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ABSTRACT

In modeling the rate of return associated with financial instruments, common probability

distributions include the lognormal, gamma, and Weibull distributions. Furthermore, the

method of maximum likelihood is widely used to estimate the unknown parameters of dis-

tributions due to the highly desirable properties of maximum likelihood estimators (MLEs).

These properties include asymptotic unbiasedness, consistency, and asymptotic normality.

Many of these properties, specifically unbiasedness, may not be valid for small sample sizes.

We consider the Cox and Snell / Cordeiro and Klein (CSCK) methodology for determining

analytic MLE bias expressions in small samples. We provide a module using Mathematica

8.0 which can calculate the CSCK MLE bias for each parameter of a given distribution.

We determine the CSCK MLE biases for the lognormal, two-parameter gamma, and two-

parameter Weibull distributions. By subtracting the bias (evaluated at the MLEs) from the

MLE, a bias-corrected MLE (BMLE) is obtained. We also provide two simulation analyses.

The first simulation demonstrates that BMLEs have preferable empirical properties when

compared to MLEs for the lognormal, two-parameter gamma, and two-parameter Weibull

distributions. The second simulation shows that BMLEs are preferable to MLEs for the loss

reserving of an illustrative 20-period equity-linked insurance contract for both the lognormal

and two-parameter Weibull distributions, but not for the two-parameter gamma distribution.
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1 INTRODUCTION

In modeling the rate of return associated with financial instruments, common probability

distributions include the lognormal, gamma, and Weibull distributions. In finance, the log-

normal distribution is commonly used to model financial returns. For example, the renowned

Black-Scholes option pricing model assumes that changes in the logarithm of price and stock

market indices are normally distributed, or equivalently, that price and stock market in-

dices are lognormally distributed (Black and Scholes, 1973). In cases where the growth

rate of returns is the primary goal with an underlying assumption of normality, the lognor-

mal distribution may be appropriate in the consideration of the volatility of financial returns

(Anatolyev and Gospodinov, 2010). Antoniou et al. (2011) found that for stock market data,

detrended lognormal distributions fit the distributions of closing stock prices normalized by

the corresponding trading volumes well.

The lognormal distribution is not always the most appropriate distribution for modeling

financial returns. Queirós (2005) illustrated the utility of the generalized gamma distribu-

tion in trading volume modeling, and Milevsky and Posner (1998) used the reciprocal gamma

distribution to model the payoffs of Asian options. Stein et al. (2005) argued that an alter-

native model to Black-Scholes, the Variance Gamma model, be used for option pricing where

successive up and down jumps in asset prices are each modeled with a gamma distribution.

Mittnik and Rachev (1993) used data from the S&P 500 to show that a Weibull distribution

for unconditional asset returns was preferred over other stable distributions. Interest in the

tail behavior of a distribution has led to use of the Weibull distribution, such as the analysis

of waiting times for price changes in a foreign currency exchange rate in Sazuka (2007). A

two-sided Weibull distribution was employed in Gerlach and Chen (2011) to model condi-

tional financial return distributions for both value-at-risk and conditional tail expectation

forecasting.

The method of maximum likelihood is widely used to estimate the unknown parameters

of probability distributions. Maximum likelihood estimators (MLEs) have many desirable
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properties; for example, MLEs are asymptotically unbiased, consistent, and asymptotically

normal (Wooldridge, 2002; Klugman et al., 2008). However, many of these properties rely

on having a large sample size. This means that MLE properties, such as unbiasedness, may

not be valid for small sample sizes. Researchers from various fields, such as Kay (1995)

and Schoonbroodt (2004), have highlighted the asymptotic requirement in order to obtain

unbiased parameter estimates via the method of maximum likelihood.

Cox and Snell (1968) first considered analytic expressions for the bias of MLEs calculated

with small samples as part of their study of a general definition of residuals. Cordeiro and

Klein (1994) extended the analysis of Cox and Snell (1968) and re-expressed their result

in more convenient matrix notation. We shall refer to this method for obtaining analytic

expressions for the bias associated with each MLE as the Cox and Snell / Cordeiro and Klein

(CSCK) method. The CSCK methodology provides a “corrective approach” for mitigating

small sample MLE bias, where a bias-corrected MLE (BMLE) is obtained by subtracting

the CSCK bias (evaluated at the MLEs) from the MLE. While the CSCK method has been

around for decades, it is only recently that computational software has allowed for efficient

numerical calculation of the MLE bias for various distributions (Giles and Feng, 2009; Giles,

2010; Giles et al., 2011).

We consider actuarial applications of BMLEs in this paper. We have developed a module

using the symbolic mathematical computation software Mathematica 8.0 (Wolfram Re-

search, 2010) that in principle can determine the CSCK MLE bias for a distribution, or

mixture of distributions. With this module, analysts no longer need to evaluate the compli-

cated CSCK MLE bias for a specific distribution from the ground-up. We then consider three

distributions that are commonly utilized in actuarial science: the lognormal, two-parameter

gamma, and two-parameter Weibull distributions. We determine the CSCK MLE bias for

each distribution, and in our first simulation analysis use validation tests to compare the

empirical percent bias and percent mean square error of both MLEs and BMLEs for these

distributions using simulation. A priori, we expect that BMLEs will be preferable to MLEs
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in small samples: BMLEs will have a smaller percent bias and percent mean square error

than MLEs across different parameter values for the true distribution and sample sizes.

We also consider the impact that MLE bias could have in the loss reserving for an illustra-

tive 20-period equity-linked insurance contract. Suppose the parameters of the accumulation

factor (1 + annual rate of return) distribution for the policyholder fund of the above con-

tract are estimated using the method of maximum likelihood. MLE bias would likely be

an issue if a small sample of prior data, say for the previous 20 periods, was employed to

calculate the MLEs. It is of interest to determine for each of the lognormal, two-parameter

gamma, and two-parameter Weibull distributions if (i) using BMLEs for the policyholder

fund accumulation factor distribution results in a loss reserve that is closer to the true loss

reserve (using the true distribution for the accumulation factors on the policyholder fund)

than using MLEs, and (ii) if there is a smaller difference between the BMLE calculated loss

reserve and the true loss reserve versus the MLE calculated loss reserve and the true loss

reserve. These issues form the basis of our second simulation analysis.

This paper is organized as follows. In Section 2, we briefly describe the Cox and Snell

/ Cordeiro and Klein (CSCK) methodology, and present our Mathematica 8.0 module

that provides the CSCK MLE bias for the parameters of the lognormal, two-parameter

gamma, and two-parameter Weibull distributions. In Section 3, we present the results of our

validation tests comparing MLEs to BMLEs. In Section 4, we compare 95% conditional tail

expectation (CTE) loss reserves based on MLEs to those based on BMLEs for the 20-period

illustrative equity-linked insurance contract. Section 5 concludes the paper.

2 METHODOLOGY

2.1 Cox and Snell / Cordeiro and Klein (CSCK) Method

Consider a probability distribution with p unknown parameters: θ = (θ1, θ2, ..., θp)
′. Let l(θ)

denote the total loglikelihood function, based on a sample of n observations. It is assumed
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throughout this discussion that the observations are not necessarily identically distributed.

Assume l(θ) is regular with respect to all derivatives of the elements of θ up to and including

the third order.

Define the following joint cumulants of l(θ) for i, j, l = 1, 2, ..., p:

κij = E[ ∂2l
∂θi∂θj

]

κijl = E[ ∂3l
∂θi∂θj∂θl

]

and κij,l = E[ ∂2l
∂θi∂θj

∂l
∂θl

].

Also, define the cumulant derivative: κ
(l)
ij =

∂κij

∂θl
.

The total Fisher information Matrix of order p for θ is denoted as K = {−κij}. The

inverse of total Fisher information Matrix is denoted as K−1 = {−κij}.
Let θ̂s denote the MLE of the s-th element (parameter) of θ. Cox and Snell (1968) proved

that for independent observations, the bias of θ̂s, bs, for s = 1, 2, ..., p, can be expressed as:

bs = E[θ̂s − θs] =

p∑

i,j,l=1

κsiκjl[0.5κijl + κij,l] +O(n−2). (1)

Cordeiro and Klein (1994) verified that the assumption of independence in (1) can be

relaxed as long as all κs are assumed to be O(n), resulting in the following expression for bs:

bs = E[θ̂s − θs] =

p∑
i=1

κsi

p∑

j,l=1

[κ
(l)
ij − 0.5κijl]k

jl +O(n−2). (2)

Giles et al. (2011) point out that (2) is more computationally efficient than (1) as there

are no κij,l terms to evaluate in equation (2). Equation (2) can be expressed in matrix

notation to provide an expression for the MLE bias vector, b. Let A = {A(1)|A(2)|...|A(p)}
where A(l) = {κ(l)

ij − 0.5κijl} for l = 1, 2, ..., p. Then, if θ̂ denotes the MLE vector:

b = E[θ̂ − θ] = K−1Avec[K−1] +O(n−2) (3)
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The bias-corrected MLE (BMLE) vector, θ̃, under the CSCK method is the difference

between the MLE vector (θ̂) and the MLE bias vector in (3) evaluated at the MLEs (b̂):

θ̃ = θ̂ − b̂. (4)

2.2 Mathematica 8.0 Module

As a first step toward our analysis of bias-corrected maximum likelihood estimation in ac-

tuarial science, we developed a module using Mathematica 8.0 (Wolfram Research, 2010)

that can determineK−1Avec[K−1] as given in the bias vector in (3), using the CSCK method-

ology. Henceforth, K−1Avec[K−1] is referred to as the “CSCK MLE bias.” This code for

the Mathematica 8.0 module is provided in Appendix A.

The function which generates the CSCKMLE bias is denoted as b[f , p ], where f denotes

an inputted probability density function (pdf) and p denotes an inputted parameter vector

corresponding to f . The Mathematica 8.0 module is used in conjunction with another

package, SMLE.m, which was provided and described in detail in Rose and Smith (2000).

SMLE.m stands for “symbolic maximum likelihood estimation,” where the “Log” function

is redefined via the “SuperLog” function to allow for a symbolic representation of the total

loglikelihood function. Our Mathematica 8.0 module’s incorporation of the SMLE.m

package means that the user does not have to determine the total loglikelihood function on

his/her own; this is automatically done in the calculation of the CSCK MLE bias via b[f ,

p ].

2.3 MLE Bias Calculations for Various Probability Distributions

We consider the analytic CSCK MLE biases for three distributions: the lognormal distribu-

tion, the two-parameter gamma distribution, and the two-parameter Weibull distribution.

Each of these distributions are commonly used to model financial rates of return, as was

discussed in the Introduction.
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In order to use the Mathematica 8.0 module to determine the CSCK MLE bias for

each distribution, we first re-parameterized each pdf in terms of parameters θ1 and θ2. In

each case, the location or shape parameter is θ1, and the scale parameter is θ2. The re-

parameterized pdfs, denoted as f(y), are:

Lognormal Distribution: f(y) = 1
θ2y

√
2π

exp[− (ln(y)−θ1)2

2θ22
], for y, θ2 > 0

Two-Parameter Gamma Distribution: f(y) = 1

θ
θ1
2 Γ(θ1)

yθ1−1 exp[−y/θ2] for y, θ1, θ2

> 0

Two-Parameter Weibull Distribution: f(y) = (1/y)θ1(y/θ2)
θ1 exp[−(y/θ2)

θ1 ] for y,

θ1, θ2 > 0.

To determine the CSCK MLE bias for each distribution, we use the function b[f , p ].

The argument p is replaced by the set {θ1, θ2}. For each distribution, the range of possible

values of θ1 and θ2 are reflected in the Expect[x ] function that is part of the Mathematica

8.0. The user will need to adjust the parameter ranges in Expect[x ] to suit the distribution

of interest. Also, note that Expect[x ] contains an additional parameter, θ3. For each of the

three distributions considered, θ3 is not a viable parameter and as such, Expect[x ] treats this

parameter as null. If there were additional parameters, assumptions for those parameters

would be entered by the user in Expect[x ]. Finally, for each of the three distributions, the

reader can verify that all κs meet the condition of each being O(n).

We calculated the analytic CSCK MLE bias for the three distributions via b[f , p ]. The

CSCK MLE biases are presented in Table 1.

(Table 1 about here.)

For each distribution in Table 1, the second column provides the CSCK bias of θ̂1 and

the third column provides the CSCK bias of θ̂2. The gamma and Weibull CSCK MLE bias

expressions contain some complicated functions, which are defined in Appendix B.

The CSCK MLE bias for the gamma distribution was previously considered in Giles and
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Feng (2009). We reproduced the result in our study to verify that the Mathematica 8.0

module produced the correct CSCK MLE bias vector. To our knowledge, the CSCK MLE

biases for the lognormal and Weibull distributions have not been previously considered.

For each distribution, the BMLE for a parameter is obtained by subtracting the CSCK

MLE bias for that parameter, evaluated at the MLEs, from the MLE. This means that for

the lognormal distribution, θ̂1 is not biased and θ̂2 is negatively biased. For the gamma and

Weibull distributions, θ̂1 and θ̂2 are both positively biased; these findings are consistent with

previous literature (Choi and Wette, 1969; Grimshaw et al., 2005).

Recall that MLEs are asymptotically unbiased, suggesting that MLE bias should ap-

proach zero as the sample size, n, approaches infinity. This is the case for all CSCK MLE

biases in Table 1. However, for small values of n, the CSCK MLE bias may be substan-

tial. Our simulation analyses in the next section will show that for the three distributions

considered, MLE bias may indeed be substantial in small samples.

3 VALIDATION TESTS

3.1 Simulation Analysis

A priori, we expect BMLEs to have better sampling properties than MLEs in small samples.

First, the BMLE of a specific parameter should be closer to the true value of the parameter

than the MLE. Second, the range of possible BMLE values about the true value of the

parameter should be smaller than the range of possible MLE values about the true parameter

values. If BMLEs satisfy these two points, an analyst would prefer to use BMLEs over MLEs.

We conducted a simulation analysis to validate the expected sampling properties of BM-

LEs relative to MLEs that closely follows the analyses in Giles and Feng (2009), Giles (2010),

and Giles et al. (2011). For each of the three distributions (lognormal, two-parameter gamma,

and two-parameter Weibull), we considered three combinations of values for θ1 and θ2 that

corresponded to a distribution for periodic accumulation factors (1 + annual rate of return).
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For the lognormal distribution, we considered (θ1 = 0.01, θ2 = 0.30), (θ1 = 0.03, θ2 = 0.30),

and (θ1 = 0.05, θ2 = 0.30). For the gamma distribution, we considered (θ1 = 9.6, θ2 = 0.11),

(θ1 = 9.8, θ2 = 0.11), and (θ1 = 10.0, θ2 = 0.11). For the Weibull distribution, we considered

(θ1 = 2.0, θ2 = 1.2), (θ1 = 3.5, θ2 = 1.2), and (θ1 = 4.5, θ2 = 1.2). For each distribution, the

first combination results in a distribution with mean 1.06, the second combination results

in a distribution with mean 1.08, and the third combination results in a distribution with

mean 1.10. For each (θ1, θ2), we considered sample sizes of 20, 40, 60, 80, and 100. Then,

using Mathematica 8.0, we simulated 10,000 data sets of accumulation factors per (θ1, θ2)

per sample size, and for each data set, calculated the MLEs and BMLEs of θ1 and θ2.

Following Giles and Feng (2009), Giles (2010), and Giles et al. (2011), for each (θ1,

θ2)/sample size combination, we calculated the percent bias and the percent mean square

error (MSE) for both the MLE and the BMLE relative to the true parameter value. The

percent MLE bias, where s = 1, 2, was calculated as: (100/R)
∑R

r=1
θ̂rs−θs

θs
, where R denotes

the number of replications (10,000). The percent BMLE bias was similarly calculated. The

percent bias calculations are meant to address the first point regarding sampling properties:

the BMLE of a specific parameter should be closer to the true value of the parameter than

the MLE. Empirically, this will be the case if the percent BMLE bias is smaller than the

percent MLE bias.

The percent MLE MSE, where s = 1, 2, was calculated as: (100/R)
∑R

r=1
(θ̂rs−θs)2

θ2s
. The

percent BMLE MSE was similarly calculated. The percent MSE calculations are meant to

address the second point regarding sampling properties: the range of possible BMLE values

about the true value of the parameter should be smaller than the range of possible MLE

values. Empirically, this will be the case if the percent BMLE MSE is smaller than the

percent MLE MSE.
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3.2 Simulation Results

Tables 2, 3, 4, provide the validation test results for the lognormal, two-parameter gamma,

and two-parameter Weibull distributions, respectively. We anticipated that the BMLE of a

specific parameter should be closer to the true value of the parameter than the MLE, and

that the range of possible BMLE values about the true value of the parameter should be

smaller than the range of possible MLE values about the true parameter value. For each

of the three distributions, these two predictions were realized for θ1 (the location or shape

parameter). For the gamma distribution in Table 3 and the Weibull distribution in Table 4,

the percent BMLE bias and the percent BMLE MSE were substantially smaller in magnitude

than the percent MLE bias and the percent MLE MSE for each (θ1, θ2) and sample size n.

(Tables 2, 3, 4 about here.)

For the lognormal distribution in Table 2, there was no difference between our calculated

percent bias and percent MSE based on θ1, as the CSCK methodology suggests that the

MLE of the location parameter is unbiased. However, our simulation analysis suggested that

this was not the case; in Table 2, θ̂1 is biased, particularly for small n (n = 20, 40). There was

also a large percent MSE for small n (n = 20, 40); this is not surprising, as in the calculation

of percent MSE, one is dividing by the square of a small value of θ1. With regard to the scale

parameter θ2, for each of the three distributions in Tables 2, 3, and 4, the percent BMLE

bias was substantially smaller than the percent MLE bias for each (θ1, θ2) and sample size

n. However, the percent MLE MSEs and percent BMLE MSEs were similar in magnitude

for each distribution, suggesting that empirically each estimator exhibits approximately the

same level of variability about θ2.

For each distribution, there is considerable MLE bias for small values of n. It is for these

sample sizes that BMLEs are most useful in mitigating MLE bias. Also, as the sample size

n increases for each distribution, the percent MLE bias and percent MSE bias each tend

to decrease in magnitude; this is expected as MLEs are both asymptotically unbiased and
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consistent estimators.

A similar analysis for the two-parameter gamma distribution was previously considered

in Giles and Feng (2009), although they considered different parameter values and sample

sizes for θ1 and θ2. Our simulation results were consistent with their findings.

4 INSURANCE ILLUSTRATION

4.1 Illustrative Contract

We consider an illustrative equity-linked life insurance contract in our second simulation

analysis. This type of contract and the basis of this simulation are described in Dickson

et al. (2009), Chapter 12. The term of the life insurance contract is 20 periods. There are

two funds: a policyholder fund and an insurer fund. The policyholder fund pays the majority

of future benefits, and the insurer fund covers additional benefits, along with other insurance

expenses and charges.

The policyholder, age 45, pays a premium of 3000 at the beginning of each period. Each

premium is portioned into an allocated premium that is paid into the policyholder fund, and

an unallocated premium that is paid into the insurer fund. The allocated premium for the

first period is 2,850, and the allocated premium for each subsequent period is 2,970.

We assume that the insurer fund earns a guaranteed rate of 6% per period. The policy-

holder fund earns a rate of Rt for the period between times (t− 1) and t, where t = 1, 2, ...,

20. The rate of return Rt is assumed to be random, and the source of potential investment

risk for this illustrative 20-period equity-linked insurance contract.

We assume that there are two decrements for the policyholder: death and lapse. We want

to focus on investment risk, so we choose a simple model for mortality of the policyholder

where the periodic probability of death is 0.01. It is assumed that lapses occur at the end

of the period, after all expenses for the period have been incurred. For each of the first

five periods, it is assumed that the lapse rate is correlated with Rt such that for the period
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between times (t− 1) and t, where t = 1, 2, ..., 5: (i) if Rt ≥ 10% the lapse rate is 0.01, (ii)

if 0 ≤ Rt < 10% the lapse rate is 0.02, (iii) if -10% ≤ Rt < 0 the lapse rate is 0.03, (iv) if

-20% ≤ Rt < -10% the lapse rate is 0.04, and (v) if -20% > Rt the lapse rate is 0.05. That

is, the worse the investment experience of the policyholder during the first five periods, the

more likely the policyholder is to lapse. For all subsequent periods (t = 6, 7, ..., 20), it is

assumed that the lapse rate per-period is 0.01.

There are three types of benefits that are potentially payable to the policyholder. The

first is a death benefit that is payable at the end of the period of death of the policyholder.

This benefit is 110% of the value of the policyholder fund at the end of the period of

death, covered by 100% of the value of the policyholder fund and 10% of the value of the

insurer fund at the end of the period of death. The second benefit is a lapse benefit, where

the policyholder receives the balance of the policyholder fund at the end of the period in

which the policyholder lapses. The third benefit is a guaranteed minimum maturity benefit:

if the policyholder survives the 20 periods, then the policyholder receives the greater of

the policyholder fund value at the end of 20 periods and the total premiums paid by the

policyholder during the life of the contract without interest (20 × 3,000 = 60,000).

With regard to expenses, we assume that there is an initial expense of 10% of the first

premium that is payable at the beginning of the first period, and a renewal expense of 0.5%

of each subsequent premium that is payable at the beginning of each subsequent period. At

the end of each period, there is a management charge of 0.80% of the policyholder fund that

is transferred to the insurer fund.

4.2 Simulation Analysis

The insurer would like to determine the loss reserve for this contract upon issue (at time

t = 0). This requires determining the loss-at-issue, L. Note it is the insurer fund that

determines the profitability of the contract, where the insurer fund is linked to the value

of the policyholder fund. Following Dickson et al. (2009), Chapter 12, define the insurer’s
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profit associated with the life insurance contract for the period between times (t− 1) and t,

for t = 1, 2, ..., 20, assuming the contract is still in-force as of time (t− 1), as:

Profitt = Unallocated Premiumt−1 − Expensest−1 + Interestt@6%

+Management Charget − Expected Death Benefitt. (5)

In equation (5), ExpectedDeathBenefitt covers the 10% of the death benefit that the

insurer must provide from the insurer fund. Also, for Profit20 in equation (5), there is an

additional charge for the guaranteed minimum maturity benefit of (probability policyholder

survives between t = 19 and t = 20)×(maximum of 60,000 less the policyholder fund value at

t = 20, and zero). The management charge, the expected death benefit, and the guaranteed

minimum maturity benefit in equation (5) ultimately depend on the policyholder fund rates

of return {Rt}20t=1. The guaranteed minimum maturity benefit is highly sensitive to {Rt}20t=1.

Assuming a risk discount rate of 14% per period, which can be interpreted as the hurdle

rate, L can be calculated as:

L = −
20∑
t=1

t−1p
(τ)
45

1.14t
Profitt (6)

where t−1p
(τ)
45 is the probability that the contract is in-force at the start of the t-th period.

With L specified via equation (6), the loss reserve at issue for the illustrative equity-linked

life insurance contract can be obtained. A common loss reserving method is based on the

conditional tail expectation, or CTE (Klugman et al., 2008; Dickson et al., 2009). If Qα is

the 100α-th quantile of the distribution of L, also called the 100α% value-at-risk (Klugman

et al., 2008; Dickson et al., 2009), the 100α% CTE loss reserve at issue is E[L|L > Qα],

where α is typically equal to 0.90, 0.95, or 0.99. We will consider the 95% CTE loss reserve

at issue; henceforth, this will be called the “loss reserve”.
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We determine the loss reserve using simulation. For simplicity, we assume that (1 +

Rt) for t = 1, 2, ..., 20 are independent and identically distributed. We simulate a data

set {1 + Rt}20t=1 from the distribution of (1 + Rt), calculate 20 periodic profits via (5),

and calculate L via (6). Repeating this process multiple times will result in an empirical

distribution for L, from which the mean of all observations greater than the empirical 95-th

quantile can be used to estimate the loss reserve.

If a small sample of past rate of return data, perhaps for the previous 20 periods, is used

to estimate the parameters of the distribution of (1 + Rt) via maximum likelihood, the MLEs

are likely to be biased. It is of interest to determine for each of the lognormal, two-parameter

gamma, and two-parameter Weibull distributions if (i) using BMLEs for the distribution of

(1 + Rt) results in a loss reserve that is more often closer to the true loss reserve than

using MLEs, and (ii) if there is a substantially smaller difference between the BMLE loss

reserve and the true loss reserve versus the MLE loss reserve and the true loss reserve. For

each of the three distributions, we define a true distribution of (1 + Rt). We first consider

a true lognormal distribution with θ1 = 0.05 and θ2 = 0.30. The second true distribution

is a gamma distribution with θ1 = 10.0 and θ2 = 0.11. The third true distribution is a

Weibull distribution with θ1 = 4.50 and θ2 = 1.20. All distributions are such that the mean

is approximately 1.10, and the standard deviation is between 0.27 and 0.35.

For each of the three true distributions, we simulate 1,000 data sets {1 + Rt}20t=1. From

each of these data sets, we simulate 5,000 values of L. The mean of all observations greater

than 95-th quantile from one of the 1,000 empirical distributions of L provides a possible

value of the loss reserve. The average of the 1,000 loss reserves results in the “true” loss

reserve for each of the three true distributions. Furthermore, we used the 1,000 data sets

generated above for each true distribution to simulate 1,000 MLEs and the corresponding

BMLEs. Then, 1,000 MLE loss reserves, and the corresponding BMLE loss reserves, are

determined in a similar manner as above. For each distribution, we note the percentage

of the 1,000 runs for which the BMLE loss reserve difference (to the true loss reserve) is
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smaller than the MLE loss reserve difference, and the average BMLE and MLE loss reserve

differences (to the true loss reserve).

4.3 Simulation Results

Table 5 presents our simulation results for the 20-period illustrative equity-linked insurance

contract with lognormal, two-parameter gamma, and two-parameter Weibull distributions

for (1 + Rt). For each distribution, we present the true loss reserve, the percentage of

simulation runs for which the BMLE loss reserve was closer to the true loss reserve than the

MLE loss reserve was closer to the true loss reserve, and the mean MLE and BMLE loss

reserve differences (each relative to the true loss reserve).

(Table 5 about here.)

Examination of Table 5 indicated that for the three distributions chosen for (1 + Rt),

approximately half of the simulation runs resulted in the BMLE loss reserve being more

often closer to the true loss reserve than the MLE loss reserve for the lognormal and Weibull

distributions; in the case of the gamma distribution, the BMLE loss reserve was more often

closer to the true loss reserve about one-third of the time. The mean MLE loss reserve

difference was larger in magnitude than the mean BMLE loss reserve difference for the

lognormal and Weibull distributions. This was not the case for the gamma distribution,

where the mean BMLE loss reserve difference was larger in magnitude than the mean MLE

loss reserve difference (527.81 vs. 244.84).

With regard to loss reserving, using either MLEs or BMLEs to estimate the parameters

of the periodic accumulation factor distribution for the policyholder fund of this type of

equity-linked insurance contract will result in loss reserves where approximately half of the

time, the BMLE loss reserves will be closer to the true loss reserve relative to the MLE

loss reserves for the lognormal and two-parameter Weibull distributions, and the difference

between the BMLE loss reserves and the true loss reserve will, on average, be smaller in

14



magnitude than the difference between the MLE loss reserves and the true loss reserve for

the lognormal and two-parameter Weibull distributions. Therefore, for the type of insurance

contract considered in this paper, the insurer would want to use BMLEs instead of MLEs

for the accumulation factors on the policyholder fund in order to maintain an accurate loss

reserve for those two distributions. In particular, the Weibull distribution displayed the

greatest improvement in using BMLEs: the mean difference between the BMLE loss reserve

and the true loss reserve was substantially smaller than the difference between the MLE loss

reserve and the true loss reserve.

There was no advantage to using BMLEs instead of MLEs for the parameters of the

gamma policyholder fund rate of return distribution. In fact, using BMLEs with a gamma

policyholder fund accumulation factor distribution would result in the insurer “over-reserving.”

This result is consistent with what was observed in Table 3 for the gamma distribution with

θ1 = 10.0 and θ2 = 0.11. The CSCK methodology tended to over-correct for the MLE bias

of each parameter. This is a possible reason why a gamma distribution for the policyholder

fund accumulation factors, with BMLEs, resulted in a loss reserve that was higher than the

true loss reserve.

The analysis was repeated for different parameter values for the distributions and different

inputs for the insurance contract and loss reserve. We present two of these supplemental

results in Tables 6 and 7, and compare these results to those in Table 5.

(Tables 6 and 7 about here.)

In Table 6, 99% CTE loss reserves were calculated at issue for each of the three distri-

butions with the same parameters as in the original loss reserve simulation in Table 5. In

Table 7, 95% loss reserves were calculated at issue for each of the three distributions with

parameters such that the mean of (1 + Rt) was 1.08. It should be the case that the true loss

reserves in Tables 6 and Table 7 should exceed the true loss reserves provided in Table 5; in

Table 6, we are considering the 99% CTE loss reserve instead of the 95% CTE loss reserve,
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and in Table 7, we have a lower mean annual rate of return on the policyholder’s fund (8%

versus 10%). This was the case in Tables 6 and 7.

Qualitatively, the same trends were observed in Tables 6 and 7. For both simulations,

it was again observed that BMLE loss reserves were both more often closer to the true loss

reserves, and had a smaller mean difference to the true loss reserve, for the lognormal and

Weibull distributions than the MLE loss reserves. In particular, the Weibull distribution

showed the greatest improvement in using BMLE loss reserves to proxy the true loss reserve.

The gamma distribution once again “over-reserved.” These trends were preserved in other

supplemental simulations conducted, the results of which are not presented in this paper.

5 CONCLUSION

In this paper, we have provided aMathematica 8.0module which can be used to obtain an-

alytic expressions for the CSCK MLE bias in small samples. Specifically, we used the CSCK

method to provide analytic MLE bias expressions for the lognormal, two-parameter gamma,

and two-parameter Weibull distributions. Validation tests revealed BMLEs generally had

smaller empirical percent bias and percent MSE than those same quantities based on MLEs.

Our illustrative equity-linked life insurance example revealed that loss reserves were more ac-

curately calculated using BMLEs instead of MLEs for lognormal and two-parameter Weibull

policyholder fund accumulation factor distributions when a small sample was utilized for

maximum likelihood estimation. BMLEs were not preferred to MLEs when a two-parameter

gamma policyholder fund accumulation factor distribution was considered.

In principle, the Mathematica 8.0 module can accommodate distributions with an ar-

bitrary number of parameters. In practice, the module can take an extremely long time

when there are four or more parameters; in many cases, Mathematica will “time-out” and

end the calculation prematurely. This is a limitation that we are working to address in

conjunction with Wolfram Research, Inc. We are also adapting the module to other statis-
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tical software to determine whether CSCK MLE biases can be calculated more efficiently.

Mathematica 8.0 has been used to successfully determine MLEs for distributions with up

to six parameters.

There are other methods in the literature for determining small sample MLE bias. For ex-

ample, Firth (1993) considered a preventive approach were the score vector itself is adjusted

to mitigate bias. We have not considered whether this preventive approach is preferable to

the “corrective” approach in this paper, where MLEs are adjusted for potential bias ex post.

Finally, we considered a specific type of equity-linked life insurance contract in our sec-

ond simulation analysis. We will consider additional types of contracts with more complex

policy terms to see whether or not the results obtained in this paper are still valid. We

would especially like to relax the independent and identical distribution assumption that we

applied to (1 + Rt) by allowing the parameters of the distribution to vary per-period and

by considering a more sophisticated rate of return model, such as a regime-switching model

(Hardy, 2001).

Future research will consider the MLE bias of mixtures of distributions for rates of return,

such as the weighted average of a gamma distribution and a Pareto distribution. This will

display the true utility of our Mathematica 8.0 module: calculation of the finite sample

CSCK bias for non-standard distributions. We would also like to utilize real data in our

calculations, and apply this methodology to other loss reserving approaches. The CSCK

methodology and Mathematica 8.0 module developed is expected to be valuable as an

enhancement to both single and mixed parametric probability models. Such bias-corrected

parametric models can be applied by stochastic modelers to advance modeling efficiency for

the analysis of conditional expectations and probabilities in such areas as product design

and innovations, pricing, loss reserving, enterprise risk management, capital allocation, and

risk-based capital determination (Chueh, 2003; Chueh and Curtis, 2004; Chueh, 2005).
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APPENDIX A

MATHEMATICA 8.0 MODULE CODE

b[f , p ] := Module[{l, Gradient, Hessian, ThirdPartialDer, ExpectHessian, ExpectThird-

PartialDer, DerivativeExpectHessian, aijk, Amatrix, Kinv, vecKinv, BIAS, Expect},
Expect[x ] := Integrate[x*f, {yi, 0, ∞}, Assumptions -> { θ1 ∈ Reals, θ2 ∈ Reals, θ3 ∈

Reals, θ1 > 0, θ2 > 0, θ3 > 0}];
SuperLog[On];

l = Log[
∏n

i=1 f ];

Gradient = D[l, {p}];
Hessian = D[l, {p, 2}];
ThirdPartialDer = D[l, {p, 3}];
ExpectHessian = Map[Expect[#] &, Hessian];

ExpectThirdPartialDer = Map[Expect[#] &, ThirdPartialDer];

DerivativeExpectHessian = D[ExpectHessian, {p}];
aijk = DerivativeExpectHessian - ExpectThirdPartialDer/2;

Amatrix = Apply[Join, aijk ∼ Join ∼ {2}];
Kinv = Inverse[-ExpectHessian];

vecKinv = Flatten[Transpose[Kinv]];

BIAS = Simplify[Kinv.Amatrix.vecKinv];

SuperLog[Off]; BIAS]

APPENDIX B

MATHEMATICAL FUNCTION DEFINITIONS

In Table 1, the CSCKMLE bias expressions for certain parameters of the three probability

distributions contained complicated mathematical functions. We define these mathematical
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functions, and relevant associated functions, in this section.

Gamma Function: Γ(z) =
∫∞
0

tz−1 exp(−t)dt where Re(z) > 0

Trigamma Function: Ψ1(z) =
d2

dz2
ln Γ(z)

Tetragamma Function: Ψ2(z) =
d3

dz3
ln Γ(z)

Riemann Zeta Function: ζ(z) = 1
Γ(z)

∫∞
0

tz−1

exp(t)−1
dt where z > 1

Euler-Mascheroni Constant: γ = limn→∞[
∑n

k=1
1
k
− ln(n)] = 0.57721...
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Table 1: CSCK MLE Biases.

Probability CSCK Bias CSCK Bias

Distribution of θ̂1 of θ̂2

Lognormal 0 -3θ24n

Gamma −2+θ1Ψ1(θ1)−θ21Ψ2(θ1)
2n[−1+θ1Ψ1(θ1)]2

θ2[Ψ1(θ1)+θ1Ψ2(θ1)]
2n[−1+θ1Ψ1(θ1)]2

Weibull 18θ1[π
2−2ζ(3)]
nπ4 -θ2[π

4(−1+2θ1)−6π2[1+γ2+5θ1−2γ(1+2θ1)]−72(−1+γ)θ1ζ(3)]
2nπ4θ21
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Table 2: Lognormal Validation Tests.

Lognormal with θ1 = 0.01, θ2 = 0.30

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 8.20 8.20 -3.71 -0.10
[4,516.21] [4,516.21] [2.63] [2.68]

40 -5.69 -5.69 -2.02 -0.18
[2,226.04] [2,226.04] [1.28] [1.28]

60 -1.62 -1.62 -1.22 0.02
[1,457.37] [1,457.37] [0.84] [0.84]

80 1.00 1.00 -0.95 -0.02
[1,096.70] [1,096.70] [0.64] [0.64]

100 0.37 0.37 -0.76 -0.02
[901.56] [901.56] [0.52] [0.52]

Lognormal with θ1 = 0.03, θ2 = 0.30

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 -0.56 -0.56 -3.79 -0.18
[504.61] [504.61] [2.59] [2.63]

40 -1.72 -1.72 -1.99 -0.15
[257.65] [257.65] [1.30] [1.31]

60 0.85 0.85 -1.30 -0.07
[165.58] [165.58] [0.82] [0.83]

80 0.30 0.30 -0.90 0.03
[126.86] [126.86] [0.64] [0.64]

100 1.40 1.40 -0.74 0.00
[97.87] [97.87] [0.50] [0.50]

Lognormal with θ1 = 0.05, θ2 = 0.30

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 0.27 0.27 -3.74 -0.13
[174.55] [174.55] [2.59] [2.63]

40 2.20 2.20 -1.69 0.15
[89.10] [89.10] [1.28] [1.30]

60 1.21 1.21 -1.19 0.04
[60.47] [60.47] [0.83] [0.84]

80 -0.09 -0.09 -0.80 0.13
[45.43] [45.43] [0.64] [0.65]

100 0.60 0.60 -0.77 -0.02
[36.03] [36.03] [0.50] [0.51]
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Table 3: Gamma Validation Tests.

Gamma with θ1 = 9.6, θ2 = 0.11

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 17.32 0.06 -4.68 0.08
[21.40] [13.29] [10.27] [11.07]

40 7.98 0.05 -2.58 -0.15
[7.03] [5.47] [5.01] [5.19]

60 5.18 0.03 -1.66 -0.03
[4.17] [3.53] [3.39] [3.47]

80 4.09 0.27 -1.44 -0.21
[3.08] [2.70] [2.60] [2.64]

100 2.87 -0.15 -0.87 0.12
[2.19] [1.98] [2.02] [2.05]

Gamma with θ1 = 9.8, θ2 = 0.11

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 17.51 0.21 -5.18 -0.45
[20.70] [12.75] [9.94] [10.66]

40 7.55 -0.35 -2.25 0.19
[6.85] [5.37] [4.99] [5.19]

60 5.45 0.29 -1.93 -0.29
[4.25] [3.57] [3.41] [3.49]

80 3.69 -0.11 -1.10 0.13
[2.95] [2.61] [2.57] [2.62]

100 2.95 -0.07 -0.83 0.16
[2.28] [2.07] [2.09] [2.13]

Gamma with θ1 = 10.0, θ2 = 0.11

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 18.05 0.67 -5.64 -0.93
[21.61] [13.26] [9.89] [10.56]

40 7.62 -0.28 -2.22 0.22
[6.94] [5.44] [5.04] [5.25]

60 5.09 -0.06 -1.61 0.03
[4.10] [3.47] [3.37] [3.46]

80 3.38 -0.41 -0.88 0.36
[2.80] [2.49] [2.49] [2.54]

100 2.89 -0.14 -0.84 0.15
[2.26] [2.05] [2.03] [2.06]
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Table 4: Weibull Validation Tests.

Weibull with θ1 = 2.0, θ2 = 1.2

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 7.70 0.27 -0.13 0.10
[4.89] [3.72] [1.37] [1.38]

40 3.84 0.26 0.07 0.18
[1.95] [1.68] [0.68] [0.68]

60 2.56 0.20 -0.09 -0.01
[1.20] [1.09] [0.46] [0.46]

80 1.76 0.00 -0.13 -0.07
[0.86] [0.80] [0.34] [0.34]

100 1.26 -0.14 -0.03 0.01
[0.67] [0.64] [0.27] [0.27]

Weibull with θ1 = 3.5, θ2 = 1.2

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 7.86 0.42 -0.25 0.04
[4.89] [3.70] [0.45] [0.45]

40 3.28 -0.29 -0.21 -0.06
[1.87] [1.64] [0.23] [0.23]

60 2.53 0.18 -0.07 0.03
[1.19] [1.08] [0.15] [0.15]

80 1.60 -0.15 -0.09 -0.01
[0.83] [0.78] [0.11] [0.11]

100 1.31 -0.09 -0.07 -0.01
[0.66] [0.63] [0.09] [0.09]

Weibull with θ1 = 4.5, θ2 = 1.2

n %Bias: θ̂1 %Bias: θ̃1 %Bias: θ̂2 %Bias: θ̃2
[%MSE: θ̂1] [%MSE: θ̃1] [%MSE: θ̂2] [%MSE: θ̃2]

20 7.94 0.50 -0.26 0.00
[4.85] [3.66] [0.27] [0.27]

40 3.74 0.16 -0.15 -0.01
[1.89] [1.64] [0.14] [0.14]

60 2.52 0.17 -0.06 0.03
[1.20] [1.09] [0.09] [0.09]

80 1.69 -0.06 -0.09 -0.02
[0.83] [0.77] [0.07] [0.07]

100 1.53 0.12 -0.05 0.00
[0.67] [0.62] [0.05] [0.05]
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Table 5: Illustrative Insurance Simulation Results: 95% CTE.

Probability True % Runs Mean MLE Mean BMLE
Distribution Reserve BMLE Reserve Reserve Reserve

Closer to Diff. Diff.
True Reserve

Lognormal 873.95 53 -248.28 -204.29
(θ1 = 0.05, θ2 = 0.30)

Gamma 1,029.63 32 -244.84 527.81
(θ1 = 10.0, θ2 = 0.11)

Weibull 821.49 50 -270.53 -125.78
(θ1 = 4.50, θ2 = 1.20)

Table 6: Alternative Insurance Simulation Results 1: 99% CTE.

Probability True % Runs Mean MLE Mean BMLE
Distribution Reserve BMLE Reserve Reserve Reserve

Closer to Diff. Diff.
True Reserve

Lognormal 1,253.26 56 -220.16 -171.68
(θ1 = 0.05, θ2 = 0.30)

Gamma 1,390.21 32 -207.87 343.52
(θ1 = 10.0, θ2 = 0.11)

Weibull 1,269.05 50 -262.02 -127.52
(θ1 = 4.50, θ2 = 1.20)

Table 7: Alternative Insurance Simulation Results 2: 95% CTE.

Probability True % Runs Mean MLE Mean BMLE
Distribution Reserve BMLE Reserve Reserve Reserve

Closer to Diff. Diff.
True Reserve

Lognormal 1,062.94 51 -198.77 -160.12
(θ1 = 0.03, θ2 = 0.30)

Gamma 1,205.87 33 -259.71 417.83
(θ1 = 9.80, θ2 = 0.11)

Weibull 1,347.56 52 -313.73 -190.98
(θ1 = 3.50, θ2 = 1.20)
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