
Fall 2019, Math 547, Section F1 Homework 4
Due Friday, November 1 (at the beginning of class) Optional problems are not counted towards credit.

Problem 1. Let X be a Banach space with a K-unconditional basis (ei).
(i) Prove that any block sequence of (ei) is K-unconditional.
(ii) Prove that (e∗i ) is K-unconditional.
(iii) Prove that there exists an equivalent norm on X with respect to which (ei)i is 1-unconditional.

Problem 2. Let X be a Banach space with an unconditional basis and (xk) be a bounded block
sequence in X. Prove that exactly one of the following holds.

(a) (xk) is w-null.
(b) (xk) has a subsequence equivalent to the unit vector basis of `1.

Remark: This dichotomy is false if X does not have an unconditional basis.

Problem 3. Let X be a Banach space with a Schauder basis (ei).
(i) If (ei) is boundedly complete, prove that for any weakly Cauchy sequence (xk) there exists

x ∈X so that limk e
∗

i (xk − x) = 0 for all i ∈ N.
(ii) If (ei) is unconditional, prove that the following statements are equivalent. Hint: use Problem 2.

(a) c0 does not embed into X.
(b) X is weakly sequentially complete.

Remark: The equivalence (a)⇔ (b) is false if X does not have an unconditional basis.

Optional 1. Let X be a Banach space with a Schauder basis (ei). Prove the following.

(i) (ei) is shrinking if an only if every block sequence of (ei) is shrinking.
(ii) (ei) is boundedly complete if an only if every block sequence of (ei) is boundedly complete.

Optional 2. Let X be a Banach space with an unconditional basis. Prove that the following
statements are equivalent.

(a) `1 does not embed into X.

(b) for every x∗∗ ∈X∗∗ there exists a sequence (xk) in X so that x̂k
w∗Ð→ x∗∗.

The equivalence (a)⇔ (b) is in fact true for all separable Banach spaces (Odell’s Theorem).

Optional 3. Let X be a Banach space with a Schauder basis (ei) and let (Sn) denote the sequence
of the associated basis projections. Let T ∶X →X be a compact operator.

(i) Prove that limn ∥T − SnT ∥ = 0.
(ii) If (ei)i is shrinking prove that limn ∥T − TSn∥ = 0.
(iii) If (ei)i is not shrinking find a compact operator R ∶X →X so that lim infn ∥R −RSn∥ > 0.

Optional 4. Let X be a Banach space so that there exists a sequence (x∗i ) in X∗ that is equivalent
to the unit vector basis of c0.

(i) Prove that for all a ∈ `∞ the series ∑i a(i)x∗i is w∗-convergent to some element Ta ∈ X∗.
Deduce that the resulting linear operator T ∶ `∞ →X∗ is bounded.

(ii) Prove that for all x ∈ X we have ∑∞i=1 ∣x∗i (x)∣ ≤ ∥T ∥∥x∥. Deduce that there exists a bounded
linear operator S ∶X → `1 so that S∗ = T (where `∞ ≡ `∗1).

(iii) Assume in addition that there exists c > 0 and a bounded sequence (xi) in X so that for all
i ∈ N we have x∗i (xi) > c and ∑j≠i ∣x∗j (xi)∣ ≤ c/2. Prove that T is am embedding.

(iv) Prove that (x∗i ) has a subsequence that satisfies the assumptions of (iii). Deduce that the
following statements are equivalent for a Banach space X.
(a) c0 embeds into X∗.
(b) `∞ embeds into X∗.
(c) `∞ embeds into X∗ as a complemented subspace.
(d) `1 embeds into X as a complemented subspace.

The equivalence of statements (a)-(d) is (also) known as the Bessaga-Pe lczyński Theorem.

1



2

Optional 5.

(i) Let X be a Banach space and Y , Z be closed subspaces of X. Prove that the following
statement are equivalent.
(a) dist(SY , SZ) is positive.
(b) There exists a bounded linear projection P ∶ Y +Z → Y +Z with Im(P ) = Y and ker(P ) = Z.

(ii) Let X be a Banach space and let (yn), (zn) be sequences in X so that:
(1) (yn) is equivalent to the unit vector basis of `1 and

(2) (zn) is bounded and ⟨zn ∶ n ∈ N⟩ contains no subspace isomorphic to `1.

If for all n ∈ N we set Yn = ⟨yi ∶ i ≥ n⟩ and Zn = ⟨zi ∶ i ≥ n⟩ prove that there exists n ∈ N so that
dist(SYn , SZn) > 0. Deduce that there exists n0 ∈ N so that (yn + zn)n≥n0 is equivalent to the
unit vector basis of `1.

(iii) Let X be a Banach space with an unconditional basis (ei) and let (ai)i be a sequence in R so
that supn ∥∑n

i=1 aiei∥ < ∞ and ∑i aiei does not converge. If for all n ∈ N we set zn = ∑n
i=1 aiei

prove that (zn) has a subsequence equivalent to the summing basis of c0.
(iv) Let X be a Banach space with an unconditional basis and let (xn) be a bounded sequence in

X. Prove that at least on of the following holds.
(a) (xn) has a weakly Cauchy subsequence.
(b) (xn) has a a subsequence equivalent to the unit vector basis of `1.

The statement “(a) or (b)” is in fact true for a bounded sequence in any Banach space (Rosenthal’s `1 Theorem).


