutions to HW problems and examples.
• There are practice exams with solution in the canvas site.

Topics you should understand well

1. General properties of random variables

1.1. Definitions of :

(a) random variables (rvs)
(b) discrete random variables
(c) continuous random variables
(d) jointly distributed random variables

1.2. Definitions of :

(a) probability mass function or pmf (for discrete rvs)
(b) probability density function of pdf (for continuous rvs)
(c) joint probability mass function (for two or more discrete rvs)
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(d) jointly probability density function (for two or more continuous rvs), marginal probability
density function

1.3. Cumulative Distribution Function or cdf :

(a) definition for a general rv
(b) global properties
(c) definition for joint rvs
(d) marginal distribution function
(e) applications to compute probability that a rv (or joint rv) is in an interval.

1.4. Relations :

(a) Distribution function ⇔ probability density/mass function
(b) distribution function ⇔ distribution for a function of a rv

1.5. Expected value :

(a) of a discrete rv
(b) of a continuous rv
(c) of a function of a rv
(d) E(aX + b)
(e) of a sum of rvs and applications to binomial rv.

1.6. Variance :

(a) definition
(b) relation with E(X2) and E(X)
(c) Var(aX + b) = a2Var(X)

2. Examples of Discrete Random variables

2.1. Discrete rvs :

(a) Bernoulli
(b) Binomial
(c) Poisson
(d) Geometric
(e) Negative Binomial
(f) Hypergeometric

2.2. Properties :

(a) range
(b) interpretations

2.3. Relations :

(a) Binomial and Poisson (Poisson paradigm)
(b) Binomial and Negative Binomial
(c) Binomial and hypergeometric
(d) Geometric and Negative Binomial

2.4. Applications!
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3. Examples of Continuous Random variables

3.1. Continuous rvs :

(a) uniform
(b) normal and standard normal
(c) exponential
(d) gamma and beta

3.2. Properties :

(a) range and probability density function
(b) interpretations
(c) expected value and variance
(d) distribution function and applications

3.3. Relations :

(a) normal and standard normal
(b) binomial and standard normal (Normal approximation and continuity correction)
(c) exponential and gamma

3.4. Applications!

4. Jointly Distributed Random variables

4.1. Jointly distributed rvs :

(a) joint discrete pmf
(b) joint continuous pdf

4.2. Properties :

(a) range and probability density function
(b) expected value and variance
(c) distribution function and applications

4.3. Applications!



Summary of the standard discrete densities

Bernoulli(p): X=result of a single Bernoulli trial.

f(k) = P (X = k) =





1− p if k = 0
p if k = 1
0 otherwise

,

E[X] = p, Var(X) = p(1− p).

Binomial(n, p): X=number of successes in n independent Bernoulli trials.

f(k) = P (X = k) =

{
( nk ) p

k(1− p)n−k if k = 0, 1, 2, . . . , n
0 otherwise

,

E[X] = np, Var(X) = np(1− p).

Note. Binomial(1, p)=Bernoulli(p).

Geometric(p): X=number of trials for the first success, in an infinite sequence of Bernoulli trials.

f(k) = P (X = k) =

{
p(1− p)k−1 if k = 1, 2, 3, . . .

0 otherwise
,

E[X] = 1
p , Var(X) = 1−p

p2 .

Useful formula: P (X ≥ k) = (1− p)k−1

Negative Binomial(r, p): X=number of trials for achieving r successes.

f(k) = P (X = k) =

{ (
k−1
r−1

)
pr(1− p)k−r if k = r, r + 1, r + 2, . . .

0 otherwise
,

E[X] = r
p , Var(X) = r 1−p

p2 .

Note. Negative Binomial(1, p)=Geometric(p).

Poisson(λ): X=number of events occurring during a time interval of length 1, given that events occur at
an average rate of λ per unit time.

f(k) = P (X = k) =

{
e−λλk/k! if k = 0, 1, 2, . . .

0 otherwise
,

E[X] = λ, Var(X) = λ.
Note that X ∼ Poisson(λT ) is used for the number of events occurring during a time interval of length

T , given that events occur at an average rate of λ per unit time.
Remark. X ∼ Poisson(λ) with λ = np provides a good approximation to Binomial(n, p), assuming n is

large and np is moderate.

Hypergeometric(n,N,m): X=number of white balls in a sample of n balls taken without replacement
from an urn of N balls, of which m are white and N −m are black.

f(k) = P (X = k) =

{
(mk )

(
N−m
n−k

)/
(Nn ) if k = 0, 1, 2, . . . , n,

0 otherwise,

E[X] = nm
N , Var(X) = N−n

N−1 nm
N

(
1− m

N

)
.
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Summary of the standard continuous densities

Uniform(a, b): X=randomly chosen point in the interval (a, b). Density

f(x) =

(
1

b°a if a < x < b,

0 otherwise,

E[X] = b+a
2 , Var(X) = (b°a)2

12 .

Normal(µ,æ2): X=random fluctuation arising from many causes. Density

f(x) =
1

æ
p

2º
e°(x°µ)2/2æ2

, °1 < x < 1,

E[X] = µ, Var(X) = æ2. When µ = 0 and æ = 1, one obtains the standard normal density ¡(x) = 1p
2º

e°x2/2.

Useful formula: P (a ∑ X ∑ b) = ©( b°µ
æ ) ° ©(a°µ

æ ) where © is the distribution function of the standard

normal density: ©(z) =
R z

°1 ¡(x) dx.

Important result: the Central Limit Theorem (Section 8.3) says that the distribution of outcomes is
approximately normal, after many independent repetitions of a random experiment, no matter what the
experiment is!

Exponential(∏): X=waiting time until the first event, if there are ∏ events per unit time on average.
Density

f(x) =

(
∏e°∏x if x ∏ 0,

0 otherwise,

E[X] = 1
∏ , Var(X) = 1

∏2 .

Useful formula: P (X > x) = e°∏x for x ∏ 0.

(Discrete analogue of Exponential(∏) is Geometric(p) with p = 1 ° e°∏.)

Gamma(Æ,∏): X=waiting time until the Æth event (when Æ is a positive integer), if there are ∏ events per
unit time on average. Density

f(x) =

(
∏e°∏x(∏x)Æ°1

°(Æ) if x ∏ 0,

0 otherwise,

E[X] = Æ
∏ , Var(X) = Æ

∏2 .

Note. Gamma(1,∏)=Exponential(∏).

Cauchy: X=tangent of a uniformly randomly chosen angle between °º/2 and º/2. Density

f(x) =
1

º(1 + x2)
,

E[X] = 0, Var(X) = +1.

Exercise. Sketch each of the density functions f(x), to get a feel for which X-values are more likely to
occur, in each case.
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5. The following two tables will be provided in the exam

Area Φ(x) under the standard normal curve to the left of x

x .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0 0.5 0.504 0.508 0.512 0.516 0.5199 0.5239 0.5279 0.5319 0.5359
.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
.2 0.5793 0.5832 0.5871 0.591 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.648 0.6517
.4 0.6554 0.6591 0.6628 0.6664 0.67 0.6736 0.6772 0.6808 0.6844 0.6879
.5 0.6915 0.695 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.719 0.7224
.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
.7 0.758 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
.8 0.7881 0.791 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.834 0.8365 0.8389
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.877 0.879 0.881 0.883
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.898 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5 0.9332 0.9345 0.9357 0.937 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.975 0.9756 0.9761 0.9767
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.983 0.9834 0.9838 0.9842 0.9846 0.985 0.9854 0.9857
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.989
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 0.9918 0.992 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5 0.9938 0.994 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.996 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.997 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.998 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.999 0.999
3.1 0.999 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998
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Name PMF or PDF Mean Variance

Ber(p) P(X = 1) = p,P(X = 0) = 1− p p p(1− p)

Bin(n, p)
(
n
k

)
pk(1− p)n−k for k = 0, 1, . . . , n np np(1− p)

Geom(p) p(1− p)k−1 for k = 1, 2, . . . 1
p

1−p
p2

NegBin(r, p)
(
k−1
r−1

)
prqk−r for k = r, r + 1, . . . r

p
r(1−p)

p2

HGeom(N,m, n)
(mk)(

N−m
n−k )

(Nn)
for k = 0, 1, . . . , n nm

N
N−n
N−1

· nm(N−m)
N2

Poisson(λ) e−λλk

k!
for k = 0, 1, . . . λ λ

Uniform(a, b) 1
b−a

for x ∈ (a, b) a+b
2

(b−a)2

12

Normal(µ, σ2) 1√
2πσ

e−(x−µ)2/2σ2
for x ∈ (−∞,∞) µ σ2

Exp(λ) λe−λx for x > 0 1
λ

1
λ2

Gamma(a, λ) λaxa−1e−λx

Γ(a)
for x > 0 a

λ
a
λ2

Beta(a, b) Γ(a+b)
Γ(a)Γ(b)

xa−1(1− x)b−1 for x ∈ (0, 1) a
a+b

ab
(a+b)2(a+b+1)

Table 1. Table of Important Distributions.
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