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Abstract. We prove modularity of some two dimensional, 2-adic Galois representations over a totally real
field that are nearly ordinary at all places above 2 and that are residually dihedral. We do this by employing

the strategy of Skinner and Wiles, using Hida families, together with the 2-adic patching method of Khare

and Wintenberger. As an application we deduce modularity of some elliptic curves over totally real fields
that have good ordinary or multiplicative reduction at places above 2.
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Introduction

The Fontaine-Mazur-Langlands conjecture (in a special case) predicts that totally odd, geometric, ab-
solutely irreducible p-adic representations of Gal(Q/F ), for F ⊂ Q a totally real number field, arise from
Hilbert modular forms. When F = Q and p is odd, this conjecture has been resolved in almost all cases.
When [F : Q] > 1 and p is odd, much is still known (especially if p is split in F ). Less is known when
p = 2 because the Taylor-Wiles method encounters technical difficulties. The first 2-adic modularity lifting
theorem (known to the author) was proved by Dickinson [D] for F = Q. Recently, Khare and Wintenberger
[KW] and Kisin [K3] developed an extension of the Taylor-Wiles method to prove modularity of a wide
class of 2-adic representations, and this was essential in their proof of Serre’s conjecture. It’s interesting to
note that, since proofs of the known cases of the Fontaine-Mazur-Langlands conjecture for GL2 use Serre’s
conjecture as an important ingredient, 2-adic modularity lifting theorems have had applications in proving
modularity of p-adic representations even when p is odd.

Due to their technical nature, the current 2-adic modularity lifting theorems require stronger assumptions
than their p > 2 counterparts. One such assumption is that the residual representation has non-solvable
image (the main theorem of [D] has a gap in the residually solvable case; namely in the proof of Lemma 40
on page 369 of loc. cit. it is incorrectly assumed that certain matrices have distinct eigenvalues). A 2-adic
modularity lifting theorem in the residually solvable case is desirable for a number of reasons, one of which
is that the 2-adic representations arising from elliptic curves are always residually solvable. The main result
of this paper is such a theorem.

This is done by employing a strategy of Skinner and Wiles. They showed, in the p > 2 case, that certain
representations of Gal(Q/F ) for (most) totally real fields obeying an ordinarity hypothesis are modular,
assuming only that the residual representation is absolutely irreducible, cf. [SW2]. Usually, one assumes
further that the residual representation is absolutely irreducible when restricted to the finite index subgroup
Gal(Q/F (ζp)). Their strategy is to use Hida families in order to move to a new “residual” representation
where one can assume stronger conditions. We carry out the Skinner and Wiles method in the 2-adic case and
prove modularity of representations that are ordinary at places above 2 and whose reductions are absolutely
irreducible with solvable image. It is worth mentioning that this strategy is based in turn on a strategy of
theirs for proving modularity in the more difficult case of residually reducible representations, albeit for less
general totally real fields, c.f. [SW1].

The main result of this paper is the following theorem. In assumption (2) below, the isomorphism of local
class field theory is normalized so that uniformizers correspond to arithmetic Frobenii. Also, the extension
L/F in assumption (5) is unique since any absolutely irreducible, 2-dimensional, mod 2 representation with
solvable image is dihedral, by the classification of subgroups of PGL2(F2), and the image of a mod 2 dihedral
representation has order not divisible by 4.

Theorem. Let F be a totally real subfield of Q. Let JF denote the set of embeddings F ↪→ Q. Fix embeddings
Q ↪→ Q2 and Q ↪→ C. Via these embeddings we view JF as the set of embeddings {F ↪→ R} as well as the
set of embeddings {F ↪→ Q2}. For any v|2 in F , let JFv ⊆ JF denote the subset of τ that give rise to v. We
identify JFv with the set of embedding Fv ↪→ Q2.

Let

ρ : GF −→ GL2(Q2)

be a continuous representation unramified outside finitely many primes. Assume there is some (k,w) ∈ J2
F ,

such that kτ ≥ 2 for each τ ∈ JF and w = kτ + 2wτ is independent of τ , and such that:

(1) det ρ = φεw−1
2 , with φ a finite order character and ε2 the 2-adic cyclotomic character;

(2) for each v|2, ρ|Gv ∼=
(
∗ ∗

χv

)
and χv(y) =

∏
τ∈JFv

y−wτ on some open subgroup of O×Fv , viewing

χv as a character of F×v via class field theory;
(3) for each choice of complex conjugation c, det ρ(c) = −1.

Let ρ : GF → GL2(F2) denote the residual representation associated to ρ. We also assume:

(4) ρ is absolutely irreducible with solvable image;
(5) letting L/F denote the unique quadratic extension such that ρ|GL is abelian, if L/F is CM, then

there is some v|2 in F that does not split in L.
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Under these assumptions ρ is modular, i.e. there is a 2-nearly ordinary, regular algebraic, cuspidal auto-
morphic representation π of GL2(AF ) such that ρ ∼= ρπ.

We will actually prove this with assumption (4) replaced by the assumption that ρ is absolutely irreducible
and admits a 2-nearly ordinary modular lift, c.f. 5.2.1. A theorem of Wiles allows us to produce ordinary
lifts in the residually dihedral case, cf. 5.1.2, and the main theorem follows.

First, some comments on the assumptions in the theorem. Condition (2) is the near-ordinarity condition,
and it is essential to the method as we use Hida families. We do not assume distinguishedness, as in
[SW2], because of the advances in modularity lifting theorems since their paper; namely the use of framed
deformation rings. The distinguishedness of certain deformations of ρ will, however, play an important role
in the argument. Namely, to show that certain points of the local deformation ring are normal. This will
be elaborated on below. The condition (4), together with allowing general totally real fields F , is the main
improvement in this paper. As mentioned above, both the results of [KW] and [K3] exclude the residually
solvable case, and they also assume F is unramified above 2 in the potentially ordinary case. Condition (5)
is technical and is related to the fact that when the extension L/F is CM and every v|2 in F splits in L,
Hida’s universal nearly ordinary Hecke algebra has CM components. I will elaborate on this below.

The main theorem has the following corollary.

Corollary. Let F be a totally real field and let E be an elliptic curve over F with j-invariant jE. Let ∆ be
the discriminant of some Weierstrass equation defining E. Assume:

(1) for every v|2 in F , the valuation of jE at v is ≤ 0;
(2) E has no 2-torsion defined over F and ∆ is not a square in F ;
(3) if ∆ is totally negative, then there is some v|2 in F such that ∆ is not a square in Fv.

Then E is modular.

This essentially follows immediately from the main theorem; the details are given in 5.3.1. Some examples
of elliptic curves satisfying the assumption are given in 5.3.2. Note that the discriminants of two different
Weierstrass equations differ by a square in F ; so, the assumptions of the corollary are insensitive to the
choice of Weierstrass equation.

Strategy. I will now elaborate on the strategy of the proof.
We consider a certain large deformation ring where at places above 2 we enforce no p-adic Hodge theory

conditions but demand that the representations be reducible. Using standard arguments, we show that there
is a surjective morphism from our large deformation ring R (tensored with a certain Iwasawa algebra) to a
2-nearly ordinary Hecke algebra T, and we call a prime ideal of R pro-modular if it is the pullback of one
from T. If we prove that all prime ideals of R are pro-modular, then Hida’s classicality theorem implies that
any representation satisfying (1), (2), and (3) in the statement of the theorem is a classical point of this
large Hecke algebra.

In order to show that all prime ideals of R are pro-modular, following Skinner and Wiles, we prove two
things:

(1) there exist certain dimension 1 characteristic 2 pro-modular prime ideals p of the Hecke algebra, that
we will call “nice primes” below, such that we can adapt the 2-adic Taylor-Wiles method to prove
the localizations and completions of R and T at such primes are isomorphic;

(2) that every minimal prime of R is contained in a nice prime.

To prove step (1), there are two main difficulties in combining the methods of Skinner and Wiles with
those of Khare and Wintenberger: namely, proving the existence of Taylor-Wiles primes and performing the
patching. The reason why the 2-adic Taylor-Wiles method fails in the residually dihedral case is because
the image is too small. We thus need to ensure that our nice primes do not generate dihedral deformations;
as in [SW2], we require that they have dimension 1, characteristic 2, and when the universal deformation is
specialized at p, the resulting representation is non-dihedral. The calculations of [SW1] and [SW2] bounding
the size of a certain cohomology group do not work in the p = 2 case because they rely heavily on complex
conjugation acting semisimply. To overcome this we further require that the image of the representation
associated to our nice prime contains a non-trivial unipotent element. This allows us to use of a result of
Pink [P] to show that the image of the Galois representation attached to one of these prime ideals is open
in SL2(K0), where K0 is a finite index subfield of the residue field of p. This fact allows us to explicitly
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compute the cohomology groups in question, and to show the existence of the Taylor-Wiles primes. As in the
work of Skinner and Wiles, there is a technicality that must be dealt with all the while; namely, we cannot
adapt the Taylor-Wiles patching argument directly to the localized deformation rings and Hecke algebras.
This is because at the heart of the patching argument is a simple diagonalization in the spirit of Cantor,
based on the fact that we have infinitely many objects, each being finite. This finiteness is lost if one tries to
perform patching after localizing, so we must perform the patching integrally, and then localize after taking
limiting objects. Because things are done integrally, we must take care to control torsion submodules of the
cohomology groups we compute. In particular, we will have to ensure that the torsion subgroups of certain
cohomology groups and Hecke modules do not depend on the choice of Taylor-Wiles primes.

After carrying out the patching there is another complication that arises not present in the work of
Skinner and Wiles. In the Taylor-Wiles argument as improved by Kisin, the point of the patching is to
create a limiting object that, for dimension reasons, is isomorphic to a certain power series ring over a local
deformation ring. One then uses a description of the minimal primes of the local deformation ring in order
to show that the Hecke module in question is supported on the component of the universal deformation ring
containing the point corresponding to the representation we wish to prove is modular. In our situation, the
dimension argument can only be applied after localizing and completing the appropriate rings at our fixed
nice prime. The completion may increase the number of minimal primes of our local deformation ring, and
if we cannot describe them anymore, then we cannot hope to say our Hecke module is supported on the ones
we want. In order to avoid this, we require further that the nice primes lie over the distinguished locus of
the local deformation ring at all places above 2. This allows us to show that the pullback of nice primes to
the local deformation ring lie in the normal locus. Then the completion of the localized local deformation
ring will again be normal, hence a domain.

In order to show that the local deformation ring is normal at nice primes, it is not enough to analyze its
characteristic zero points. We must know something about its mod 2 points as well. In the case of the local
deformation ring at places above 2, we use the Deumus̆kin relation to explicitly compute the deformation
ring on the locus of distinguished deformations. For the local deformation rings at primes not above 2,
we use recent ideas of Snowden that allow us to show the deformation ring mod 2 may be thought of as
representing a certain moduli space of unipotent matrices, whose structure can be described in detail.

The step (2) is carried out as in the work of Skinner and Wiles, except that we use a connectedness
theorem of Grothendieck instead of the theorem of Mme. Raynaud. Grothendieck’s theorem is more readily
applicable to our situation, as we do not show that our local deformation ring satisfies Serre’s property (S2),
which is necessary (at least on a certain open locus) to apply Raynaud’s theorem. We first show that a nice
prime exists. Using step (1) we know that any irreducible component containing it is pro-modular. Let C be
one such component and let C ′ be any other component. The connectedness theorem of Grothendieck implies
that there is a chain of irreducible components C = C0, . . . , Cm = C ′ such that the dimension of Ci ∩ Ci+1

is large. Using this, we show that if Ci is pro-modular, then Ci ∩ Ci+1 contains a nice prime; applying step
(1) again we deduce that Ci+1 is pro-modular. Continuing in this way, we deduce the pro-modularity of C ′.

In order to show that Ci∩Ci+1 having large dimension implies that it contains a nice prime, we in particular
need that Ci ∩ Ci+1 is not contained in the dihedral locus. This is why we need the extra condition in the
CM case. If L/F is CM and every place above 2 in F splits in the quadratic extension L/F , the dihedral
locus will form an irreducible component of the Hecke algebra, hence conjecturally also of the deformation
ring. In this case, even if we start out with non-dihedral components C and C ′, the author does not know
how to guarantee that the Ci appearing above after applying Grothendieck’s theorem are non-dihedral. If
our extra assumption is satisfied, i.e. that there is some v|2 that does not split in L, then having large
dimension implies that our representation is distinguished at this v, which then implies it is not dihedral.
In the case that L/F is not CM, we use known cases of Leopoldt’s conjecture to base change to a situation
where the dihedral locus has sufficiently large codimension so that it doesn’t contain any of the intersections
Ci ∩ Ci+1.

Outline. The paper is organized as follows.
In §1, we start by recalling some commutative algebra facts about complete Noetherian local rings. In

particular, we recall facts about their completed tensor product. We also record Grothendieck’s connected-
ness theorem. We then recall the notion of group actions and group chunk actions from [KW] that will be
necessary for the patching argument. After this, we turn to deformation theory, first recalling some general
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facts. We then study the nearly-ordinary deformation rings at places above p, the main points being to
show that it is a domain of the correct dimension, that over a certain locus its reduction mod p is still a
domain, and that a certain locus of its characteristic zero points are smooth. We then recall some facts about
the local deformation rings away from p and use ideas of Snowden to show that they are domains mod p.
After that we turn to global deformations. The main points of this subsection are to recall that our global
deformation ring has an appropriate presentation over the local one, in order to later apply Grothendieck’s
connectedness theorem, and to show that a certain group action on the universal deformation ring is free.
Lastly, we prove some small lemmas regarding deformations of dihedral representations, which will be useful
in proving certain deformations are non-dihedral as well as to determine some properties of non-dihedral
deformations.

In §2, we recall Hida’s theory of nearly ordinary automorphic forms in the totally definite quaternionic
case. In the first subsection, we state definitions, analyse certain neatness properties of the open subgroups
that will comprise our level, and state the relation to cuspidal automorphic representations of GL2. In the
next subsection, we define the nearly ordinary Hecke algebra, and in the following subsection construct the
universal nearly ordinary Hecke algebra. If the following subsection, we recall the Galois representations
associated to eigenforms, and show how they give a Galois representation into the universal Hecke algebra
such that the induced map from the universal deformation ring is surjective and factors through the quotient
defined in 1.6.5. In the final subsection, we augment the level with Taylor-Wiles primes. The Taylor-Wiles
primes we use to augment the level may have the property that the corresponding Frobenii do not have
distinct eigenvalues under the residual representation. Because of this we cannot prove the standard control
theorem, as there may be lifts of ρ that are Steinberg at these primes. We show however, that the obstruction
to the usual control theorem is annihilated by an element that becomes invertible after localizing at one of
our nice prime ideals.

In §3, we show the existence of the Taylor-Wiles prime associated to a representation into GL2(A), with A
the ring of integers in a characteristic 2 local field K, satisfying some technical hypotheses. The main input
is Pink’s result [P] that allows us to conclude that the intersection of the image with SL2(A) is conjugate to
an open subgroup in SL2(A0), where A0 is the ring of integers of a characteristic 2 local subfield K0 ⊂ K.
This allows us to compute explicitly with cocycles. As mentioned above, we must compute these cohomology
groups integrally, and keep track (or at least bound) the torsion subgroups.

In §4, we prove the Rred = T theorem. This section together with §3 comprise the technical heart of the
paper. The patching argument is a synthesis of the proof of [KW, Proposition 9.3] and [SW1, §5]. The idea
is to mimic the proof of [KW, Proposition 9.3], but to define the maps from a power series over the local
deformation ring Rloc[[x1, . . . , xk]] to our augmented level global deformation rings Rn, in such a way that
the x1, . . . , xk are mapped to the pullback to Rn of our fixed nice prime ideal, instead of the maximal ideal.
In this way, we get a surjection after localizing and completing at the nice prime. When defining these maps,
we need to ensure that certain cokernels are finite of bounded size, so that when we take a projective limit
the ranks of the resulting limiting modules do not grow. It is due to this reason that we needed to ensure
that the torsion subgroups of the cohomology groups computed in §3 did not depend on the Taylor-Wiles
primes. After proving the localized Rred = T theorem, we apply the connectivity argument to conclude that
Rred = T.

The last section, §5, proves the main theorem. We first recall some congruences proved in [K2, KW]
necessary to show the existence of appropriate automorphic lifts after base change. We also prove a small
lemma that shows the existence of ordinary lifts in the residually dihedral case, using a result of Wiles [W]
that allows one to insert an ordinary Hilbert modular form of parallel weight 1 into a p-adic family. We then
prove the main theorem, by applying base change, combining the aforementioned congruences together with
known cases of Leopoldt’s conjecture so that we satisfy the assumptions of the Rred = T theorem of §4.

Notation and conventions. We state some notation and conventions used in this paper. We will denote
by p a rational prime throughout. In the later sections we will usually take p = 2. Let Q be the algebraic
closure of Q in C. For any subfield L ⊆ Q we set GL = Gal(Q/L). Throughout F will denote a totally
real number field inside Q. Given a finite set S of places of F we denote by GF,S = Gal(FS/F ), where FS
is the maximal Galois extension of F contained in Q, unramified outside S. We let JF denote the set of
embeddings F ↪→ Q.
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For each rational prime `, fix an algebraic closure Q` of Q` and embeddings Q ↪→ Q`. We can then view
JF as the set of embedding of F into any of the Q` or C. For any place of F we denote by Fv the completion
of F at v inside Q`, or C. In the case that v is non-archimedean, we write Gv = Gal(Q`/Fv) and let Iv
denote the inertia subgroup. For v archimedean, we let Gv = Gal(C/Fv). In either case we identify Gv with
a decomposition group of GF at v via the embedding Q ↪→ Q`, or Q ↪→ C.

As usual AF will denote the ring of adeles of F and A∞F will denote the subring of finite adeles. We
normalize the isomorphism of local class field theory so that uniformizers correspond to arithmetic Frobenii,
and normalize global class field theory compatibly.

We will denote by εp the p-adic cyclotomic character and εp is reduction mod p. We use homological
conventions for our Galois representations; for example, the Galois representation attached to an elliptic
curve is the one coming from its Tate module, not cohomology. With this convention, a representation is
ordinary at v if the local representation is reducible with an unramified quotient.

We will let E denote a finite extension of Qp contained in Qp. We will let O denote its ring of integers
and F its residue field. We will occasionally enlarge E if necessary. We let CNLO denote the category of
complete, Noetherian, local, O-algebras A such that the structure morphism O → A induces an isomorphism
of residue fields. The morphisms in CNLO are local O-algebra morphisms. Given an object B in CNLO we let
CNLB denote the subcategory whose objects are B-algebra and whose morphisms are B-algebra morphisms.
We let CNLop

B be the opposite category of CNLB and we identify it with the category of representable
set-valued functors on CNLB via the Yoneda embedding. Given a CNLB-algebra A, we denote by SpfA the
correpsonding object of CNLop

B , which should cause no confusion as the natural embedding of CNLop
B into

the category of formal B-schemes is fully faithful. Given any local ring A, we denote by mA its maximal
ideal.

Given a separable field extension L/K, we let NmL/K denote the norm from L/K. We refer the reader
to the beginning of each section for more notation and conventions that will be employed in that particular
section.
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Böckle, Mark Kisin and Andrew Snowden for helpful conversations and correspondence. I would also like
to thank Frank Calegari, Matthew Emerton, and Toby Gee for some helpful comments and corrections on
a previous draft of this paper. I would like to thank Anush Tserunyan for constant moral support and
encouragement. Lastly, I would like to thank the referee for many helpful comments and corrections.

1. Deformation Theory

In this section we develop the necessary deformation theory. In §1.1, we recall some commutative algebra
facts for complete Noetherian local rings with finite residue field. Of particular importance to our applications
later will be recalling some facts regarding the completed tensor product of such rings, cf. 1.1.4, and the
connedness theorem of Grothendieck, cf. 1.1.6.

The following subsection recalls some facts from [KW] regarding group actions in the category CNLO. In
particular, the notion of group chunks and the building of free actions using them is essential to the 2-adic
Taylor-Wiles method developed in [KW], and we will use these results in §4. The following subsection recalls
some general definitions and results about deformation theory.

The subsequent subsection deals with determining the local deformation rings at the prime p. We follow
the construction of Geraghty [G1]. However, as we deal only with dimension 2, we can be more explicit and
use the Demus̆kin relation to prove that a certain open subset of the special fibre is integral. This will be
important for showing that a certain localization of a completed tensor product of local deformation rings is
normal in §4, c.f. 4.1.6. Also important to establish this normality is to prove a certain open subset of the
generic fibre is smooth, and we prove this following [G1].

The next subsection deals with determining the local deformation rings at the places not equal to p. Most
of this is simply recalling results proved in [K2, K3, KW]. However we will also need information about the
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special fibre of such rings. This is easy in the archimedean case, and to do this in the case l 6= p we use ideas
of Snowden [S]. This is important for showing the normality of the ring in 4.1.6, mentioned above.

In the next subsection we deal with deformations of global Galois groups. We recall some definitions and
properties and show that a certain quotient of the universal deformation ring (tensored with an Iwasawa
algebra) can be presented as a complete Noetherian domain modulo “few” relations, which will be necessary
to apply the connectivity result 1.1.7 later. We also recall some facts regarding twists of the universal
deformation by characters, as in [KW], which is essential to the 2-adic method.

In the last subsection, we prove some easy facts regarding deformations of dihedral representations, that
will be useful for determining the images of non-dihedral deformations to characteristic p local fields as well
as to establish criteria for a deformation to be non-dihedral.

We now set up some more notation. Fix a choice of uniformizer $E for E. Given a CNLO-algebra B, we
denote by ArB the full subcategory of CNLB consisting of Artinian objects. Given a finite extension E′/E,
we also let ArE′ denote the category of Artinian local rings with residue field E′ with topology given by
its structure as a finite dimensional E′-vector space. Note that such rings are canonically E′-algebras. The
morphisms in ArE′ are local E′-algebra morphisms.

1.1. Some commutative algebra. We recall some facts about objects in CNLO and their completed tensor
products that will be useful to us later.

1.1.1. Recall a scheme X is called Jacobson if for any closed subset Z ⊆ X, the set of closed points in Z is
dense. We say a ring R is Jacobson if SpecR is Jacobson. If R is a CNLO-algebra, [G4, Corollary 10.5.8]
shows that SpecRr {mR} is Jacobson, and if p is not nilpotent in R then R[1/p] is Jacobson. Parts (1) and
(2) of the following proposition is [KW, Proposition 2.2 (i)] and part (3) is [KW, Corollary 2.3].

Proposition 1.1.2. Let R be an O-flat CNLO-algebra.

(1) There is a finite extension E′/E with ring of integers O′ and a local O-algebra morphism R→ O′.
(2) Ever maximal ideal of R[1/p] is the image of the generic point of SpecO′ → SpecR, with R → O′

as in (1).
(3) Let I be an ideal of R and let X(I) denote the set of all morphisms R→ O′ as in (1) whose kernel

contains I. If R/I is O-flat and reduced, then I = ∩x∈X(I) ker(x)

1.1.3. Let R1 and R2 be CNLO-algebras. Then their completed tensor product over O is again a CNLO-
algebra. To see this, let m denote the kernel of the natural map R1⊗̂OR2 → F ⊗O F = F. Since R1⊗̂OR2

is complete for the m-adic topology and we have an injection F× ↪→ (R1⊗̂OR2)×, any element which does
not belong to m is invertible, and so R1⊗̂OR2 is local. We can write Ri as a quotient of a power series ring
O[[x1, . . . , xdi ]], and so R1⊗̂OR2 can be written as a quotient of the power series ring O[[x1, . . . , xd1+d2

]],
hence is Noetherian.

If R1 and R2 are flat CNLO-algebras then Ri → R1⊗̂OR2 is flat, cf. Lemma 19.7.1.2 of section 0 of [G2].
In particular R1⊗̂OR2 is O-flat.

Proposition 1.1.4. Let R1 and R2 be CNLO-algebras and let R = R1⊗̂OR2.

(1) Let E′/E be a finite extension and for each i = 1, 2 let xi : Ri[1/p] → E′ be an E′-point that is
formally smooth over E. The E′-point (x1, x2) : R[1/p]→ E′ is formally smooth over E.

(2) If for each i = 1, 2, Ri is O-flat and Ri[1/p] is geometrically integral, then so is R[1/p]. In particular,
R is a domain.

(3) Assume that each Ri is O-flat and that for any minimal primes qi of Ri, Ri/qi[1/p] is geometrically
integral. Then any minimal prime of R is of the form q1⊗̂R1 +R1⊗̂q2, with qi a minimal prime of
Ri.

(4) Assume each Ri is an F-algebra and let Nil(Ri) denote the nilradical of Ri. The nilradical of R is
Nil(R1)⊗̂FR2 +R1⊗̂FNil(R2).

Proof. Parts (1) and (2) are [K2, Lemma 3.4.12]; see also [KW, Proposition 2.3].
Let q be a minimal prime of R and let qi be its pullback to Ri. We have q1⊗̂OR2 + R1⊗̂Oq2 ⊂ q.

Note that (R1/q1)⊗̂O(R2/q2) is a domain by (2), and has the same dimension as R. The natural surjection
R→ (R1/q1)⊗̂O(R2/q2) then must have kernel q.

We now prove (4). Let Nil(R) denote the nilradical ofR. Since each Nil(Ri) is finite length, Nil(R1)⊗̂FR2 =
Nil(R1) ⊗F R2 and R1⊗̂FNil(R2) = R1 ⊗F Nil(R1). By considering simple tensors, we see that Nil(R1) ⊗F
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R2 +R1 ⊗F Nil(R2) ⊆ Nil(R). Consider the surjection

R −→ R/(R1 ⊗F Nil(R2) +R1 ⊗F Nil(R1)) ∼= (R1/Nil(R1))⊗̂F(R2/Nil(R2)).

A theorem of Chevalley, cf. [G3, Corollary 7.5.7], shows that (R1/Nil(R1))⊗̂F(R2/Nil(R2)) is reduced,
and so Nil(R) ⊆ Nil(R1)⊗F R2 +R1 ⊗F Nil(R2). �

1.1.5. We record a connectedness theorem of Grothendieck. This will be used in 4.4.3 in the same way as
[SW1, Corollary A.2] is used in the proof of [SW2, Proposition 4.2]. We use Grothendieck’s theorem because
it is more readily implies connectivity results for the spectra of quotients of complete local Noetherian
domains than does the theorem of Raynaud used in [SW1, Corollary A.2].

We say that a Noetherian scheme X is k-connected if dimX > k and for any closed subset Z ⊆ X with
dimZ < k, the topological space X rZ is connected. Clearly, if X is k-connected, it is k′-connected for any
k′ ≤ k. Note that a Noetherian scheme X is k-connected if and only if

- every irreducible component of X has dimension > k; and
- for any two irreducible components C and C ′ of X, there is a sequence of irreducible components

C = C0, C1, . . . , Cn = C ′

such that dim(Ci ∩ Ci+1) ≥ k for each 0 ≤ i < n.

We will use this formulation later. The following is [G5, Exposé XIII, Theorem 2.1].

Proposition 1.1.6. Let A be a complete Noetherian local ring and let f1, . . . , fr ∈ mA. If SpecA is k-
connected and r ≤ k, then SpecA/(f1, . . . , fr) is k − r-connected.

For a detailed proof of this proposition see [FOV, §3.1]; in particular, see the proof of Theorem 3.1.7 found
there. Upon noting that any Noetherian domain A is (dimA−1)-connected, we have the following corollary.

Corollary 1.1.7. Let A be a complete Noetherian local domain and let f1, . . . , fr ∈ mA. If r ≤ dimA− 1,
then SpecA/(f1, . . . , fr) is (dimA− r − 1)-connected.

1.2. Group actions on CNLO. We quote some results and definitions regarding group action on the
category CNLO from [KW], which will be necessary for the patching argument in §4. This material is taken
directly from [KW, §2.4-2.6], and we refer the reader there for proofs.

1.2.1. Let G be a group object in CNLop
O . We call G a CNLO-group. Leting A(G) denote the CNLO-

algebra representing G, we note that the group structure on G is defined in the same way as the Hopf
algebra structure on an affine algebraic group except that our comultiplication takes values in the completed
tensor product A(G)→ A(G)⊗̂OA(G).

Let X be an element of CNLop
O , and let A(X) be its affine CNLO-algebra. We similarly define an action

of G on X, i.e. a CNLO-morphism γ : A(X)→ A(G)⊗̂OA(X) making G(A)×X(A)→ X(A) a group action
that is functorial in A. An action is free if the map G×X → X ×X given by (g, x) = (gx, x) on points is a
closed immersion. This is equivalent to requiring that for any CNLO-algebra A, G(A) acts freely on X(A).
We let A(X)0 denote the subalgebra of A(X) consisting of elements a such that γ(a) = 1⊗ a. The elements
a ∈ A(X)0 are the functions on X that are constant on orbits, i.e. a(gx) = a(x) for any CNLO-algebra A
and x ∈ X(A), g ∈ G(A).

1.2.2. Let H be a finitely generated abelian group whose torsion is a power of p. We call the diagonalizable
CNLO-group associated to H, denoted H∗, the CNLO-group defined by completing the diagonalizable group
associated to H as in [G5, Exposé VIII] at the identity element of the special fibre. Concretely, we have
Z∗ = G∧m, the formal torus on CNLO, and (Z/prZ)∗ = µpr . All other H∗ are products of these two examples.
Note that a surjection of abelian groups H → H ′ induces a closed immersion (H ′)∗ → H∗. The following is
a combination of [KW, Proposition 2.5] and [KW, Proposition 2.6].

Proposition 1.2.3. Let X be an object in CNLop
O and let H be a finitely generated group with a free action

H∗ ×X → X.

(1) A quotient H∗\X exists in CNLop
O , and if H is torsion free, then X → H∗\X is formally smooth of

relative dimension equal to the rank of H.
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(2) The morphism X → H∗\X makes X a torsor over H∗\X for H∗ × (H∗\X), i.e. the map

(H∗ × (H∗\X))×H∗\X X −→ X ×H∗\X X

given on points by (g, x) 7→ (gx, x), is an isomorphism.
(3) If H → H ′ is a surjective morphism of abelian groups, then (H ′)∗\X has a natural free action of

H∗/(H ′)∗ and H∗\X is naturally isomorphic to the quotient of (H ′)∗\X by the action of H∗/(H ′)∗.

1.2.4. Let m ≥ 1 be an integer. Denote by CNL
[m]
O the full subcategory of CNLO consisting of objects

A such that mmA = 0. For a CNLO-algebra A, we denote by A[m] the CNL
[m]
O -algebra A/mmA . Note that

A 7→ A[m] defines a functor from CNLO to CNL
[m]
O , and we call A[m] the truncation to level m of A. For A

a CNLO-algebra, the restriction of SpfA to CNL
[m]
O is isomorphic to SpfA[m]. If X is an object in CNLop

O ,

X = SpfA(X), we let X [m] = SpfA(X)[m] on CNL
[m]
O , and call X [m] the truncation to level m of X. If

X = X [m], then any CNLop
O -map X → Y factors through Y [m]. A map X → Y is a closed immersion if and

only if X [m] → Y [m] is a closed immersion for each m. Note that if A1 and A2 are CNL
[m]
O -algebras, then

A1⊗̂OA2 may not be, and the restriction of SpfA1 × SpfA2 to CNL
[m]
O is represented by (A1⊗̂OA2)[m].

We define a group chunk of level m to be G = SpfA(G), where A(G) is a CNL
[m]
O -algebra equiped with

CNL
[m]
O -morphisms A(G) → (A(G)⊗̂OA(G))[m], A(G) → A(G), and A(G) → O[m] satisfying the usual

diagrams defining a Hopf algebra. A group chunk of level m defines group functor on CNL
[m]
O . Note that if

we are given a CNLO-group G, G[m] is a group chunk of level m, for all m ≥ 1.

Let X = SpfA(X) with A(X) a CNL
[m]
O -algebra, and let G be a group chunk of level m. We define a group

action chunk of level m, to be a morphism (G×X)[m] → X defining a functorial group action on CNL
[m]
O .

Note that the map (G×X)[m] → X×X given on points by (g, x) 7→ (gx, x) factors through (X×X)[m]. We
call the group chunk action free if (G ×X)[m] → (X ×X)[m] is a closed immersion. Given a CNLO-action
G×X → X, (G[m]×X [m])[m] → X [m] is a group action chunk of level m. We record [KW, Proposition 2.7].

Proposition 1.2.5. Let G be a CNLO-group. Suppose for each m ≥ 1, we have CNL
[m]
O -algebras Am and

CNLO-morphisms Am+1 → Am, such that A∞ = lim←−Am is in CNLO (i.e. is Noetherian). Assume that for

each m, we have a group action chunk of G[m] on SpfAm.

(1) Then there is a unique CNLO-group action G × SpfA∞ → SpfA∞ such that for each m, the group

action chunk of G[m] on SpfA
[m]
∞ is compatible with the group action chunk of G[m] on Am via the

closed immersion SpfAm → SpfA
[m]
∞ .

(2) If the group action chunks of G[m] on SpfAm are free, then so is the action of G on SpfA∞.

1.3. Some general deformation theory. We first introduce some notation and state some useful facts.
Our references for this subsection are [M2] and [KW, §2].

1.3.1. Let G be a profinite group and let

ρ : G −→ GLn(F)

be a continuous homomorphism. Denote by VF the representation space of ρ. Given A ∈ Ob(CNLO), a
lift of ρ to A is a continuous homomorphism ρ : G → GLn(A) whose reduction modulo mA is equal to
ρ. A deformation of VF to A is a pair (VA, φA), where VA is a free rank two A-module with continuous

G-action, and φ is an isomorphism VA ⊗A F ∼−→ VF. We will usually drop φA from the notation. A
deformation is an equivalence class of lifts, two lifts begin equivalent if they are conjugate by an element of
ker(GLn(A) → GLn(F)). Also, a deformation VA of VF to A together with a choice of basis for VA lifting
our fixed basis of VF determines a lift of ρ. For this reason we will also call lifts framed deformations.

We define set valued functors D and D� on CNLO by letting D(A), respectively D�(A), denote the
set of deformations of VF to A, respectively the set of lifts of ρ to A. Sending a lift to its equivalence
class of deformations gives a natural morphism D� → D. If G satisfies the p-finiteness condition, i.e. if
Hom(G′,Z/pZ) is finite for all finite index subgroups G′ of G, then D� is representable. We will give a
proof of this fact bellow in 1.3.3. If further EndF[G](VF) = F, then D is also representable. This can be

checked using Schlessinger’s criteria, cf. [M2], or by taking the quotient of D� by the free action of PGL∧2 ,
the completion of PGL2/O at the identity section of the special fibre. If R and R� denote the objects
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representing D and D�, respectively, then the natural morphism R → R� is formally smooth of relative
dimension n2 − 1, cf. [KW, §2.2].

Let ψ denote an O-valued character of G whose reduction is equal to det ρ. In the case that G is a local or
global Galois group, or a quotient of one of these groups, we define a subfunctor Dψ of D by letting Dψ(A)
be the subset of D(A) consisting of deformations VA such that detVA = ψεp. We define D�,ψ similarly. Let

R� and ρuniv denote the object representing D� and its universal lift. If I is the ideal generated by the
elements det ρuniv(σ)− ψεp(σ), it is easy to see that R�/I represents D�,ψ. Similarly if D is representable,
then so is Dψ.

1.3.2. We extend the functor D� to a larger category. Let TopO be the category whose objects are pairs
(A, I), where A is a topological O-algebra and I is an ideal of A defining the topology of A such that I
contains the image of $E under the structure map O → A and such that A is I-adically complete. The
morphisms (A, I) → (A′, I ′) in TopO are O-algebra morphisms ϕ : A → A′ such that ϕ(I) ⊆ I ′. Note that
the map A 7→ (A,mA) embeds CNLO as a full subcategory of TopO, and that for any (A, I) in TopO the
map O → A induces an injection F→ A/I.

Let G and ρ be as in 1.3.1, and assume that G satisfies the p-finiteness condition. We define a functor
D� on TopO by letting D�(A, I) denote the set of continuous homomorphisms

ρ : G −→ GLn(A)

such that

G
ρ //

ρ

��

GLn(A)

modI

��
GLn(F) // GLn(A/I)

commutes. Note that under the embedding A 7→ (A,mA) of CNLO into TopO the restriction of D� on TopO
to CNLO coincides with D� as defined in 1.3.1.

Proposition 1.3.3. There is a CNLO-algebra R� such that (R�,mR�) represents D� on TopO. In partic-
ular D� is representable on CNLO.

Proof. Let G′ = ker ρ, G′(p) its maximal pro-p quotient, and H the kernel of the natural surjection G′ →
G′(p). Note that H is normal in G as G′ is normal in G and H is a characteristic subgroup of G′. Since G
satisfies the p-finiteness condition, G′/H is topologically finitely generated; hence, so is G/H. Fix a set of
topological generators γ1, . . . , γm of G/H. Let F denote the free group on the set {γ1, . . . , γm} and let F∧

denote its profinite completion. We have a natural surjection F∧ → G/H and we denote by K its kernel.
For each γk, let [ρ(γk)] ∈ GLn(O) be the matrix whose entries are the Teichmüller lifts of the entries of

ρ(γk). Consider the power series ring O[[akij ]] where 1 ≤ i, j ≤ n and 1 ≤ k ≤ m. We define a continuous
homomorphism

% : F∧ −→ GLn(O[[akij ]])

by %(γk) = [ρ(γk)] + (akij). Let J denote the ideal of O[[akij ]] generated by the elements of the matrices

%(r) − 1 for all r ∈ K, and set R� = O[[akij ]]/J . Then the pushforward of % along O[[akij ]] → R� defines a

continuous homomorphism G/H → GLn(R�), and we let

ρuniv : G −→ GLn(R�)

be the continuous homomorphism given by precomposing with the surjection G→ G/H. Note that R� is an
object in CNLO. We will now show that (R�,mR�) represents D� on TopO and that ρuniv is the universal
lift.

Let (A, I) be an object in TopO and let

ρ : G −→ GLn(A)

be an element of D�(A, I). Since G→ GLn(A)→ GLn(A/I) has kernel G′, and In/In+1 is p-torsion for all
n, the morphism ρ factors through G/H. The morphism ρ is equivalent to giving matrices Xk ∈ GLn(A)
for each 1 ≤ k ≤ m, such that their reduction modulo I is equal to ρ(γk), and such that the induced
homomorphism F∧ → GLn(A) is trivial on the subgroup K. By viewing ρ as a specialization of %, this
is then equivalent to giving an O-algebra morphism O[[akij ]] → A whose kernel contains J and such that
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the maximal ideal of O[[akij ]] is mapped to I, i.e to give an O-algebra morphism ϕ : R� → A such that

ϕ(mR�) ⊆ I, and we see that ρ is the pushforward of ρuniv under this map. �

This proposition has the following immediate consequence. If E′/E is a finite extension with ring of
integers O′ and residue field F′, then R� ⊗O O′ represents the lifting functor D� for ρ⊗F F′ on CNLO′ .

1.3.4. Let E′/E be finite with ring of intergers O′ and residue field F′. Assume we are given a continuous
homomorphism ρO′ : G→ GLn(O′) such that

G
ρ //

ρ

��

GLn(O′)

��
GLn(F) // GLn(F′)

commutes. Let ρE′ denote the induced morphism ρE′ : G → GLn(E′). Recall that ArE′ is the category
of Artinian local rings with residue field E′ topologized by their structure as a finite dimensional E′-vector
spaces, and morphisms local E′-algebra morphisms. Let D�

ρE′
denote the functor on ArE′ that sends an

object B of ArE′ to the set of continuous homomorphisms ρB : G → GLn(B) such that ρB modulo mB is
equal to ρE′ . The following proposition will be useful in determining the generic fibre of the local deformation
ring in §1.4 and the argument is due to Kisin [K1, Proposition 9.5].

Proposition 1.3.5. For any B in ArE′ and ρB ∈ D�
ρE′

as in 1.3.4, there is a unique O-algebra morphism

R� → B such that ρB is the pushforward of ρuniv via this morphism.

Proof. Choose a surjection E′[[x1, . . . , xn]] → B and let A0 denote the image of O′[[x1, . . . , xn]] under
this surjection. Since the representation ρE′ takes values in GLn(O′), the representation ρB takes values in
GLn(A0+mB). Let n = A0∩mB . Since B is Artinian, we can define for any m ≥ 1, Am = A0+

∑∞
j=1 p

−mjnj .
For each m ≥ 1, Am is a CNLO′ -algebra subring of B. Note that A0 +mB = ∪∞m≥0Am. Since G is compact,
a standard Baire Category argument implies that ρB takes values in Am for some m. By 1.3.3, there is a
unique CNLO-morphism R� → Am such that G→ GLn(Am) is the pushforward of ρuniv via R� → Am.

It remains to show uniqueness. Let φ, φ′ : R� → B be two such O-algebra morphisms. Since the image
of R� under either of these maps lies in A0 + mB = ∪m≥0Am and R� is compact, again by Baire Category

its image via either φ or φ′ must lie in some Am for m sufficiently large. By the universal property of R�

on TopO, we must have φ = φ′. �

1.4. Local deformation rings at p. Throughout this subsection, Fv will denote a finite extension of Qp,
and Gv = Gal(Qp/Fv). We assume that E contains all embedding of Fv into an algebraic closure of E. Our
construction of the local deformation ring, as well as the analysis of its generic fibre follows [G1, §3].

For a given ring A, we call an A-submodule L ⊂ A2 a line if both L and A2/L are projective of rank one.

1.4.1. We fix a continuous homomorphism

ρ : Gv −→ GL2(F)

and a continuous character ψ : Gv → O× such that det ρ = ψεp. Let VF denote the representation space of
ρ. We will assume throughout this subsection that there is some line LF in VF that is stable by the action
of Gv. Let LF be one such line and let χ denote the character of Gv giving the action on VF/LF. Note that
the choice of χ is unique unless VF is the direct sum of two distinct characters. In this case we simply make
a choice of one of these characters.

We let D�
v and D�,ψ

v denote the functor of lifts of ρ and the subfunctor consisting of lifts with determinant
ψεp, repsectively. We denote the corresponding representing objects by R�

v and R�,ψ
v , respectively.

Let Gab
v denote the abelianization of Gv and Gab

v (p) the maximal pro-p quotient of the abelianization.
Set Λ(Gv) = O[[Gab

v (p)]]. Note that Gab
v (p) is isomorphic to µps × Zd+1

p , where d = [Fv : Qp] and µps is the
group of p-power roots of unity in Fv. So Λ(Gv) has ps minimal primes, corresponding to the ps distinct
O-valued characters of µps (recall we have assumed E contains all embeddings of Fv into E), and its quotient
by any of these minimal primes is isomorphic to a power series over O in d+ 1 variables.

Let χ̃ denote the Teichmüller lift of χ. If A is a CNLO-algebra and χ : Gv → A× is a continuous character,
then writing χ = χ̃χ′ with χ′ factoring through the natural projection Gv → Gab

v (p), we see that Λ(Gv)
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represents the set valued functor that assigns to each CNLO-algebra A the set of continuous characters
{χA : Gv → A×} that lift χ. We let χuniv : Gv → Λ(Gv) denote the universal Λ(Gv)-valued character lifting
χ.

We will need to consider quotients of Λ(Gv) by its minimal primes in order to ensure that our local
lifting ring is a domain. Recall µps is identified with the the p-power torsion subgroup of Gab

v . Fix a
character η : µps → O×, and let qη denote the corresponding minimal prime of Λ(Gv). We set Λ(Gv, η) =
Λ(Gv)/qη, and let χuniv

η denote the character obtained by composing χuniv with the natural surjection
Λ(Gv) → Λ(Gv, η). Then Λ(Gv, η) represents the functor that assigns to each CNLO-algebra A the set of
characters {χA : Gv → A×} that lift χ and whose restriction to the p-power torsion subgroup of Gab

v is equal
to η.

Set R�,ψ
Λ(Gv,η) = R�,ψ

v ⊗̂OΛ(Gv, η), and consider P1
O ⊗O R

�,ψ
Λ(Gv,η). If A is an O-algebra, then an A-point

of this scheme is a triple (α, β, L) where α : R�,ψ
v → A and β : Λ(Gv, η) → A are O-algebra morphisms,

and L is a line in A2. By pushing forward the universal R�,ψ
v valued lift via α, we get a homomorphism

ρA : Gv → GL2(A), and by pushing forward χuniv
η , we get a character χA : Gv → A×. We define a functor

DL�,ψ,η on the category of O-algebras by letting DL�,ψ(A) be the subset of such triples (α, β, L) such that
ρA leaves L invariant and Gv acts on A2/L via χA.

Lemma 1.4.2. DL�,ψ is represented by a closed subscheme L of P1
O ⊗O R

�,ψ
Λ(Gv,η).

Proof. For ease of notation, set R = R�,ψ
Λ(Gv,η). Let φ denote the tautological morphism

φ : O2
P1
R
−→ OP1

R
(1),

and let L denote its kernel. Let U = SpecA be an open affine subset of P1
R such that OP1

R
(1)(U) is free of

rank one over A. Fix a generator e of OP1
R

(1)(U). Let

I(U) = {r ∈ A : there is some σ ∈ Gv and x ∈ A2 with φ(ρA(σ)x− χA(σ)x) = re}.

Then I(U) is an ideal in A and does not depend on the choice of e. It is easy to see that I defines a sheaf

of ideals of P1
R, and that DL�,ψ coincides with the functor of points of the closed subscheme of P1

R defined
by I. �

1.4.3. We now let R4,ψΛ(Gv,η) denote the quotient of R�,ψ
Λ(Gv,η) by the kernel of the homomorphism

R�,ψ
Λ(Gv,η) −→ OL (L ),

i.e. R4,ψΛ(Gv,η) is the affine algebra of the scheme theoretic image of L in SpecR�,ψ
Λ(Gv,η).

Proposition 1.4.4. Let E′/E be a finite extension with ring of integers O′. Let ρ : Gv → GL2(O′) be a lift
of ρ with determinant ψεp, and let χ : Gv → (O′)× be a character lifting χ whose restriction to the p-power

torsion subgroup of Gab
v is equal to η. The point of R�,ψ

Λ(Gv,η) determined by the pair (ρ, χ) factors through

R4,ψΛ(Gv,η) if and only if there is a Gv-stable line in (O′)2 such that Gv acts on the quotient via χ.

Proof. Let f denote the morphism L → SpecR�,ψ
Λ(Gv,η). The point determined by (ρ, χ) satisfies the conclu-

sion if and only if it is in the image of L [1/p]. Since f is proper, so is f [1/p], and the topological image of

f [1/p] is equal to scheme theoretic image of f [1/p], which is SpecR4,ψΛ(Gv,η)[1/p]. �

In order to determine the structure of R4,ψΛ(Gv,η) more precisely, we will relate it to L via the following

lemma.

Lemma 1.4.5. Let Z denote the closed subscheme of Λ(Gv, η) defined by (χuniv
η )2 = ψεp, and let V denote

its complement. The map

L ×Spec Λ(Gv,η) V −→ SpecR4,ψΛ(Gv,η) ×Spec Λ(Gv,η) V

is an isomorphism.
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Proof. Since V is an open subscheme of Spec Λ(Gv, η) and scheme theoretic image commutes with flat base
change,

L ×Spec Λ(Gv,η) V −→ SpecR4,ψΛ(Gv,η) ×Spec Λ(Gv,η) V

has injective structural morphism, so to prove it is an isomorphism it suffices to show it is a closed immersion.
To show this, it suffices to show that if A is a local ring and (ρA, χA, LA) ∈ (L ×Spec Λ(Gv,η) V )(A) is an A-

point, the line LA is unique and is defined over B, where B is the image of R�,ψ
Λ(Gv,η) in A under the morphism

determined by (ρA, χA). Indeed, this implies that the fibres are all singletons and that the corresponding
maps on local rings are surjective.

Let (ρA, χA, LA) ∈ (L ×Spec Λ(Gv,η) V )(A), with A a local ring. Take σ ∈ Gv such that χ2
A(σ) 6= ψεp(σ)

mod mA. Consider the matrix M = ρA(σ) − ψεpχ
−1
A (σ). Since Gv acts on LA via ψεpχ

−1
A we see that

detM = 0. But, by our assumption on σ, its reduction modulo the maximal ideal of A has rank 1, hence
one of the entries of the matrix M is a unit. This implies that the line LA is unique and its projective

coordinates can be defined using the entries of M , which are elements in the image of R�,ψ
Λ(Gv,η) in A. �

1.4.6. Let B2 denote the Borel subgroup of upper triangular matrices in GL2. Fix a continuous homomor-
phism % : Gv → B2(F) with det % = ψεp and such that

% =

(
∗ ∗

χ

)
with χ our fixed character. Define a functor DBor,ψ

% on CNLO by letting letting DBor,ψ
% (A) be the set of

continuous morphisms %A : Gv → B2(A) that reduce to % modulo mA, have determinant ψεp, and such that,
writing

%A =

(
χ1 ∗

χ2

)
,

χ2 coincides with η on the p-power torsion subgroup of Gab
v .

Before proceeding with our analysis of DBor,ψ
% , we record a lemma, which is [M1, Exercise 16.10], that will

be useful in the proof of 1.4.8 below.

Lemma 1.4.7. Let R be a local Noetherian ring and let r1, . . . , rn ∈ R, n ≥ 1. If r1, . . . , rn generate a prime
ideal of height n, then R is a domain, and for any 1 ≤ i ≤ r, r1, . . . , ri generates a prime ideal of height i.

Proof. We induct on n. Assume r ∈ R generates a prime ideal of height 1. Take a minimal prime q ⊂ rR.
For any x ∈ q we have x = ry for some y. Then r /∈ q implies that y ∈ q, and rq = q. Nakayama’s lemma
implies q = 0.

For n > 1, the image of rn in R/(r1, . . . , rn−1) generates a prime ideal of height 1, cf. [M1, Theorem 13.6
(iii)], so the n = 1 case implies that r1, . . . , rn−1 generates a prime ideal of height n − 1, and the lemma
follows by induction. �

Proposition 1.4.8. (1) DBor,ψ
% is representable by a CNLO-algebra RBor,ψ

% .

(2) Assume that % has (possibly trivial) p-power order image. RBor,ψ
% is a complete intersection of

dimension 3 + 2[Fv : Qp].
(3) Assume that the image of % is either trivial or has order p, and that if p = 2, then either Fv contains

a primitive 4-th root of unity or [Fv : Q2] ≥ 3. Both RBor,ψ
% and RBor,ψ

% ⊗O F are domains.

Proof. The proof of representability in the general case is proved exactly as with R�
v in 1.3.3. We leave the

details to the reader and henceforth assume that % has (possibly trivial) p-power order image.
For any σ ∈ Gv, we let [%(σ)] ∈ GL2(O) denote the matrix whose entries are the Teichmüller lifts of the

entries of %(σ). Let Gv(p) be the maximal pro-p quotient of Gv. Our assumption on the image of % implies

that for any %A ∈ DBor,ψ
% (A), %A factors through Gv(p). Let ψ̃εp be the Teichmüller lift of ψεp, and set

φ = (ψεp)(ψ̃εp)
−1.

If Fv does not contain a p-th root of unity, then Gv(p) is a free pro-p group of rank m = 1 + [Fv : Qp], cf.
[NSW, Theorem 7.5.8], and the p-part of the torsion subgroup of Gab

v (and hence η) is trivial. Fix a set of
generators γ1, . . . , γm on which Gv(p) is free, and define a lift

%univ : Gv → B2(O[[a1, . . . , am, b1, . . . , bm]])
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by

%univ(γi) = [%(γi)]

(
φ(γi)(1 + ai) bi

(1 + ai)
−1

)
.

Any lift %A ∈ DBor,ψ
% (A) is a specialization of %univ via a unique CNLO-morphismO[[a1, . . . , am, b1, . . . , bm]]→

A, and we have RBor,ψ
% = O[[a1, . . . , am, b1, . . . , bm]]. It has dimension 3 + 2[Fv : Qp], and both it and its

reduction modulo $E are domains. This proves both (2) and (3) in this case.
We now assume that Fv contains a primitive p-th root of unity. Let µps denote the group of p-power

roots of unity in Fv. Then Gv(p)
ab can be presented as the free pro-p group on generators γ1, . . . , γm, with

m = 2 + [Fv : Qp] modulo a single relation k. The shape of k is divided into four subcases.

(a) If ps > 2,

k = γp
s

1 (γ1, γ2)(γ3, γ4) · · · (γm−1, γm),

where (γi, γi+1) = γ−1
i γ−1

i+1γiγi+1.
(b) If ps = 2 and [Fv : Q2] is odd,

k = γ2
1γ

4
2(γ2, γ3) · · · (γm−1, γm).

(1) If ps = 2, [Fv : Q2] is even, and the image of ε2 : Gv → Z×2 is procyclic,

k = γ2+2f

1 (γ1, γ2) · · · (γm−1, γm),

for some f ≥ 2.
(2) If ps = 2, [Fv : Q2] is even, and the image of ε2 : Gv → Z×p is not procyclic,

k = γ2
1(γ1, γ2)γ2f

3 (γ3, γ4) · · · (γm−1, γm),

for some f ≥ 2.

Part (a) is due to Demus̆kin, cf. [NSW, Theorem 7.5.9], part (b) to Serre [S2, Corollaire 4.4], and parts (c)
and (d) to Labute [L, Theorem 9]. We note that in [S2], Serre uses a different convention for the commutator
but either choice is valid, cf. [NSW, pg. 359].

We note that the image of γ1, . . . , γm in Gab
v (p) are generators and are subject to the single relation

γp
s

1 = 1 in case (a), γ2
1γ

4
2 = 1 in case (b), γ2+2f

1 = 1 in case (c), and γ2
1γ

2f

3 = 1 in case (d). From this
we see that the torsion subgroup of Gab

v (p) is generated by the image of γ1 in cases (a) and (c), by γ1γ
2
2 in

case (b), and by γ1γ
2f−1

3 in case (d). Let F∧ be the free group pro-p group on the set {γ1, . . . , γm}. Set
B = O[[a2, . . . , am, b1, . . . , bm]] and define

%F∧ : F∧ −→ B2(B)

as follows. In cases, (a) and (c) we set

%F∧(γ1) = [%(γ1)]

(
φη−1(γ1) b1

η(γ1)

)
.

In case (b), we set

%F∧(γ1) = [%(γ1)]

(
φ(γ1)η−1(γ1γ

2
2)(1 + a2)−2 b1

η(γ1γ
2
2)(1 + a2)2

)
.

In case (d), we set

%F∧(γ1) = [%(γ1)]

(
φ(γ1)η−1(γ1γ

2f−1

3 )(1 + a3)−2f−1

b1
η(γ1γ

2f−1

3 )(1 + a3)2f−1

)
.

And in all cases, let

%F∧(γi) = [%(γi)]

(
φ(γi)(1 + ai) bi

(1 + ai)
−1

)
,

for 2 ≤ i ≤ m. It is easy to check that in all cases we have

%F∧(k)− 1 =

(
1 r

1

)
.
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with r a non-zero element in mB . For any %A ∈ DBor,ψ
% (A), %A is the pushforward of a unique CNLO-

morphism B → A that contains r in its kernel. From this it follows that RBor,ψ
%

∼= B/rB and the universal

lift %univ is the pushforward of %F∧ via the natural surjection. This proves (2).
We now prove (3). Let $E be a uniformizer of E. Using 1.4.7, to show that RBor,ψ

%
∼= B/(r) and RBor,ψ

% ⊗O
F ∼= B/(r,$E) are domains, it suffices to show that B/(r,$E , a2, . . . , am−2, b1, . . . , bm−2) is a domain of
dimension 3. Let r0 denote the image of r in B/($E , a2, . . . , am−2, b1, . . . , bm−2) ∼= F[[am−1, am, bm−1, bm]].
We are thus reduced to showing that r0 is irreducible in F[[am−1, am, bm−1, bm]].

Let %0 denote the pushforward of %F∧ to F[[am−1, am, bm−1, bm]]. Note that m ≥ 3, and if p = 2, since
we are assuming either Fv contains a primitive 4-th root of unity or [Fv : Q2] ≥ 3, if we are in case (b) or
(d) above we must have m ≥ 5. Then, in all cases, r0 is given by

%0(γm−1)−1%0(γm)−1%0(γm−1)%0(γm) =

(
1 r0

1

)
.

Our assumption on the image of % implies that at most one of %(γm−1) and %(γm) is non-trivial and that
if it is non-trivial, then it is unipotent. Our assumptions also imply ψεp is trivial mod $E . Define βi, for
i = m− 1,m, by

%0(γi) =

(
1 + ai βi

(1 + ai)
−1

)
= %(γi)

(
1 + ai bi

(1 + ai)
−1

)
.

A straightforward computation shows that

r0 = (1 + am−1)−1(1 + am)−1
(
βm((1 + am−1)− (1 + am−1)−1)− βm−1((1 + am)− (1 + am)−1)

)
.

To finish the proof, it suffices to show that

(1) r1 = βm((1 + am−1)− (1 + am−1)−1)− βm−1((1 + am)− (1 + am)−1)

is irreducible. To do this we use the following easy but useful fact we leaned from [K, pg. 164]: if K is a
field and f ∈ K[[x1, . . . , xn]] is reducible, then for any grading deg(xi) = ni > 0, the lowest degree term of
f is reducible in K[x1, . . . , xn].

First consider the case that %(γm−1) is nontrivial, and write

%(γm−1) =

(
1 α

1

)
,

with α ∈ F×, so that βm−1 = α(1 + am−1)−1 + bm−1. Note then βm = bm, since the image of % has order p.
If p 6= 2, we use the grading deg(ai) = deg(bi) = 1, and (1) becomes

2αam + higher order terms

and 2αam−1 is irreducible in F[am−1, am, bm−1, bm]. If p = 2, we use the grading deg(am−1) = deg(bm−1) = 1
and deg(am) = deg(bm) = 2. Then (1) becomes

−αa2
m + bma

2
m−1 + higher order terms

and −αa2
m−1 + bm−1a

2
m is irreducible in F[am−1, am, bm−1, bm]. The case when %(γm) is nontrivial is sym-

metric.
Now assume %(γm−1) = %(γm) = 1. We use the standard grading deg(ai) = deg(bi) = 1, and (1) becomes

2am−1bm − 2ambm−1 + higher order terms

if p 6= 2, and

−a2
m−1bm + a2

mbm−1 + higher order terms

if p = 2. In either case the leading term is irreducible in F[am−1, am, bm−1, bm]. This concludes the proof of
(3), and of the proposition. �

Writing the universal lift %univ : Gv → B2(RBor,ψ
% ) as

%univ =

(
χBor

1 ∗
χBor

2

)
.

The character χBor
2 gives a CNLO-morphism Λ(Gv, η)→ RBor,ψ

% .
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1.4.9. Let L be as in 1.4.2, and let x be a closed point of L . Then x is simply a choice of ρ-stable line Lx
in the representation space of ρ such that Gv acts via χ on VF/Lx.

Consider the set valued functor DL�,ψ
x on CNLO that sends a CNLO-algebra A to the set of pairs (ρA, LA),

where ρA is a lift of ρ to GL2(A) with determinant ψεp, and LA is a Gv-stable line in A2 lifting Lx such
that the action of the p-part of the torsion subgroup of Gab

v on A2/Lx is given by η. Let O∧L ,x denote the
completion of the local ring of L at x. Note that the natural map

SpecO∧L ,x −→ L

yields a lift ρ∧x : Gv → GL2(O∧L ,x) of ρ, and a Gv-stable line L∧x lifting Lx. The following lemma is immediate.

Lemma 1.4.10. O∧L ,x represents DL�,ψ
x with universal object (ρ∧x , L

∧
x ).

For any ring A, we will denote by Lstd
A the A-line in A2 fixed by the upper-triangular matrices. Let

x = (ρ, χ, Lx) be a closed point of L . Take g ∈ GL2(O) such that gLx = Lstd
F . Note that gρg−1 is upper

triangular, and we have the functor DBor,ψ
gρg−1 on CNLO as in 1.4.6, which is represented by RBor,ψ

gρxg−1 as in 1.4.8.

Lemma 1.4.11. There is an isomorphism O∧L ,x
∼= RBor,ψ

gρg−1 [[z]] of Λ(Gv, η)-algebras.

Proof. For ease of notation set R = RBor,ψ
gρg−1 and let % denote its universal lift. Define a lift ρR[[z]] : Gv → R[[z]]

of ρ by

ρR[[z]](σ) = g−1

(
1
z 1

)
%(σ)

(
1
−z 1

)
g,

an let LR[[z]] denote the ρR[[z]]-stable line g−1

(
1
z 1

)
Lstd
R . Note that (ρR[[z]], LR[[z]]) determines a local

Λ(Gv, η)-algebra morphism O∧L ,x → R[[z]]. Given any CNLO-algebra A, and (ρA, LA) ∈ DL�,ψ
x (A), there

is a unique c ∈ mA such that

LA = g−1

(
1
c 1

)
Lstd
A .

We then have a unique local O-algebra morphism R[[z]]→ A, which is also a morphism of Λ(Gv, η)-algebras,
such that (ρR[[z]], LR[[z]]) specializes to (ρA, LA). This shows that O∧L ,x → R[[z]] is an isomorphism of

Λ(Gv, η)-algebras. �

Proposition 1.4.12. Assume that the image of ρ is either trivial or has order p. If p = 2, assume further
that Fv contains a primitive 4th root of unity or [Fv : Q2] ≥ 3.

(1) R4,ψΛ(Gv,η) is an O-flat domain of dimension 4 + 2[Fv : Qp].
(2) Let Z denote the closed subscheme of Spec Λ(Gv, η) defined by (χuniv

η )2 = ψεp, and let V denote its
complement. The scheme

(SpecR4,ψΛ(Gv,η) ×Spec Λ(Gv,η) V )⊗O F

is integral.

Proof. Note that the special fibre of L over R4,ψΛ(Gv,η) is isomorphic to P1
F if ρ is trivial, and is a point

otherwise, so L is connected. By 1.4.11 and 1.4.8, the completed local ring of L at any closed point is a
domain of dimension 4 + 2[Fv : Qp], and its reduction modulo the maximal ideal of O is also a domain. We

conclude that both L and L ⊗O F are integral. This implies that R4,ψΛ(Gv,η) is a domain as well as part (2)

of the proposition, by 1.4.5. It is not hard to see that SpecR4,ψΛ(Gv,η) ×Spec Λ(Gv,η) V and L ×Spec Λ(Gv,η) V

are each of codimension 1, so dimR4,ψΛ(Gv,η) = dim L = 4 + 2[Fv : Qp].
�

1.4.13. Fix a finite extension E′/E with ring of integers O′, and a continuous homomorphism % : Gv →
B2(E′) with det % = ψεp. We do not assume that % is a lift of ρ. Define a functor DBor,ψ

% on ArE′ by letting

letting DBor,ψ
% (A) be the set of continuous morphisms %A : Gv → B2(A) that reduce to % modulo mA and

have determinant ψεp.
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Proposition 1.4.14. The functor DBor,ψ
% is pro-represented by a complete, Noetherian, local E′-algebra

RBor,ψ
% . If % 6=

(
χεp

χ

)
for some character χ, then RBor,ψ

% is formally smooth over E′ of dimension

2 + 2[Fv : Qp].

Proof. We prove representability in the same way as 1.3.3 and 1.4.8. There is a finite index subgroup G′ of Gv
such that %(G′) is pro-p. Let G′(p) be the maximal pro-p quotient of G′ and let H be the kernel of the natural
surjection G′ → G′(p). We have that H is normal in Gv, that Gv/H is topologically finitely generated, and
that for any %A ∈ DBor,ψ

% , A in ArE′ , %A factors through Gv/H. Fix a set of topological generators γ1, . . . , γm
for Gv/H. Let F be the free group on {γ1, . . . , γm} and let F∧ denote its profinite completion. Let K denote
the kernel of the natural surjection F∧ → Gv/H. Define a continuous homomorphism

%F∧ : F∧ −→ B2(E′[[a1, . . . , am, b1, . . . , bm]])

by

%F∧(γi) = %(γi)

(
1 + ai bi

(1 + ai)
−1

)
Now let J denote the ideal of E′[[a1, . . . , am, b1, . . . , bm]] generated by the entries of the of the matrices
%F∧(k) − 1, for k ∈ K. Set RBor,ψ

% = E′[[a1, . . . , am, b1, . . . , bm]]/J . The pushforward of %R∧ along the

surjection E′[[a1, . . . , am, b1, . . . , bm]] → RBor,ψ
% gives a continuous morphism Gv/H → B2(RBor,ψ

% ), and we
let

%univ : Gv −→ B2(RBor,ψ
% )

denote the composite of this morphism with the natural surjection Gv → Gv/H. It is easy to see that RBor,ψ
%

pro-represents DBor,ψ
% with universal object %univ.

Let E′[ε] = E′[[x]]/(x2). Let b denote the subspace of upper triangular matrices in M2×2(E′) with Gv-
action given by σX = %(σ)X%(σ)−1, and let b0 denote its trace zero subspace. The tangent space of RBor,ψ

%

is given by DBor,ψ
% (E′[ε]). Given %E′[ε] ∈ DBor,ψ

% (E′[ε]), write %E′[ε](σ) as

%E′[ε](σ) = (1 + εc(σ))%(σ),

for each σ ∈ Gv, with c(σ) ∈ b. It is easily checked that %E′[ε] is a homomorphism with det %E′[ε] = ψεp =

det % if and only if c ∈ Z1(Gv, b
0), the space of 1-cocycles of Gv with coefficients in b0. This determines an

isomorphism of E′-vector spaces DBor,ψ
% (E′[ε]) ∼= Z1(Gv, b

0). Now

dimZ1(Gv, b
0) = dimH1(Gv, b

0)− dimH0(Gv, b
0) + 2

= 2[Fv : Qp] + 2 +H2(Gv, b
0),

by Euler-Poincaré characteristic.
Now fix a minimal presentation

0 −→ J −→ A −→ RBor,ψ
% −→ 0,

with A a powerseries over E′ in dimZ1(Gv, b
0) variables. As in [M2, §1.6], we will show that

dim J/mAJ ≤ dimH2(Gv, b
0).

Let An = A/mnA, Rn = RBor,ψ
% /mn

RBor,ψ
%

, and Jn = ker(An → Rn). Then for n sufficiently large the natural

map J/mAJ → Jn/mAnJn is an isomorphism of E′ vector spaces, and it suffices to show

dim Jn/mAnJn ≤ dimH2(Gv, b
0).

Choose a continuous set theoretic lifting

%̃ : Gv −→ B2(An)

such that det %̃(σ) = ψεp(σ) for all σ ∈ Gv, and such that its pushforward to Rn is %univ mod mn
RBor,ψ
%

. To

see that this is possible, note that we can take a continuous E′-vector space section s : Rn → An of the
quotient An → Rn. This determines a continuous set-theoretic section B2(Rn) → B2(An), and we let %̃′
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be the composite of the map Gv → B2(Rn) with this section. Since the map σ 7→ ψεp(σ) det %̃′(σ)−1 is
continuous on Gv, so is the function %̃ : Gv → B2(An) defined by

%̃(σ) = %̃′(σ)

(
ψεp(σ) det %̃′(σ)−1

1

)
,

which is the desired set theoretic lifting. Define the continuous function

c : Gv ×Gv −→ b0 ⊗E′ Jn/mAnJn
by c(σ1, σ2) = %̃(σ1σ2)−1%̃(σ2)−1%̃(σ1)−1. It can be checked that c is a 2-cocyle of Gv with values in
b0 ⊗E′ Jn/mAnJn, and that is image [c] in H2(Gv, b

0 ⊗E′ Jn/mAnJn) ∼= H2(Gv, b
0)⊗E′ Jn/mAnJn does not

depend on the choice of %̃. We get a natural map

(Jn/mAnJn)∗ −→ H2(Gv, b
0)

by λ 7→ (1 ⊗ λ)([c]). We will show that this map is injective. Take non-zero λ ∈ (Jn/mAnJn)∗ such that
(1⊗ λ)([c]) = 0. Let A′n denote the quotient of An by the kernel of λ. We have an exact sequence

(2) 0 −→ E′ −→ A′n −→ Rn −→ 0

and the obstruction class [c] vanishes for this extension. This implies that there is a continuous homomor-
phism

%A′n : Gv −→ B2(A′n)

with determinant ψεp, and whose pushforward to Rn is %univ modulo mn
RBor,ψ
%

. Then there is a local E′-

algebra morphism RBor,ψ
% → A′n inducing %A′n . Since mnA′n = 0, this map factors through Rn and induces a

section of (2). But this contradicts the fact that A′n → Rn induces an isomorphism on tangent spaces.
We deduce that there is a presentation

RBor,ψ
%

∼= E′[[x1, . . . , xg]]/(f1, . . . , fr)

where g = 2+2[Fv : Qp]+dimH2(Gv, b
0) and r ≤ H2(Gv, b

0). In particular, we conclude that dimRBor,ψ
% ≥

2 + 2[Fv : Qp]. Let u be subspace of Ad0 consisting of upper triangular unipotent matrices. Note that u is

Gv-stable and the trace pairing on Ad0 induces a Gv-equivariant isomorphism (b0)∗ ∼= Ad0/u. Local Tate
duality gives an isomorphism H2(Gv, b

0) ∼= H0(Gv, (Ad0/u)(1)). It is easily checked that this latter space is
non-zero if and only if

% =

(
εpχ

χ

)
for some character χ, in which case it has dimension 1. �

1.4.15. Let L be as in 1.4.2. Take a closed point x ∈ L [1/p] with residue field E′. Note that since L is

finite type over R�,ψ
Λ(Gv,η), part (2) of 1.1.2 implies that E′/E is finite. Let ρx and χx denote the pushforward

of ρuniv and χuniv
η , repsectively, to E′, and let Lx denote the fixed Gv-stable line in (E′)2 such that Gv acts

on (E′)2/Lx via χx.

Consider the set valued functor DL�,ψ
x on ArE′ that sends an ArE′-algebra A to the set of pairs (ρA, LA),

where ρA is a lift of ρx to GL2(A) with determinant ψεp, and LA is a Gv-stable line in A2 lifting Lx. Let
O∧L ,x denote the completion of the local ring of L at x. The natural map

SpecO∧L ,x −→ L

yields a lift ρ∧x : Gv → GL2(O∧L ,x) of ρx, and a Gv-stable line L∧x lifting Lx.

Lemma 1.4.16. O∧L ,x pro-represents DL�,ψ
x with universal object (ρ∧x , L

∧
x ).

Proof. Let B be an ArE′ -algebra and let (ρB , LB) ∈ DL�,ψ
x (B). Denote by χB the character giving the

Gv-action on B2/LB . By 1.3.5, there are unique continuous O-algebra morphisms R�
v → B and Λ(Gv)→ B

such that ρB is the pushforward of ρuniv, and χB is the pushforward of χuniv. Since the ρB has determinant
ψεp, and the restriction of χB to the torsion subgroup of Gab

v is equal to η, we get a unique continuous

O-algebra morphism R�,ψ
Λ(Gv,η) → B which gives rise to ρB and χB . Since the line LB is stable under ρB , we

obtain a unique morphism y : SpecB → L such that the image of the closed point of SpecB is x. As B is
Artinian, y factors through SpecO∧L ,x → L . �
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Let x = (ρx, χx, Lx) be a closed point of L [1/p], and denote by E′ its residue field. Take g ∈ GL2(E′)

such that gLx = Lstd
E′ . Note that gρxg

−1 is upper triangular, and we have the functor DBor,ψ
gρxg−1 on ArE′ as in

1.4.13, which is represented by RBor,ψ
gρxg−1 as in 1.4.14.

Lemma 1.4.17. There is an isomorphism O∧L ,x
∼= RBor,ψ

gρxg−1 [[z]].

Proof. For ease of notation set R = RBor,ψ
gρxg−1 and let % denote its universal lift. Define a lift ρR[[z]] : Gv →

R[[z]] of ρx by

ρR[[z]](σ) = g−1

(
1
z 1

)
%(σ)

(
1
−z 1

)
g,

and we let LR[[z]] denote the ρR[[z]]-stable line g−1

(
1
z 1

)
Lstd
R . Note that (ρR[[z]], LR[[z]]) determines a

local E′-algebra morphism O∧L ,x → R[[z]]. Given any ArE′ -algebra A and (ρA, LA) ∈ DL�,ψ
x (A), there is a

unique c ∈ mA such that

LA = g−1

(
1
c 1

)
Lstd
A .

We then have a unique local E′-algebra morphism R[[z]]→ A, such that the specialization of (ρR[[z]], LR[[z]])
is (ρA, LA). This shows that O∧L ,x → R[[z]] is an isomorphism. �

Proposition 1.4.18. Let x = (ρx, χx) be a closed point of SpecR4,ψΛ(Gv,η)[1/p]. If χ2
x 6= ψ,ψεp, then the local

ring of R4,ψΛ(Gv,η) at x is formally smooth over E.

Proof. Let E′ denote the residue field of x. Since χ2
x 6= ψεp, 1.4.5 implies there is a unique E′ point of L ,

which we denote again by x, and an isomorphism (R4,ψΛ(Gv,η))
∧
x → O∧L ,x. The result then follows from 1.4.14

and 1.4.17. �

1.5. Local deformation rings away from p. In this subsection, Fv is either be a finite extension of Q`
with ` 6= p, or Fv = R. We fix a continuous homomorphism

ρ : Gv −→ GL2(F)

and a continuous character ψ : Gv → O× such that det ρ = ψεp. We let VF denote the representation space of

ρ. We let D�
v and D�,ψ

v denote the functor of lifts of ρ and the subfunctor consisting of lifts with determinant
ψεp, repsectively. We denote the corresponding representing objects by R�

v and R�,ψ
v , respectively.

1.5.1. Assume that Fv is a finite extension of Q` with ` 6= p. Let q denote the cardinality of the residue
field of Fv. Let ρuniv denote the universal lift to R�

v .

Proposition 1.5.2. Let R
�,ψ
v denote the quotient of R�,ψ

v by its p-torsion.

(1) R
�,ψ
v is O-flat and equidimensional of relative dimension 3.

(2) The set of unramified lifts of ρv form an irreducible component of SpecR
�,ψ
v , which is formally

smooth over O. We denote the quotient by the corresponding minimal prime by R�,ψ,ur
v .

(3) If E′/E is finite and x : R
�,ψ
v → E is a continuous O-algebra morphism such that ker(x) is contained

in more than one irreducible component, then letting ρx denote the corresponding lift, ρx ∼= γvεp⊕γv
for some character γv of Gv.

Proof. By definition R
�,ψ
v is p-torsion free, hence is O-flat. The dimension of R

�,ψ
v [1/p] is shown to be 3 in

[K3, Proposition 2.5.4]. It is shown in [K3, Proposition 2.5.3] that there is a quotient R�,ψ
v → R�,ψ,ur

v , such
that a lift factors through R�,ψ,ur

v if and only if it is unramified, and that R�,ψ,ur
v is formally smooth over

O of relative dimension 3. The quotient R�,ψ
v → R�,ψ,ur

v necessarily factors through R
�,ψ
v . Part (3) follows

from the proof of [K3, Proposition 2.5.4]. More specifically, in the proof of [K3, Proposition 2.5.4], it is
shown that the completed local ring at x is smooth unless H2(Gv,Ad0(ρx)) 6= 0, where Ad0(ρx) denotes the
trace zero subspace of the adjoint representation of ρx, and it is easily checked that if H2(Gv,Ad0(ρx)) 6= 0,
then ρx ∼= γvεp ⊕ γv for some character γv of Gv. �
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We now turn our attention to semistable lifts. We will need the following lemma, which is a variant of a
result of Snowden [S].

Lemma 1.5.3. Assume ρ is the trivial representation and that q ≡ 1 (mod p). Let J be the ideal in R�
v

generated by the equations

tr ρuniv(σ) = εp(σ) + 1, det ρuniv(σ) = εp(σ),

for all σ ∈ Gv, as well as the entries of the matrix equations

(ρuniv(σ)− 1)(ρuniv(τ)− 1) = (εp(σ)− 1)(ρuniv
v (τ)− 1)

for all σ, τ ∈ Gv. Then (R�
v /Jγ)⊗O F is a domain of dimension 3.

Proof. Set R = (R�
v /J) ⊗O F, and let ρR be the pushforward of ρuniv to R. Since we have assumed q ≡ 1

(mod p), modulo $E the equations defining J become

tr ρR(σ) = 2 and det ρR(σ) = 1

for all σ ∈ Gv, and

(ρR(σ)− 1)(ρR(τ)− 1) = 0

for all σ, τ ∈ Gv. From this, it follows that R represents the functor on CNLF that sends a CNLF-algebra A
to the set of families of matrices {1 +Xσ ∈ 1 + mAM2×2(A) : σ ∈ Gv}, such that

tr (1 +Xσ) = 2, det(1 +Xσ) = 1, XσXτ = 0

for all σ, τ ∈ Gv. For any such family, the elements 1 + Xσ commute and have order p (or 0), hence the
map Gv 7→ 1 + Xσ factors through the maximal abelian quotient of exponent p, which is a product of two
cyclic groups of order p. From this, we see that R represents the functor on CNLF that assigns to each
CNLF-algebra A, a pair of matrices X,Y ∈ mAM2×2(A) such that

tr (1 +X) = tr (1 + Y ) = 2, det(1 +X) = det(1 + Y ) = 1, X2 = Y 2 = XY = Y X = 0.

Define a functor F on the category of F-algebas that assigns to an F-algebra A the set of pairs (X,Y ) ∈
M2×2(A) satisfying

trX = trY = 0, detX = detY = 0, X2 = Y 2 = XY = Y X = 0

It is easy to see that F is represented by RF = F[a1, b1, c1, a2, b2, c2]/I, where

(3) I = (a2
1 − b1c1, a2

2 − b2c2, a1a2 + b1c2, a1a2 + b2c1, a1b2 − a2b1, a2c1 − a1c2),

with universal pair

((
a1 b1
c1 −a1

)
,

(
a2 b2
c2 −a2

))
. Let x denote the F-point of SpecRF corresponding to

the pair (0, 0). There is an isomorphism of functors on CNLF

SpfR
∼−→ Spf(RF )∧x

given by (1 +X, 1 +Y ) 7→ (X,Y ), and so we wish to show that (RF )∧x is a domain of dimension 3. Note that

(RF )∧x
∼= F[[a1, b1, c1, a2, b2, c2]]/I,

with I as in (3). For any Noetherian local ring A, if its associated graded ring gr(A) is a domain, then so is
A. Noting that

gr((RF )∧x ) ∼= F[a1, b1, c1, a2, b2, c2]/I = RF ,

since I is homogenous, we are reduced to showing RF is a domain of dimension 3.
Note that I is the homogenization in F[a1, b1, c1, a2, b2, c2] of the ideal

I ′ = (1− b1c1, a2
2 − b2c2, a2 + b1c2, a2 + b2c1, b2 − a2b1, a2c1 − c2),

in F[b1, c1, a2, b2, c2]. By [ZS, Chapter 7, §5, Theorem 17], to show that I it prime it suffices to show that I ′

is prime. The map defined by b2 7→ a2b1 and c2 7→ a2c1 gives an isomorphism

F[b1, c1, a2, b2, c2]/I ′ ∼= F[b1, c1, a2]/(1− b1c1),

which is a domain of dimension 2. Hence, RF is a domain and has dimension 1 + dimF[b1, c1, a2, b2, c2]/I ′ =
3. �
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Proposition 1.5.4. Let γ : Gv → O× be a finitely ramified, continuous character such that γ2 = ψ
(enlarging O if necessary), and such that γ(Iv) is prime to p. Assume ρv is an extension of γ by γεp.

There is an O-flat reduced quotient R�,γ-st
v of R�,ψ

v of relative dimension 3, such that if E′/E is a finite
extenstion, a continuous O-algebra morphism x : R�,ψ

v → E′ factors through R�,γ-st
v if and only if the

corresponding lift ρx is an extension of γ by γεp. R�,γ-st
v [1/p] is formally smooth over E, and R�,γ-st

v ⊗O F
is a domain.

Proof. Except for the claim about the reduction mod p, this is proved in [K2, Corollary 2.6.7] for p > 2 and
γ unramified, and in [KW, Theorem 3.1] in the remaining cases.

If there is a unique line in VF on which Gv acs via γεp, then the proof of [KW, Theorem 3.1] shows that

R�,γ-st
v is formally smooth over O, and so we we may assume that εp is trivial, i.e. q ≡ 1 (mod p), and

that Gv acts on VF via the character γ. Twisting lifts by γ−1 yields an isomorphism of lifting functors
D�
ρ
∼= D�

ρ⊗γ−1 ; hence, an isomorphism of their universal lifting rings. Part (3) of 1.1.2 shows that this

isomorphism of universal lifting rings yields an isomorphism R�,γ-st
v

∼= R�,1-st
v , and so we may assume γ = 1

and ρ is the trivial homomorphism.
Let J be as in 1.5.3. Let X denote the set of points x : R�

v → O′, where O′ is the ring of integers in
some finite extension E′/E, such that the induced lift ρx is conjugate to an extension of εp by 1. Set JX =

∩x∈X ker(x). By part (3) of 1.1.2, the surjection R�
v → R�,γ-st

v has kernel JX . Since the equations defining
J hold for any x ∈ X, this surjection factors through R�

v /J . Let q denote the kernel of R�
v /J → R�,1-st

v .
Note that q is prime and $E /∈ q. Since R�,1-st

v is O-flat of relative dimension 3, and (R�
v /J) ⊗O F is a

domain of dimension 3 by 1.5.3, the surjection

(R�
v /J)⊗O F −→ R�,1-st

v ⊗O F

is an isomorphism. Then 1.5.3 implies R�,1-st
v ⊗O F a domain. �

1.5.5. Now assume that Fv ∼= R and assume ρ is odd, i.e. det ρ(c) = −1 for c complex conjugation.

Proposition 1.5.6. There is an O-flat reduced quotient R�,−1
v of R�

v , such that if E′/E is finite, a con-
tinuous O-morphism x : R�

v → E′ factors through R�,−1
v if and only if ρx is odd. R�,−1

v is a complete
intersection domain of dimension 3, R�,−1

v [1/p] is formally smooth over E, and R�,−1
v ⊗O F is a domain.

Proof. [KW, Proposition 3.3] or [K3, Proposition 2.5.6] shows that R�,−1
v is smooth over O if ρ is non-trivial,

and that if ρ is trivial then

R�,−1
v

∼= O[[x, y, z]]/(x2 + 2y + yz),

which is a complete intersubsection domain of dimension 3. Lastly, x2 + yz is irreducible in F[[x, y, z]], so
R�,−1
v ⊗O F is a domain. �

1.6. Global deformations. Let F be a totally real field and let S denote a finite set of places of F containing
all the infinite places as well as all the places above p. Denote by FS the maximal Galois extension of F in Q,
unramified outside of S, and let GF,S = Gal(FS/F ). Fix an absolutely irreducible, continuous representation

ρ : GF,S −→ GL2(F),

and a continuous character ψ : GF,S → O× such that ψεp = det ρ. For each v ∈ S, let Fv denote the

completion of F at v, and let Gv = Gal(Q`/Fv) where ` the residual characteristic of v, or ∞. Let Q be
some (possibly empty) set of places of F disjoint from S.

Throughout this subsection, all completed tensor products are taken over O unless noted otherwise.

Let RF,S∪Q, respectively RψF,S∪Q, denote the universal deformation ring, respectively universal defor-

mation ring with determinant ψεp, of the GF,S∪Q-representation ρ. For each v ∈ S, let R�,ψ
v denote the

universal framed deformation ring for lifts of ρ|Gv with determinant ψεp|Gv . Consider the set valued functor
on CNLO that sends an object A to (VA, {βv}v∈S), where VA is a GF,S∪Q-deformation of ρ to A, such that

the determinant of VA|Gv is equal to ψεp|Gv for all v ∈ S, and βv is a lift of β for each v ∈ S. This functor

is representable and we denote the representing object by R�
F,S∪Q. The subfunctor consisting of the tuples

(VA, {βv}v∈S) such that detVA = ψεp is also representable and we denote the representing object by R�,ψ
F,S∪Q.

The forgetful functor (VA, {βv}v∈S) 7→ VA gives a canonical maps RF,S∪Q → R�
F,S∪Q and RψF,S∪Q → R�,ψ

F,S∪Q,
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and in the latter case it is formally smooth of relative dimension 4|S| − 1, cf. [KW, Proposition 4.1]. Note

that RψF,S∪Q is a quotient of RF,S and there is a canonical isomorphism R�,ψ
F,S∪Q

∼= RψF,S∪Q ⊗RF,S∪Q R�
F,S∪Q.

The identity map R�
F,S∪Q → R�

F,S∪Q gives a universal object (V univ, {βuniv
v }v∈S). For each v ∈ S,

(V univ|Gv , βuniv
v ) determines a lift of ρ|Gv with determinant ψεp|Gv , so we have a canonical morphism R�,ψ

v →
R�
F,S∪Q. LettingR�,ψ

S denote the completed tensor product ⊗̂v∈SR�,ψ
v , R�

F,S∪Q is canonically aR�,ψ
S algebra.

This also give an R�,ψ
S -algebra structure to R�,ψ

F,S∪Q.

1.6.1. Let Ad denote the space M2×2(F) with the adjoint GF,S-action, and let Ad0 denote its trace zero
subspace. In what follows we will use the following notation. Given a topological group G such that
Homcts(G,F) is finite, and a a finite F[G]-module M , we denote by M∗ the F-linear dual of M with the
induced G-action. For any i ≥ 0, we denote by hi(GF,S ,M) the F-dimension of the cohomology group
Hi(G,M). If G = GF,S , and W is a finite set of places of F , we let Hi

W (GF,S ,M) denote the kernel of the
restriction map

Hi(GF,S ,M) −→
∏
v∈W

Hi(Gv,M)

and let hiW (GF,S ,M) denote its F-dimension.

Proposition 1.6.2. There is a presentation

R�,ψ
F,S
∼= R�,ψ

S [[x1, . . . , xg]]/(f1, . . . , fr)

with
g − r ≥ |S| − 1− h0(GF,S , (Ad0)∗(1)).

Proof. Let
φ : m

R�,ψ
S

/((m
R�,ψ
S

)2, $E) −→ m
R�,ψ
F,S

/((m
R�,ψ
F,S

)2, $E)

denote the map on reduced cotangent spaces induced from R�,ψ
S → R�,ψ

F,S . By [K4, Proposition 4.1.4], we
have a presentation

R�,ψ
F,S
∼= R�,ψ

S [[x1, . . . , xg]]/(f1, . . . , fr)

where g − r ≥ dimF cokerφ− dimF kerφ− h2
S(GF,S ,Ad0). One can show, cf. proof of [K4, Lemma 4.1.5],

dimF mR�,ψ
F,S

/((m
R�,ψ
F,S

)2, $E) = 4|S|+ h1(GF,S ,Ad0)− h0(GF,S ,Ad0)− 1

and
dimF mR�,ψ

S

/((m
R�,ψ
S

)2, $E) = 4|S|+
∑
v∈S

(h1(Gv,Ad0)− h0(Gv,Ad0)− 1).

So,

dimF cokerφ− dimF kerφ = dimF mR�,ψ
F,S

/((m
R�,ψ
F,S

)2, $E)− dimF mR�,ψ
S

/((m
R�,ψ
S

)2, $E)

= |S| − 1 + h1(GF,S ,Ad0)− h0(GF,S ,Ad0)

−
∑
v∈S

(h1(Gv,Ad0)− h0(Gv,Ad0)).(4)

The Poitou-Tate sequence implies

h2
S(GF,S ,Ad0) = h2(GF,S ,Ad0)−

∑
v∈S

h2(Gv,Ad0) + h0(GF,S , (Ad0)∗(1)).

Combining this with (4), we have

g − r ≥ dimF cokerφ− dimF kerφ− h2
S(GF,S ,Ad0)

≥ |S| − 1− h0(GF,S , (Ad0)∗(1))− χ(GF,S ,Ad0) +
∑
v∈S

χ(Gv,Ad0),(5)

where χ(GF,S ,Ad0) and χ(Gv,Ad0) denote the global and local Euler characteristics, respectively, as F-vector
spaces.

For v|∞ we have h1(Gv,Ad0) = h2(Gv,Ad0) since Gv is cyclic, and so χ(Gv,Ad0) = h0(Gv,Ad0). For v
finite the local Euler characteristic formula gives χ(Gv,Ad0) = 1, when v - p, and χ(Gv,Ad0) = −3[Fv : Q],
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when v|p. The global Euler characteristic formula gives χ(GF,S ,Ad0) = −3[F : Q] +
∑
v|∞ h0(Gv,Ad0).

Equation (5) then becomes

g − r ≥ |S| − 1− h0(GF,S , (Ad0)∗(1)).

�

We will use the above lemma to show that a certain quotient of RψF,S (actually a quotient of RF,S tensored

with an certain Iwasawa algebra) has an appropriate presentation in order to apply the connectivity result
1.1.7.

1.6.3. Let Σ be a fixed set of places not containing any places above p or∞. For each v ∈ Σ fix a continuous
character γv : Gv → O× such that γv(Iv) is finite and prime to p, and such that γ2

v = ψ|Gv (enlarging O if
necessary). We further assume the following.

- For v|p, ρ|Gv ∼=
(
∗ ∗

χv

)
, where we fix the choice χv in the case that ρ|Gv is the direct sum of

two disctinct characters.

- For v ∈ Σ, ρ|Gv ∼=
(
γvεp ∗

γv

)
.

- For any archimedean v, ψ|Gv = 1.
- ρ is unramified outside Σ ∪ {v|p} ∪ {v|∞}.

Fix a finite set of places Sur disjoint from Σ∪ {v|p} ∪ {v|∞} and set S = Sur ∪Σ∪ {v|p} ∪ {v|∞}. For each
v|p, let ηv be a character of the torsion subgroup of Gab

v (p). Then ηv correpsonds to a unique minimal prime
of Λ(Gv) = O[[Gab

v (p)]], which we denote by qηv . We denote the quotient Λ(Gv)/qηv by Λ(Gv, ηv). Note
that giving the tuple (ηv)v|p is equivalent to giving a character η on the torsion subgroup of

∏
v|pG

ab
v (p).

For each v ∈ S, let R
�,ψ
v denote the CNLO-algebra given by

- R
�,ψ
v = R4,ψΛ(Gv,ηv) as in 1.4.3, for v|p;

- R
�,ψ
v = R�,γ-st

v as in 1.5.4, for v ∈ Σ,

- R
�,ψ
v = R�,−1

v as in 1.5.6, for v|∞,

- R
�,ψ
v = R�,ψ,ur

v as in part (2) of 1.5.2, if v ∈ Sur.

Let R
�,ψ
S = ⊗̂v∈SR

�,ψ
v , Λ(Gp) = ⊗̂v|pΛ(Gv), and Λ(Gp, η) = ⊗̂v|pΛ(Gv, ηv). Note that R

�,ψ
S is a quotient of

(⊗̂v|p(R�
v ⊗̂Λ(Gv, ηv)))⊗̂v∈S,v-pR�,ψ

v
∼= (⊗̂v∈SR�

v )⊗̂Λ(Gp, η),

and that Λ(Gp, η) represents the functor on CNLO that sends a CNLO-algebra A to the set of tuples (χv)v|p,
where each χv is an A-valued character of Gv that reduces to χv modulo the maximal ideal of A, and whose
restriction to the p-power part of the torsion subgroup of Gab

v is eqaul to ηv.

Proposition 1.6.4. If p = 2, assume that for each v|2, either Fv contains a 4-th root of unity or [Fv : Q2] ≥
3. Assume also that ρ|Gv is either the trivial representation or that its image has order p for each v|p. Then

R
�,ψ
S is an O-flat domain of dimension 1 + 3|S|+ [F : Q].

Proof. By 1.4.12, 1.5.4, 1.5.6, and part (2) of 1.5.2, each of the R
�,ψ
v an O-flat domain of relative dimension

- 3 + 2[Fv : Qp] if v|p,
- 3 if v ∈ Σ,
- 2 if v|∞,
- 3 if v ∈ Sur,

and so R
�,ψ
S is O-flat of relative dimension∑

v|p

3 + 2[Fv : Qp] +
∑

v∈Σ∪Sur

3 +
∑
v|∞

2 = 3|S|+ [F : Qp].

To see that it is a domain, consider a finite extension E′/E with ring of integers O′ and residue field F′. It
follows from 1.3.3 that R�

v ⊗O O′ is the universal lifting ring on CNLO′ for the representation ρ|Gv ⊗F F′,
and it follows easily that R

�,ψ
v ⊗O O′ are the corresponding quotients on the category CNLO′ . Applying
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1.4.12, 1.5.4, and 1.5.6 to R
�,ψ
v ⊗O O′, we conclude that R

�,ψ
v [1/p] is geometrically integral. Then R

�,ψ
S is

a domain by 1.1.4. �

1.6.5. Now fix a finite set of primes Q disjoint from S. Letting R�
S = ⊗̂v∈SR�

v , define

R
�
F,S∪Q = R�

F,S∪Q⊗̂R�
S
R

�,ψ
S

and

R
�,ψ
F,S∪Q = R�,ψ

F,S∪Q⊗̂R�
S
R

�,ψ
S .

Note that R
�
F,S∪Q and R

�,ψ
F,S∪Q are quotients of R�

F,S∪Q⊗̂Λ(Gp, η). We then define R
ψ

F,S∪Q to be the image

of RψF,S∪Q⊗̂Λ(Gp, η) under

RψF,S∪Q⊗̂Λ(Gp, η) −→ R�,ψ
F,S∪Q⊗̂Λ(Gp, η) −→ R

�,ψ
F,S∪Q.

If E′/E is finite with ring of integers O′, a local O-algebra morphism RF,S∪Q⊗̂Λ(Gp)→ O′ factors through

R
ψ

F,S∪Q if and only if the corresponding deformation VO′ and tuple of characters (χv)v|p satisfies

- detVO′ = ψεp;
- for each v|p, there is a Gv-stable line L in VO′ , and the action of Gv on VO′/L is given by χv;
- for each v|p, the restriction of χv to the p-power torsion subgroup of Gab

v is equal to ηv;
- for each v ∈ Σ, VO′ |Gv is an extension of γv by γvεp;
- for each archimedean v, VO′ |Gv is not the trivial representation,
- for each v ∈ Sur, VO′ |Gv is unramified.

Note the second last condition is redundant, as it is implied by the first. However, we will later have to

consider the R
�,ψ
S -map R

�
F,S∪Q → R

�,ψ
F,S∪Q, and the oddness condition is not forced on R

�
F,S∪Q. Also note

that if we had omitted the primes Sur from S entirely, the resulting ring R
ψ

F,S∪Q would have been the same.

We include them because it will be useful later in §4 to ensure that the local framed deformation ring R
�,ψ
S

surjects onto a certain Hecke algebra, as well as to ensure that a certain group action is free.

If A is a CNLO-algebra, and x, x′ ∈ Spf(R�,ψ
F,S∪Q⊗̂Λ(Gp, η))(A) are two A-points with the same image

in Spf(RψF,S∪Q⊗̂Λ(Gp, η))(A), i.e. give rise to the same deformation, then x ∈ SpfR
�,ψ
F,S∪Q(A) if and only if

x′ ∈ SpfR
�,ψ
F,S∪Q(A). It follows that R

ψ

F,S∪Q → R
�,ψ
F,S∪Q is formally smooth of relative dimension 4|S| − 1.

The following proposition will allow us to invoke 1.1.7, which is crucial to the Sinner-Wiles strategy.

Proposition 1.6.6. Assume that ρ|Gv is either the trivial representation or that its image has order p for
each v|p. If p = 2, we also assume that for each v|2, either Fv contains a 4th root of unity or [Fv : Q2] ≥ 3.
There is a presentation

R
ψ

F,S
∼= A/(f1, . . . , fm)

with A a domain, and dimA−m ≥ 1 + [F : Q]− h0(GF,S , (Ad0)∗(1)).

Proof. Since R
ψ

F,S → R
�,ψ
F,S is formally smooth of relative dimension 4|S| − 1, R

�,ψ
F,S is isomorphic to a power

series over R
ψ

F,S in 4|S| − 1 variables, and it suffices to show that there is a presentation

R
�,ψ
F,S
∼= A/(f1, . . . , fk)

with A a domain and dimA − k ≥ 4|S| + [F : Q] − h0(GF,S , (Ad0)∗(1)). By 1.6.4, R
�,ψ
S is a domain of

dimension 1 + 3|S|+ [F : Q]. The presentation in 1.6.2 yields a presentation

R
�,ψ
F,S
∼= R

�,ψ
S [[x1, . . . , xg]]/(f1, . . . , fr)

with g − r ≥ |S| − 1− h0(GF,S , (Ad0)∗(1)). Take A = R
�,ψ
S [[x1, . . . , xg]]. �



MODULARITY OF NEARLY ORDINARY 2-ADIC RESIDUALLY DIHEDRAL GALOIS REPRESENTATIONS 25

1.6.7. Let Q be a set of places of F disjoint from S. Let FSQ denote the maximal abelian pro-p extension

of F unramified outside of Q and split at primes in S. Note that FSQ/F is finite, since S contains all the

primes above p. Let GQ = Gal(FSQ/F ) and let G∗Q denote the diagonalizable CNLO-group as in 1.2.2. For

any CNLO-algebra A, G∗Q(A) is the subgroup Hom(GQ, A
×) that reduce to the trivial morphism modulo

mA.
There is an action of G∗Q on SpfR�

F,S∪Q given as follows. Let A be a CNLO-algebra, and let VA be a

deformation of VF to A. If χ ∈ G∗Q(A), viewing χ as a character of GF,S∪Q, we have a deformation VA⊗χ. In

this way we get an action of G∗Q on SpfRF,S∪Q. This action extends to an action on Spf(R�
F,S∪Q⊗̂Λ(Gp, η))

by (VA, {βv}v∈S , {χv}v|p) 7→ (VA ⊗ χ, {βv}v∈S , {χv}v|p). For any v ∈ S, since FSQ is split at v, the lift

of ρ|Gv given by VA|Gv and βv is equal to the lift given by (VA ⊗ χ)|Gv and βv. Thus, the action of G∗Q

commutes with the morphism Spf(R�
F,S∪Q⊗̂Λ(Gp, η)) → Spf(R�,ψ

S ⊗̂Λ(Gp, η)). Letting R
�,ψ
S and R

�
F,S∪Q

be as in 1.6.3, we get an action of G∗Q on SpfR
�
F,S∪Q that commutes with SpfR

�
F,S∪Q → SpfR

�,ψ
S . Note

that the map (VA, {βv}v∈S , {χv}v|p) 7→ detVA(ψεp)
−1 determines a morphism δQ : SpfR

�
F,S∪Q → G∗Q, such

that for any CNLO-algebra A, g ∈ G∗Q(A) and x ∈ SpfR
�
F,S∪Q(A), we have δQ(gx) = g2δQ(x). The natural

surjection R
�
F,S∪Q → R

�,ψ
F,S∪Q identifies SpfR

�,ψ
F,S∪Q with the closed formal sub-scheme of SpfR

�
F,S∪Q given

by δQ = 1.
If p = 2, we denote byG∗Q,2 the 2-torsion subgroup ofG∗Q, i.e. the diagonalizable CNLO-group (GQ/2GQ)∗.

For χ ∈ G∗Q,2(A), we have χ2 = 1, hence the action of G∗Q on SpfR�
F,S∪Q, respectively on SpfR

�
F,S∪Q, induces

an action of G∗Q,2 on SpfR�,ψ
F,S∪Q, respectively on SpfR

�,ψ
F,S∪Q.

If p = 2 and ρ has solvable image, then there is a unique quadratic extension L/F such that ρ|GL is
abelian, since in this case the image of ρ has order twice an odd number.

Lemma 1.6.8. Let p = 2. Assume that if ρ has solvable image, then some v ∈ S does not split in L/F ,
where L is the unique quadratic extension for which ρ|GL is abelian. Then if Q is a set of places disjoint

from S, the action of G∗Q on SpfR
�
F,S∪Q is free.

Proof. This is essentially [KW, Lemma 5.1]. It suffices to show that the action of G∗Q on SpfRF,S∪Q is free.

If ρ is non-solvable, then its projective image is isomorphic to SL2(F2r ), for some r ≥ 1. If ρ is solvable, then
by our assumption on S and the fact that ρ(GL) has odd order, we see that the fixed field of the kernel of
ρ and FSQ are disjoint. In either case, if χ is a non-trivial element of G∗Q(A), we can find g ∈ GF,S∪Q such

that χ(g) 6= 1 and tr ρ(g) 6= 0. Then, if VA is a deformation of ρ to A, we have χ(g)tr ρA(g) 6= tr ρA(g), for
any ρA in the deformation class of VA, since tr ρA(g) is a unit. �

1.7. Deformations of dihedral representations. Fix continuous and absolutely irreducible

ρ : GF,S → GL2(F)

and let VF denote its representation space. Let A be a CNLO-algebra and VA a deformation of VF. We say
VA is L-dihedral, for a quadratic extension L/F , if GL acts on VA through an abelian quotient, but GF
does not. We say VA is dihedral if it is L-dihedral for some quadratic L/F . Note that VA is L-dihedral
only if VF is L-dihedral. If A is a domain with field of fractions K, then if VA is L-dihedral and VA ⊗A K
is irreducible, for K an algebraic closure of K, then one can show there is a character χ : GL → A× such
that VA ∼= IndGFGLχ. A subgroup H of GL2(F) is called dihedral if it’s image in PGL2(F) is isomorphic to a
dihedral group. It is easy to check that VF is dihedral if and only if ρ(GF ) is dihedral. From this we see that
if p = 2, there is a unique quadratic L/F such that VF is L-dihedral, as the order of ρ(GF ) is twice an odd
number.

1.7.1. We first establish some criteria for determining when the intersection of the image of a deformation
with SL2 is Zariski dense.

Lemma 1.7.2. Let A be a CNLO-algebra domain of characteristic p with fraction field K. Note that A is
canonically an F-algebra. An element g ∈ GLn(A) has finite order eigenvalues if and only if its characteristic
polynomial has coefficients in F.
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Proof. Let K be an algebraic closure of K, and let F be the algebraic closure of F in K. If g has finite order

eigenvalues in K
×

, then the characteristic polynomail of g has coefficients in F∩A = F. The other direction
is clear. �

Lemma 1.7.3. Let A be a CNLO-algebra domain of characteristic p with fraction field K, and let K be an
algebraic closure of K. Let VA be a deformation of VF to A such that the map imρA → imρ has non-trivial

kernel. The image of ρA contains an element with an infinite order eigenvalue in K
×

.

Proof. Take nontrivial g1 ∈ ker(imρA → imρ). If g1 has finite order eigenvalues then it’s eigenvalues must
be 1, and g1 is unipotent. There is a basis of VA such that

g1 =

(
1 x

1

)
with 0 6= x ∈ mA. Since VF is irreducible, there is g2 ∈ imρA such that, with respect to our fixed basis,

g2 =

(
a b
c d

)
with c ∈ A×. If tr g2 ∈ F, then tr g1g2 = cx + a + d = cx + tr g2 /∈ F, since tr g2 ∈ F and 0 6= cx ∈ mA. We
have thus shown that there is g ∈ imρA with tr g /∈ F. The lemma then follows from 1.7.2. �

Lemma 1.7.4. Let A be a CNLO-algebra domain and let VA be a non-dihedral deformation of VF such
that for some σ ∈ GF , ρA(σ) has eigenvalues whose ratio is not a root of unity. Then for any finite index
subgroup H of GF , ρA|H is absolutely irreducible.

Proof. It suffices to consider the case when H is an open normal subgroup of GF . Let K denote the fraction
field of A and let K be an algebraic closure. Assume there is an H-stable subspace W of VA ⊗A K. Since
H is normal in GF , gW is also H invariant for any g ∈ GF . Take n ≥ 1 such that σn ∈ H. Then, for
each g ∈ GF , gW is an eigenspace for ρA(σn). Since the ratio of the eigenvalues of ρA(σ) is not a root of
unity, the eigenvalues of ρA(σn) are distinct. Hence, any g ∈ GF must permute the two one dimensional
eigenspaces for ρA(σn). So, either W is GF stable or there is an index two subgroup N of GF such that W
is N stable and GF /N interchanges the two eigenspaces for ρA(σn). In the first case ρA is reducible over
K, contradicting irreducibility of VF⊗F F, and in the second it is dihedral, contradicting our assumptions on
VA. �

Proposition 1.7.5. Let A be a CNLO-algebra domain with fraction field K of characteristic p and let VA
be a deformation of VF with finite order determinant. Fix a basis of VA and let Γ denote the image of GF in
GL2(A) with respect to this basis. If Γ→ GL2(F) has nontrivial kernel then Γ ∩ SL2(K) is Zariski dense in
SL2/K .

Proof. By 1.7.3, there is some g ∈ imρA with infinite order eigenvalues. Since det ρA is finite order, the ratio
of the eigenvalues of g is not a root of unity, and VA satisfies the assumptions of 1.7.4. So, for any finite
index subgroup H of GF , ρA|H is absolutely irreducible.

Let Γ1 = Γ ∩ SL2(K) and assume Γ1 is not Zariski dense in SL2/K . Let Γ1 denote the Zariski closure of

Γ1 in SL2/K and (Γ1)0 its connected component at the identity. Our assumption implies dim(Γ1)0 ≤ 2, and

so (Γ1)0 is solvable. Then (Γ1)0 acts reducibly on VA ⊗A K, where K is an algebraic closure of K. Since

the determinant of VA is finite, Γ1 ∩ (Γ1)0 is finite index in Γ1, so there is a finite index subgroup H of GF ,
such that ρA|H acts reducibly on VA ⊗A K, a contradiction. �

We note that the assumption that Γ→ GL2(F) has nontrivial kernel is satisfied if VF is dihedral and VA
is non-dihedral.

Corollary 1.7.6. Assume VF is L-dihedral. Let A be CNLO-algebra domain of characteristic p, and let VA
be a non-dihedral deformation of VF with finite order determinant. Then there is σ ∈ GF r GL such that
ρA(σ) has infinite order.

Proof. Let K denote the fraction field of A. Fix a basis of VA and let Γ be the image of ρA in GL2(A) with
respect to this basis. For each (a, b) ∈ F × F×, let Xa,b be the subvariety GL2/K defined by tr g = a and

det g = b, and let X be the union of the Xa,b for each (a, b) ∈ F × F×. Note that each Xa,b, and hence X,
has dimension 2. Note also that if g ∈ GL2(A) is of finite order, then g ∈ X(K), by 1.7.2.
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Assume that ρA(σ) is finite order whenever σ ∈ GF r GL. Let H = ρA(GL) ⊆ Γ, and let g = ρ(σ)
for some σ ∈ GF r GL. By assumption, every element of gH is finite order, so gH ⊆ X(K). Then
Γ = H ∪ gH ⊆ gX(K) ∪X(K), so the Zariski closure of Γ is contained in gX ∪X. Since X has dimension
2, so does gX ∪ X. Since the Zariski closure of Γ is contained in a 2-dimensional subvariety, VA must be
dihedral, by 1.7.5. �

1.7.7. Let L/F be a quadratic extension such that ρ is L-dihedral. Write ρ = IndGFGLχ, for χ : GL → F×,

and let χ̃ : GL → O× denote the Teichmuller lift of χ. Let Lab
S /L denote the maximal abelian pro-p extension

of L unramified outside S. Set RL-di = O[[Gal(Lab
S /L)]] and let Ψ : GL → R×L-di be the canonical character.

We have an L-dihedral deformation of VF to RL-di given by IndGFGL χ̃Ψ. It is easy to see this deformation is
universal for L-dihedral deformations, and that there is a surjection RF,S → RL-di, hence the locus of all
L-dihedral points in SpecRF,S is closed. As there are only finitely many quadratic extensions L/F such that
ρ is L-dihedral, the locus of all dihedral points in SpecRF,S is closed. The same is then true for any quotient
of RF,S .

The following two lemmas record some properties of dihedral deformations and will be used later to ensure
certain deformations are non-dihedral.

Lemma 1.7.8. Let L/F be a quadratic such that ρ is L-dihedral. Denote by L−S the maximal Galois

subextension of Lab
S /L such that the nontrivial element of Gal(L/F ) acts on Gal(L−S /L) as −1. Let RF,S → A

be a surjection with kernel containing $E, and let VA denote the corresponding deformation. If detVA is
the Teichmuller lift of detVF to A×, and VA is L-dihedral, then

dimA ≤ rkZpGal(L−S /L).

Proof. Set R−L-di = O[[Gal(L−S /L)]] and let Ψ− : GL → (R−L-di)
× be the canonical character. We have

an L-dihedral deformation of VF to R−L-di given by IndGFGL χ̃Ψ. This deformation is universal for L-dihedral
deformations whose determinant is the Teichmuller lift of detVF. There is a surjection RF,S → RL-di, and
our assumptions imply that the surjection RF,S → A factors through

RF,S −→ R−L-di −→ F[[Gal(L−S /L)]],

from which the result follows. �

The following lemma is taken directly from [S5, Lemma 2.2.1]. We include it for ease of reference later.

Lemma 1.7.9. Let L/F be quadratic such that ρ is L-dihedral. Assume there is some v|p in F that does
not split in L. Let A be a CNLO-algebra domain, and let VA be a deformation of VF to A. If VA is dihedral
and there are characters χ1, χ2 : Gv → A× such that

tr ρA(σ) = χ1(σ) + χ2(σ)

for all σ ∈ Gv (and any ρA in the deformation class of VA), then χ1/χ2 had order at most two.

Proof. Let w denote the unique place in L above v. Note that Gw is index two in Gv, and we can find σ ∈ Gv
such that σ generates Gal(L/F ). By the theory of pseudo-representations, we see that (VA|Gv )ss = χ1 ⊕ χ2.

By assumption, there is a character χ : GL → A× such that VA ∼= IndGFGLχ. Note that VA|GL ∼= χ ⊕ χ′,
where χ′ denotes the conjugate of χ by σ. Replacing χ by χ′, if necessary, we can assume χ|Gw = χ1|Gw and
χ′|Gw = χ2|Gw . But since χ1 and χ2 are characters of Gv, we have

χ1|Gw = χσ1 |Gw = χ′|Gw = χ2|Gw ,
so χ1/χ2 factors through Gal(Lw/Fv). �

2. Modular forms

In this section we recall Hida’s theory of p-adic Hecke algebras in the case of a totally definite quaternion
algebra over a totally real field. We recall some facts about the associated Galois representations and define
the particular Hecke algebras and Hecke modules that will be used in the patching argument in §4.

In the first subsection we recall the definition of modular forms on a totally definite quaternion algebra
over a totally real field and their connection with cuspidal automorphic representations of GL2. This is all
standard, except that we allow the possibility of non-compact subgroups as in [KW, §7]. We do this for the
following reason. If we have a fixed central character for our space of modular forms, and f is a eigenform
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with Iwahori level at v, then then there are two possibilities for the Hecke eigenvalue at v. When p is odd, the
choice for the eigenvalue is uniquely determined modulo p, and so the local representation of Gv associated
to f is uniquely determined by the reduction of f modulo p. When p = 2 this is not the case, and in order
to ensure that our local deformation ring at v is a domain, we only want to allow lifts of a fixed mod p
eigenform that have a specified Iwahori level eigenvalue.

In the next subsection we recall the definition of the (finite level) nearly-ordinary Hecke algebras and the
corresponding nearly-ordinary subspace of modular forms.

In the following subsection we construct the universal nearly-ordinary Hecke algebra and a certain avatar
of p-adic Hida families. This is done following [H1], except that we deal only with the totally definite case,
and so things become much simpler. We also allow certain non-compact subgroups, but this does not pose
an issue, provided one assumes that the level is small enough at some fixed place to guarantee a standard
neatness condition.

In the next subsection we recall properties of Galois representations associated to our quaternionic modular
forms and the construction of large Galois representations with values in our universal Hecke algebra using
pseudo-representations and a theorem of Nyssen and Rouquier.

The final subsection will deal with augmenting the level of our Hecke modules at auxiliary primes, nec-
essary for the patching argument in §4. Normally, one augments the level at primes v that are congruent
to 1 modulo p, and such that the fixed residual representation is unramified at v with the Frobenius having
distinct eigenvalues. This is done to ensure there are no lifts of the fixed residual representation that are
Steinberg at v. As in [SW1] and [SW2], it will be necessary for us augment the level at places v for which
the residual representation does not have distinct eigenvalues. Due to this, we cannot ensure that there
are no Steinberg-at-v lifts. However, we do show that any such are annihilated by a particular element, cf.
2.5.3, which allows us to prove a control theorem for these auxiliary primes that is necessary for the patching
argument in §4.

We now introduce some notation and assumptions that will be used throughout this section. We denote
by F ⊂ Q a totally real field, OF its ring of integers, and AF its ring of adeles. If S is a finite set of places
of F , we let AF,S denote

∏
v∈S Fv and ASF denote

∏′
v/∈S Fv. If w is a rational place, we will write AF,w and

AwF instead of AF,{v|w} and A{v|w}F ; in particular, A∞F denotes the ring of finite adeles.

Recall we have fixed algebraic closures Qp of Qp, as well as embeddings Q ↪→ Qp and Q ↪→ C. Let JF
denote the set of embeddings F ↪→ Q. Via our fixed embeddings of Q into Qp and C, we view JF as the set

of embeddings of F into Qp and C, respectively. Let E/Qp be a finite extension containing all embeddings

of F ↪→ Qp. Let O denote the ring of integers of E. Given an element z ∈ F ⊗QQp ∼=
∏
v|p Fv, and k ∈ ZJF ,

we let zk denote
∏
τ∈JF τ(z)kτ ∈ E. We call a pair κ = (k,w) ∈ ZJF × ZJF an algebraic weight if kτ ≥ 2

for all τ and kτ + 2wτ is independent of τ ∈ JF . For each finite place v of F , we let mv denote the maximal
ideal of OFv and kv the residue field.

We will let Up = (OF ⊗Z Zp)× ∼=
∏
v|pO

×
Fv

. For any a ≥ 1, we let

Uap = {(xv)v|p ∈ Up : xv ≡ 1 mod mav for each v|p}.

For a ≥ 0 we set Λ(Uap ) = O[[Uap ]]. Note that Λ(Uap ) has dimension 1 + [F : Q], is local if a ≥ 1, and is
isomorphic to a power series over O if a is sufficiently large.

For v a finite place of F , and a ≥ 0, we let Iw(va), respectively Iw1(va), denote the subgroup of GL2(OFv )
that are upper triangular, respectively upper triangular unipotent, modulo mav . Given integers b ≥ a ≥ 0,
wet let Iw(va,b) = Iw1(va) ∩ Iw(vb).

For a topological O-module M , we denote by M∨ the Pontryagin dual of M , i.e. M∨ = HomO(M,E/O).
This assignment is functorial and f 7→ f∨ gives an isomorphism EndO(M) ∼= EndO(M∨). In particular, if a
commutative ring R acts on M , then it acts naturally on M∨ by (rφ)(m) = φ(rm). Pontryagin duality is
not an exact functor, but if we restrict to the subcategory of locally compact Hausdorff O-modules and strict
morphisms, i.e. i.e morphisms f : M → M ′ such that the induced map M/ ker f → imf is an isomorphism
of topological O-modules, then if

M1
f−→M1

g−→M3

is exact and g(M2) is closed in M3,

M∨3
g∨−→M∨2

f∨−→M∨3
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is also exact, cf. [M4, Proposition 0.20]. We will always be in such a situation in what follows, so we will
occasionally refer to the “exactness of Pontryagin duality” without further comment.

2.1. Quaternionic cusp forms. Let D denote a quaternion algebra with centre F ramified at all infinite
places and split at all places above p. Denote by Σ the set of finite places at which D ramifies. Let νD denote
the reduced norm of D. Fix a maximal order OD of D and, for each finite place v at which D is split, an
isomorphism OD ⊗OF OFv ∼= M2(OFv ) of OFv -algebras. This determines an isomorphism D×v

∼= GL2(Fv)

sending (OD)×v to GL2(OFv ). Using this, we identify (D⊗F A∞,ΣF )× with GL2(A∞,ΣF ). We also fix a locally
algebraic character ψ : F×\(A∞F )× → O×, and for each v ∈ Σ, unramified characters γv : F×v → O× such
that γ2

v = ψ|F×v .

2.1.1. Let A be a topological O-module. For each τ ∈ JF , we have an isomorphism OD ⊗OF ,τ O ∼= M2(O).
Via this isomorphism, given τ ∈ JF , kτ ≥ 2 and wτ ∈ Z, we can view

Symkτ−2A2 ⊗O detwτO2

as an OD ⊗Z Zp ∼= M2×2(OF ⊗Z Zp)-module, which we denote by Wkτ ,wτ (A). Given an algebraic weight
κ = (k,w) ∈ ZJF × ZJF , we set Wκ(A) = ⊗τ∈JFWkτ ,wτ (A). Note Wκ(A) ∼= Wκ(O) ⊗O A. Concretely we
can view Wκ(O) as the space of O-linear combinations on the monomials∏

τ∈JF

Xkτ−2−jτ
τ Y jττ

for 0 ≤ jτ ≤ kτ − 2, where the action of OD ⊗Z Zp ∼= M2×2(OF ⊗Z Zp) is given by(
ap bp
cp dp

) ∏
τ∈JF

Xkτ−2−jτ
τ Y jττ = (apdp − bpcp)w

∏
τ∈JF

(τ(ap)Xτ + τ(cp)Yτ )kτ−2−jτ (τ(bp)Xτ + τ(dp)Yτ )jτ .

Following [KW], we will consider some non-compact open subgroups U =
∏
v Uv of (D⊗F A∞F )× in order

to ensure that certain local deformation rings are domains. This is only necessary when p = 2, which is our
principal focus, but we do this for all p simply to avoid cases and to treat all primes at once. To facilitate
this, we extend the action of (OD ⊗Z Zp)× on Wκ(A) to an action of

(D ⊗F A∞,pF )× × (OD ⊗Z Zp)× ∼=
∏
v-p

Dv ×
∏
v|p

(OD)×v

by letting Dv act via γ−1
v ◦ νD if v ∈ Σ, and trivially if v /∈ Σ ∪ {w|p}.

Let Σ′ ⊆ Σ. We will call an open subgroup U =
∏
v Uv of (D ⊗F A∞F )× a (Σ′ ⊆ Σ)-open subgroup if

- Uv ⊆ GL2(OFv ) for v /∈ Σ,
- Uv = Dv for v ∈ Σ′, and
- Uv = (OD)×v for v ∈ Σ r Σ′.

Let κ be an algebraic weight and let U be a (Σ′ ⊂ Σ)-open subgroup. We let Sκ,ψ(U,A) denote the space of
functions

f : D×\(D ⊗F A∞F )× −→Wκ(A)

such that f(xu) = u−1f(g) for all u ∈ U and f(zx) = ψ(z)f(x) for all z ∈ (A∞F )×. For this space to be
nonzero, there must be a submodule of A on which ψ(z) = z2−k−w

p for all z ∈ U ∩ (A∞F )×. In the case that
κ = ((k, . . . , k), (0, . . . , 0)) for some k ≥ 2, we will also write Sk,ψ(U,A) for Sκ,ψ(U,A). Note that for v ∈ Σ′

we have f(xgv) = γv ◦ νD(gv)f(x) for all gv ∈ Dv.
Choose t1, . . . , tn ∈ (D ⊗F A∞F )× such that (D ⊗F A∞F )× = tni=1D

×tiU(A∞F )×. Then the map f 7→
(f(t1), . . . , f(tn)) defines an isomorphism of O-modules

Sκ,ψ(U,A)
∼−→

n⊕
i=1

Wκ(A)(U(A∞F )×∩t−1
i D×ti)/F

×

which is also an isomorphism of A-modules if A is an O-algebra. If for any t ∈ (D ⊗F A∞F )×, we have

(U(A∞F )× ∩ t−1D×t)/F× = 1,

then A 7→ Sκ,ψ(U,A) is an exact functor and Sκ,ψ(U,A) ∼= Sκ,ψ(U,O) ⊗O A. Note, however, that if A is
O-flat, in particular if A = E, we still have Sκ,ψ(U,A) ∼= Sκ,ψ(U,O)⊗O A without any assumption on U .



30 PATRICK B. ALLEN

2.1.2. We record a few lemmas regarding the structure of the isotropy groups (U(A∞F )× ∩ t−1D×t)/F×.
Let D1 denote the subgroup of D× of elements of reduced norm 1, and let U ′ = U ∩ O×D. Note that U ′ is

open compact. Set V =
∏
w<∞O

×
Fw

. Then the reduced norm gives an exact sequence

(6) 0 −→ (UV ∩ t−1D1t)/{±1} −→ (U(A∞F )× ∩ t−1D×t)/F× −→ (((A∞F )×)2V ∩ F×)/(F×)2,

and there is an exact sequence

(7) 0 −→ O×F /(O
×
F )2 −→ (((A∞F )×)2V ∩ F×)/(F×)2 −→ Cl[2] −→ 0

with Cl the class group of OF . The first two of the following three lemmas are taken directly from [KW, §7].

Lemma 2.1.3. Let U be a (Σ′ ⊆ Σ)-open subgroup of (D ⊗F A∞F )×. Let w be a finite place not above p at
which D is split. Let Nw be the cardinality of GL2(kw).

The exponent of a Sylow p-subgroup of (U(A∞F )× ∩ t−1D×t)/F× divides 4Nw.

Proof. First assume that U is compact. Then UV ∩ t−1D1t is discrete and compact, hence finite, and injects
into UwVw. Note that any finite subgroup of UwVw of exponent a power of p injects into GL2(kw) under
reduction modulo mw. By (7), (((A∞F )×)2V ∩ F×)/(F×)2 has exponent 2, and so any p-Sylow subgroup of
(U(A∞F )× ∩ t−1D×t)/F× has exponent dividing 2Nw.

Now assume that U is not compact. Let U ′ denote the maximal compact open subgroup of U . Since
U(A∞F )×/U ′(A∞F )× is a finite group of exponent 2, the same holds for the quotient of (U(A∞F )×∩t−1D×t)/F×

by (U ′(A∞F )× ∩ t−1D×t)/F×. From what we know in the compact case, we get that the exponent of any
p-Sylow subgroup of (U(A∞F )× ∩ t−1D×t)/F× divides 4Nw. �

Let v be a finite place of F at which D is split. If Uv ⊇ Iw(v), then any character χv : k×v → O× can be
viewed as a character of U by

χv

(
a b
c d

)
= χv(avd

−1
v mod mv).

Since χv is trivial on U ∩ (A∞F )×, we can extend χv to a character on U(A∞F )× by letting it be trivial on
(A∞F )×.

Lemma 2.1.4. Let Q be some fixed set of finite places of F at which D is split. Fix another finite place
w /∈ Q at which D is split, and let Nw be the cardinality of GL2(kw). Let U be a (Σ′ ⊆ Σ)-open subgroup
of (D ⊗F A∞F )× such that Uv ⊇ Iw(v) for every v ∈ Q. Assume that for every v ∈ Q, the order of the
p-subgroup of k×v is divisible by the p-part of 2p(4Nw).

There is a character χ =
∏
v∈Q χv :

∏
v∈Q k

×
v → O× such that,

(1) each χv is non-trivial of order a power of p, and has order ≥ 4 if p = 2;
(2) viewing χ as a character of U(A∞F )× as above, χ annihilates (U(A∞F )× ∩ t−1D×t)/F× for any

t ∈ (D ⊗F A∞F )×.

Proof. Our hypothesis implies that there is a character χ′ =
∏
v∈Q χ

′
v :
∏
v∈Q k

×
v → O× of order a power of

p, with each χ′v of order divisible by the p-part of 2p(4Nw). We then set χv = (χ′v)
4Nw , and χ =

∏
v∈Q χv.

Note that the order of χ is divisible by the p-part of 2p. Since the exponent of a p-Sylow subgroup of
(U(A∞F )× ∩ t−1D×t)/F× divides the p-part of 4Nw by 2.1.3, χ is trivial on (U(A∞F )× ∩ t−1D×t)/F× for any
t ∈ (D ⊗F A∞F )×. �

Lemma 2.1.5. Let v be a finite place of F at which D is split, and let U be a (Σ′ ⊆ Σ)-open subgroup of
(D ⊗F A∞F )×. There is some n ≥ 1 such that if Uv ⊆ Iw1(vn) then (U(A∞F )× ∩ t−1D×t)/F× = 1 for any
t ∈ (D ⊗F A∞F )×.

Proof. Since D×\(D⊗F A∞F )×/U(A∞F )× is finite, it suffices to show the existence of such an n ≥ 1 for fixed

t ∈ (D ⊗F A∞F )×. Let µ denote the set of all roots of unity ζ ∈ Q such that [F (ζ) : F ] ≤ 2. Take k ≥ 1
sufficiently large such that for any ζ ∈ µ with ζ 6= ±1, we have ζ + ζ−1 6≡ ±2 mod mkv . We take n such that
n ≥ 2k and such that 2 /∈ mnv .

Let U ′ denote the maximal compact subgroup of U , D1 denote the subgroup of D× of elements of
reduced norm 1, and set V =

∏
w<∞O

×
Fw

. First consider the subgroup (U ′V ∩ t−1D1t)/{±1} of (U ′(A∞F )×∩
t−1D×t)/F×. Note U ′V ∩ t−1D1t is finite, since it is compact and discrete. Take uz ∈ U ′V ∩ t−1D1t with
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u ∈ U ′ and z ∈ V . Since uz ∈ t−1D1t has finite order, tr (uz) = ζ + ζ−1 for some ζ ∈ µ. Our assumption on
Uv implies νD(uv) ∈ 1 + mnv , and so 1 = νD(u)z2 implies that zv ∈ ±1 + mkv , by choice of n. Then

ζ + ζ−1 = tr (uz) = tr (uvzv) = zvtr (uv) ∈ ±2 + mkv ,

which implies ζ = ±1, by choice of k, and thus that (U ′V ∩ t−1D1t)/{±1} is trivial.
Since (U ′V ∩ t−1D1t)/{±1} is trivial, the reduced norm induces and injection

(U ′(A∞F )× ∩ t−1D×t)/F× −→ (V ((A∞F )×)2 ∩ F×)/(F×)2,

and by (7), (U ′(A∞F )×∩t−1D×t)/F× is a finite 2-group. Since U(A∞F )×/U ′(A∞F )× is a finite group of exponent
2, (U(A∞F )× ∩ t−1D×t)/F× is also a finite 2-group. It thus suffices to show that if g ∈ U(A∞F )× ∩ t−1D×t
is such that g2 ∈ F×, then g ∈ F×. If g2 ∈ F× and g /∈ F×, then tr g = 0. But U(A∞F )× ∩ t−1D×t injects
into UvF

×
v , and since 2 /∈ mnv , elements of UvF

×
v have nonzero trace. �

2.1.6. Set U ′ = U ∩ O×D. For g ∈ (D ⊗F A∞,ΣF ), if U ′gU ′ = tigiU ′, we have UgU = tigiU . If g ∈
(D ⊗F A∞,pF )× × (OD ⊗Z Zp)× there is a double coset operator

[UgU ] : Sκ,ψ(U,A) −→ Sκ,ψ(V,A)

given by ([UgU ]f)(x) =
∑
i gif(xgi). If A is an E vector space, then this double coset operator is defined

for any g ∈ (D ⊗F A∞F )×.
If V ⊆ U is another (Σ′ ⊂ Σ)-open subgroup with V normal in U , then the group ∆ = U(A∞F )×/V (A∞F )×

acts on Sκ,ψ(V,A) by (〈δ〉f)(x) = uδf(xuδ), where uδ is any lift to U of δ ∈ U(A∞F )×/V (A∞F )×. We will
have several occasions to use the following lemmas.

Lemma 2.1.7. Let U and V be (Σ′ ⊆ Σ)-open subgroups of (D ⊗F A∞F )× with V normal in U . If for all
t ∈ (D ⊗F A∞F )× we have (U(A∞F )× ∩ t−1D×t)/F× = 1, then Sκ,ψ(V,O) is a free O[∆]-module.

Proof. Choose {t1, . . . , tn} ⊂ (D ⊗F A∞F )× such that (D ⊗F A∞F )× = tni=1D
×tiU(A∞F )×. Our assumption

on U implies we have an O-algebra isomorphism

Sκ,ψ(U,O)
∼−→

n⊕
i=1

Wκ

f 7−→ (f(t1), . . . , f(tn)).

For each δ ∈ ∆, choose a representative uδ ∈ U . Then, (D⊗F A∞F )× = tni=1tδ∈∆D
×tiuδV (A∞F )× and there

is an isomorphism of O[∆]-modules

Sκ,ψ(V,O)
∼−→

n⊕
i=1

Wκ ⊗O O[∆]

f 7−→
(∑
δ∈∆

uδf(ti)⊗ δ−1
)

1≤i≤n.

From which it follows that Sκ,ψ(V,O) is a free O[∆]-module. �

Lemma 2.1.8. Let U and V be (Σ′ ⊆ Σ)-open subgroups of (D ⊗F A∞F )× with V normal in U and ∆ =
U(A∞F )×/V (A∞F )× abelian. Assume that for all t ∈ (D ⊗F A∞F )×, we have (U(A∞F )× ∩ t−1D×t)/F× = 1.
Sκ,ψ(V,E/O)∨ is a free O[∆]-module, and for ι : Sκ,ψ(U,E/O)→ Sκ,ψ(V,E/O) the natural inclusion, ι∨

defines an isomorphism from the ∆-coinvariants of Sκ,ψ(V,E/O)∨ to Sκ,ψ(U,E/O)∨.

Proof. Let a∆ denote the augmentation ideal of O[∆]. We have

Sκ,ψ(V,E/O)∨/a∆
∼= HomO(Sκ,ψ(V,E/O)[a∆], E/O)

∼= HomO(Sκ,ψ(U,E/O), E/O)

= Sκ,ψ(U,E/O)∨,

which is the second part of the lemma.
Give HomO(O[∆],O) the O[∆]-module structure (δλ)(r) = λ(δr). There is an isomorphism of O[∆]-

modules O[∆] ∼= HomO(O[∆],O) defined by sending δ ∈ ∆ to (δ−1)∗, where (δ−1)∗ takes value 1 on δ−1

and 0 on every other γ ∈ ∆. Hence, 2.1.7 implies that HomO(Sκ,ψ(V,O),O) is a free O[∆]-module. By our
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assumption on U , Sκ,ψ(V,E/O) ∼= Sκ,ψ(V,O)⊗O E/O. Moreover, since Sκ,ψ(V,O) is free over O, we have
an O-module isomorphism

HomO(Sκ,ψ(V,O)⊗O E/O, E/O) ∼= HomO(Sκ,ψ(V,O),O)

given by φ 7→ φ⊗1. This map is O[∆]-equivariant, so the freeness of HomO(Sκ,ψ(V,O),O) over O[∆] implies
that of Sκ,ψ(V,E/O)∨. �

2.1.9. We finish this subsubsection by recalling the connection between the O-modules Sκ,ψ(U,O) and cus-
pidal automorphic representations of GL2(AF ). We say an irreducible cuspidal automorphic representation
π of GL2(AF ) is regular algebraic if there is an algebraic weight κ = (k,w) such that for each τ ∈ I, letting
v denote the corresponding infinite place coming from our fixed embedding Q→ C, πv is the discrete series
representation with lowest weight kτ − 1 and central character z 7→ sgn(z)kτ |z|2−kτ−2wτ . Recall that if V is
an open compact subgroup of GL2(A∞F ) and g ∈ GL2(A∞F ), there is a double coset operator [V gV ] on πV

given by

[V gV ]w =
∑
i

giw

if V gV = tigiV .
Set U ′ = U ∩ O×D. Assume that ψ(z) = z2−k−2w

p for all z ∈ U ′ ∩ (A∞F )×. Fix an isomorphism Qp ∼= C
that extends our fixed embeddings Q → Qp and Q → C. Define a character ψC : F×\A×F → C× by

ψC(z) = ψ(z)zk+2w−2
p z2−k−2w

∞ . We also define characters γv,C : F×v → C× for each v ∈ Σ simply via the

isomorphism Qp ∼= C. Note that we can view

Wκ(C) = ⊗τ∈JF Symkτ−2C2 ⊗ detwτC2

as a representation of D×∞ = (D ⊗F R)×.

Let AutDκ,ψC,Σ′
denote the set of all irreducible automorphic representations π of D with central character

ψC such that π∞ ∼= Wκ(C)∗ and πv ∼= γv ◦νD for each v ∈ Σ′. For π ∈ AutDκ,ψC,Σ′
and g ∈ (D⊗FA∞F )×, there

is a double coset operator [U ′gU ′] on πU
′

defined in the same way as the GL2-case. Let C∞ψC,Σ′
(D×\(D ⊗F

AF )×/U ′,C) denote the space of smooth functions

φ : D×\(D ⊗F AF )×/U ′ −→ C

such that φ(zx) = ψC(z)φ(x) for all z ∈ A∞F and φ(xgv) = γv,C ◦ νD(gv)φ(x) for all gv ∈ D×v with v ∈ Σ′.
Then ⊕

AutDκ,ψ∞

πU
′

= HomD×∞
(Wκ(C)∗, C∞ψC,Σ′

(D×\(D ⊗F AF )×/U ′,C))

and the map f 7→ (λ 7→ (x 7→ λ(x−1
∞ xpf(x)))) defines an isomorphism

A : Sκ,ψ(U,E)⊗E C ∼−→ HomD×∞
(Wκ(C)∗, C∞ψC

(D×\(D ⊗F AF )×/U ′))

such that A ◦ [UgU ] = [U ′gU ′] ◦A for all g ∈ (D⊗F A∞F )×. Applying the theorem of Jacquet-Langlands and

Shimizu to AutDκ,ψC,Σ′
we obtain the following.

Proposition 2.1.10. Define an open compact subgroup V of GL2(A∞F ) by Vv = Uv for v /∈ Σ and Vv = Iw(v)
for v ∈ Σ. Let ΠΣ

κ,ψC,Σ′
denote the set of all irreducible cuspidal automorphic representations π of GL2(AF )

such that

- π has central character ψC,
- π is regular algebraic of weight κ
- πv is square integrable for each v ∈ Σ,
- πv ∼= (γv,C ◦ det)⊗ St for each v ∈ Σ′, where St denotes the Steinberg representation.

There is a surjection of C-vector spaces

JL : Sκ,ψ(U,E)⊗E C −→
⊕

ΠΣ
κ,ψC,Σ′

(π∞)V

such that
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(1) for g ∈ (D ⊗F A∞,ΣF )× ∼= GL2(A∞,ΣF ), we have

JL ◦ [UgU ] = [V gV ] ◦ JL;

(2) JL is an isomorphism unless κ = ((2, . . . , 2),w), in which case the kernel of JL consists of the
functions that factor through the reduced norm.

2.2. Nearly ordinary Hecke algebras. Keep the assumptions and notation of the previous subsubsection.
We further assume that for each v|p, there is n ≥ 0 such that Uv ⊇ Iw1(vn)

2.2.1. Recall that Σ is the set of finite places at which D ramifies. Let S = Σ ∪ {v|p} ∪ {v : Uv 6= (OD)×v }.
For any v /∈ S and uniformizer $v at v, the double cosets

U

(
$v

1

)
U and U

(
$v

$v

)
U

do not depend on the choice of $v. We define operators Tv and Sv on Sκ,ψ(U,A) by setting

Tvf =

[
U

(
$v

1

)
U

]
f and Svf =

[
U

(
$v

$v

)
U

]
f,

Note that Sv is simply multiplication by ψ($v). If V ⊆ U is another (Σ′ ⊂ Σ)-open subgroup, the natural
inclusion Sκ,ψ(U,A)→ Sκ,ψ(V,A) is equivariant for the Tv and Sv such that Vv = GL2(OFv ).

For each v|p we fix, once and for all, an element $v ∈ F such that $v is a uniformizer for Fv and lies
in O×Fw for all w|p with w 6= v. We choose our uniformizers for Fv in this way because, following Hida,
we modify the usual Hecke operators at places above p in order to define the nearly ordinary subspace of
Sκ,ψ(U,O). This modification will involve a multiplication by a power of $v, and having $v belong to F
allows us to compare the nearly ordinary subspace of Sκ,ψ(U,O) with nearly ordinary cuspidal automorphic
representations of GL2(AF ).

Note first that for any g ∈ M2×2(OF ⊗Z Zp) with det(g) 6= 0, the endomorphism τ(det(g))−wτ g of
Wkτ ,wτ (E) stabilizes the O-lattice Wkτ ,wτ (O), hence defines an endomorphism of Wkτ ,wτ (A) for any O-
module A. For each v|p, we then define the operator T$v on Sκ,ψ(U,A) by

T$vf = $−wv

[
U

(
$v

1

)
U

]
f,

Note that T$v depends on the choice of $v as we are not assuming Uv = GL2(OFv ). If V ⊂ U is another
(Σ′ ⊆ Σ)-open subgroup and Iw1(vn) ⊆ Vv ⊆ Uv ⊆ Iw(v), for some n ≥ 1, the natural inclusion Sκ,ψ(U,A)→
Sκ,ψ(V,A) is a equivariant for T$v .

For y ∈ Up = (OF ⊗Z Zp)×, we define two related operators. First we define 〈y〉 by

〈y〉f =

[
U

(
y

1

)
U

]
f.

We then define a normalized version 〈y〉no by

〈y〉no = y−w〈y〉.

The point of introducing the normalized version is that later we will define an isomorphism between certain
spaces of modular forms of different weights, and this isomorphism will not be 〈y〉-equivariant, but will be
〈y〉no-equivariant. Note that an O-subalgebra of EndO(Sκ,ψ(U,O)) containing 〈y〉 also contains 〈y〉no and
vice-versa. If V ⊆ U is another (Σ′ ⊆ Σ)-open subgroup then the natural inclusion Sκ,ψ(U,A)→ Sκ,ψ(V,A)
respects the 〈y〉 and 〈y〉no-actions on each space.

If A is a commutative O-algebra, we denote by Tκ,ψ(U,A) the A-subalgebra of EndA(Sκ,ψ(U,A)) gen-
erated by Tv for each v /∈ S, T$v for each v|p, and 〈y〉 (equivalently 〈y〉no) for each y ∈ Up. If A is not
a commutative O-algebra, we denote by Tκ,ψ(U,A) the O-subalgebra of EndO(Sκ,ψ(U,A)) generated by
the aforementioned Hecke operators. If A is a finite O-module, or if A = E/O, then Tκ,ψ(U,A) is a finite
commutative O-algebra.
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2.2.2. Let A be one of the following: O, a finite quotient of O, E/O, or a finite submodule of E/O. We
call a maximal ideal m of Tκ,ψ(U,A) nearly ordinary if the image of T$v in Tκ,ψ(U,A)/m is non-zero for
each v|p. Note that since Tκ,ψ(U,A) is finite over O, we have a decomposition

Tκ,ψ(U,A) =
∏
m

Tκ,ψ(U,A)m

where the product runs over the set of maximal ideals of Tκ,ψ(U,A). We define the nearly ordinary Hecke
algebra (of weight k, character ψ and level U with coefficients in A) by

Tno
κ,ψ(U,A) =

∏
m no

Tκ,ψ(U,A)m

where the product runs over all nearly ordinary maximal ideals of Tκ,ψ(U,A). Note that the projection

Tκ,ψ(U,A) −→ Tno
κ,ψ(U,A)

corresponds to an idempotent eH in Tκ,ψ(U,A), and it is known as Hida’s idempotent. Letting

Tp =
∏
v|p

T$v ,

it can be checked that

eH = lim
n→∞

Tn!
p .

We also define the nearly ordinary subspace of Sκ,ψ(U,A) by

Sno
κ,ψ(U,A) = eHSκ,ψ(U,A).

2.2.3. Let π be a cuspidal automorphic representation of GL2(AF ) of weight κ. For each v|p, since $v is
an element of F , we can make sense of the operator

T$v = $−wv

[
V

(
$v

1

)
V

]
.

on πV for any compact open subgroup V , viewing JF as the set of embeddings F → C. We say π is p-nearly
ordinary (or just nearly ordinary if p is clear from the context) if there is a open compact subgroup V of
GL2(AF ) and a non-zero vector x ∈ πV such that for each v|p, T$v acts on x by an element of Q that is a
unit in the ring of integers of Qp. Note this does in general depend on our choice of embedding Q → Qp.
If π is nearly ordinary, then for each v|p, πv is either a principal series representation π(ηv| |1/2v , µv| |1/2v )

or a special representation σ(ηv| |1/2v , ηv| |−1/2
v ) with $−wv ηv($v) an element of Q that is a unit in Qp, cf.

[H2, Corollary 2.2]. If π is nearly ordinary and πV 6= 0, then there is in fact a unique line in πVvv on which
T$v acts via a unit in Qp.

Using the notation of 2.1.10, if we let ΠΣ,no
κ,ψC,Σ′

denote the subset of ΠΣ
κ,ψC,Σ′

consisting of nearly ordinary
representations, then the map JL of 2.1.10 restricts to

JL : Sno
κ,ψ(U,E)⊗E C −→

⊕
π∈ΠΣ,no

κ,ψC,Σ′

πV .

If Uv ⊆ Iw(v) for each v|p, then any function factoring through the reduced norm of D is not nearly-ordinary,
and so in this case JL is an isomorphism on nearly ordinary subspaces. Using this we can identify Tno

κ,ψ(U,E)

with a subspace of endomorphism of ⊕πV .

Take π ∈ ΠΣ,no
κ,ψC,Σ′

with πV 6= 0, and fix a nonzero vector x = ⊗vxv ∈ πV , on which T$v acts via a unit in

Qp for each v|p. The line generated by x is Tno
κ,ψ(U,E)-stable, and if x′ = ⊗vxv is another such vector, the

Tno
κ,ψ(U,E)-eigensystem given by x is equal to that of x′. It follows that we have an E-algebra injection

Tno
κ,ψ(U,E) −→

∏
π

Qp

where the product is taken over all π ∈ ΠΣ,no
κ,ψC,Σ′

with πV 6= 0. In particular Tno
κ,ψ(U,O) is reduced.
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2.3. Universal nearly ordinary Hecke algebras. Keep all assumptions and notation of the previous
subsection. We will further assume henceforth that A is one of the following: O, some finite quotient of O,
E/O, or some finite submodule of E/O. We will also assume henceforth that Uv = Iw(v) for all v|p.

For integers b ≥ a ≥ 0 we let U(pa,b) denote the open subgroup of U given by U(pa,b)v = Uv if v - p, and
U(pa,b)v = Uv ∩ Iw(va,b) for v|p. Note that U(pa,a) is not the subgroup of U consisting of elements that are
upper triangular unipotent modulo pa, but rather modulo $a

p , where $p is the finite idèle with ($p)v = $v

for v|p and equal to 1 elsewhere.

2.3.1. For y ∈ Up,
(
y

1

)
normalizes U(pa,b), so

〈y〉f =

(
y

1

)
f.

Since we have fixed a central character ψ, the natural inclusion Sκ,ψ(U(p0,b), A)→ Sκ,ψ(U(pa,b), A) identifies
Sκ,ψ(U(p0,b), A) with the Up-invariants of Sκ,ψ(U(pa,b), A). Similarly for Sno

κ,ψ(U(p0,b), A)→ Sno
κ,ψ(U(pa,b), A).

Lemma 2.3.2. For any a ≥ 0 and b ≥ max{a, 1}, the inclusion Sno
κ,ψ(U(pa,b), A) → Sno

κ,ψ(U(pa,b+1), A) is
an isomorphism.

Proof. Recall that Tp =
∏
v|p T$v . Then for b ≥ 1, the action of Tp on Sκ,ψ(U(pa,b), A) is given by the

double coset operator [
U(pa,b)

(
$p

1

)
U(pa,b)

]
where $p ∈ (A∞F )× is the idèle equal to $v at v|p and 1 elsewhere. It easy to check that, for b ≥ 1,

U(pa,b+1)

(
$p

1

)
U(pa,b+1) = U(pa,b)

(
$p

1

)
U(pa,b+1).

Hence TpSκ,ψ(U(pa,b+1), A) ⊆ Sκ,ψ(U(pa,b), A), where we have identified Sκ,ψ(U(pa,b), A) with its image
in Sκ,ψ(U(pa,b+1), A). It follows that eHSκ,ψ(U(pa,b+1), A) = eHSκ,ψ(U(pa,b), A) for any a ≥ 0 and b ≥
max{a, 1}. �

For b ≥ a, the Hecke-equivariant injections Sκ,ψ(U(pa,a), A) → Sκ,ψ(U(pb,b), A) and Sno
κ,ψ(U(pa,a), A) →

Sno
κ,ψ(U(pb,b), A) induce surjections Tκ,ψ(U(pb,b), A)→ Tκ,ψ(U(pa,a), A) and Tno

κ,ψ(U(pb,b), A)→ Tno
κ,ψ(U(pa,a), A).

We define

Tno
κ,ψ(U(p∞), A) = lim←−

a

Tno
κ,ψ(U(pa,a), A),

and

Sno
κ,ψ(U(p∞), E/O) = lim−→

a

Sno
κ,ψ(U(pa,a), E/O).

We have a faithful action of Tno
κ,ψ(U(p∞), E/O) on Sno

κ,ψ(U(p∞), E/O).

If M is a topological O module, then Pontryagin duality M 7→M∨ = HomO(M,E/O) induces an isomor-
phism EndO(M) ∼= EndO(M∨). Hence, we have a faithful action of Tno

κ,ψ(U(pa,a), E/O) on Sno
κ,ψ(U(pa,a), E/O)∨.

Take a0 ≥ 1 large enough so that (U(pa0,a0)(A∞F )× ∩ t−1D×t)/F× = 1 for all t ∈ (D ⊗F A∞F )×, which is
possible by 2.1.5. Then for any a ≥ a0, Sno

κ,ψ(U(pa,a),O) is a finite free O-module and

Sno
κ,ψ(U(pa,a), E/O) ∼= Sno

κ,ψ(U(pa,a),O)⊗O E/O,

hence there is an isomorphism

HomO(Sno
κ,ψ(U(pa,a),O,O) ∼= HomO(Sno

κ,ψ(U(pa,a), E/O), E/O).

This isomorphism is equivariant for the action of the the operators Tv, with v /∈ S, T$v , with v|p, and 〈y〉no,
with y ∈ Up, on each side. We then have an isomorphism, for any a ≥ a0,

Tno
κ,ψ(U(pa,a),O) ∼= Tno

κ,ψ(U(pa,a), E/O)
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which sends Tv to Tv, etc. And so there is a faithful action of Tno
κ,ψ(U(pa,a),O) on Sno

κ,ψ(U(pa,a), E/O)∨. We

then have a faithful action of Tno
κ,ψ(U(p∞),O) on

lim←−
a≥a0

Sno
κ,ψ(U(pa,a), E/O)∨ ∼=

(
lim−→
a≥a0

Sno
κ,ψ(U(pa,a), E/O)

)∨
= Sno

κ,ψ(U(p∞), E/O)∨.

We view Tno
κ,ψ(U(p∞),O) as a Λ(Up) = O[[Up]]-algebra by letting y ∈ Up acting via 〈y〉no. Denote by pκ

the prime ideal in Λ(Up) corresponding to the kernel of the O-algebra homomorphism that sends y ∈ Up to
y−w ∈ O. With some mild abuse of notation, we also denote by pκ it’s pullback of to Λ(Uap ) = O[[Uap ]] for
any a ≥ 0. We then have a version of Hida’s control theorem.

Proposition 2.3.3. Let a ≥ 1 be such that (U(pa,a)(A∞F )× ∩ t−1D×t)/F× = 1 for all t ∈ (D ⊗F A∞F )×.
Sno
κ,ψ(U(p∞), E/O)∨ is finite free over Λ(Uap ) of rank equal to the O-rank of Sno

κ,ψ(U(pa,a),O). Moreover

the natural surjection Sno
κ,ψ(U(p∞), E/O)∨ → Sno

κ,ψ(U(pa,a), E/O)∨ has kernel pκS
no
κ,ψ(U(p∞), E/O)∨.

Proof. We define a different Λ(Uap )-module structure on Sno
κ,ψ(U(p∞), E/O)∨, by letting y ∈ Up act via

〈y〉. Note that the two Λ(Uap )-module structures differ by an automorphism of Λ(Uap ) that sends pκ to the
augmentation ideal a of Λ(Uap ). It thus suffices to prove the lemma with this new Λ(Uap )-module structure
and pκ replaced by a.

The second part follows easily from 2.3.2,

Sno
κ,ψ(U(p∞), E/O)∨/aSno

κ,ψ(U(p∞), E/O)∨ ∼= HomO(Sno
κ,ψ(U(p∞), E/O)U

a
p , E/O)

∼=
(

lim−→
b≥a

Sno
κ,ψ(U(pa,b), E/O)

)∨
= Sno

κ,ψ(U(pa,a), E/O)∨.

For the first part, it suffices to show, by the second part, that for every b ≥ a, Sno
κ,ψ(U(pb,b), E/O)∨ is a finite

free O[Uap /Ubp ]-module of rank equal to the O-rank of Sno
κ,ψ(U(pa,a),O). Since the projections

Sno
κ,ψ(U(pb,b), E/O)∨ −→ Sno

κ,ψ(U(pa,a),O)∨

are Hecke equivariant, and the direct summand of a free module over a local ring is free, it suffices to prove
this without having applied Hida’s idempotent. This follows from 2.1.8. �

Corollary 2.3.4. For any a ≥ 0, both Sno
κ,ψ(U(p∞), E/O)∨ and Tno

κ,ψ(U(p∞),O) are finite over Λ(Uap ).

Proof. It suffices to show this for some a ≥ 0. That it holds for Sno
κ,ψ(U(p∞), E/O)∨ is part of 2.3.3. Since

there is an injection
Tκ,ψ(U(p∞),O) −→ EndΛ(Uap )(S

no
κ,ψ(U(p∞), E/O)∨)

the same is true for Tκ,ψ(U(p∞),O). �

2.3.5. There is a unique free rank oneO-submodule ofWκ(O) on which the diagonal subgroup ofGL2(OF⊗Z
Zp) acts via the character (

ap
dp

)
7→ awp d

k+w−2
p ,

which we will denote by χκ. Fix a generator vl of this submodule. By abuse of notation we will also denote
by vl its image in Wκ(O/mrO) for any r ≥ 1. Then, for A = O or O/mrO, the choice of vl gives a Borel
equivariant map

Wκ(A) −→ A(χκ).

If A = O/mrO and a ≥ r, this yields a U(pa,a)-equivariant map

prκ : Wκ(A) −→ A.

Recall that, for v ∈ Σ, Uv may act nontrivially on both sides of above. However, it does so via the same
O×-valued character γ−1 ◦ νD.

Lemma 2.3.6. Let a ≥ r ≥ 1, and recall that $p is the finite idèle defined by ($p)v = $v for v|p and
($p)v = 1 for v - p.

(1) For any v|p and g ∈ U(pa,a)

(
$v

1

)
U(pa,a), we have $−wv gpvl = vl + w with w ∈ ker(prκ).
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(2) For any w ∈ ker(prκ) and g ∈ U(pa,a)

(
$r
p

1

)
U(pa,a), we have $−rwp gpw = 0.

Proof. Let α be either $v or $r
p. For u ∈ U(pa,a), up acts on Wκ(O/mrO) through its image modulo mrO,

which is upper triangular unipotent. Hence, for any

g ∈ U(pa,a)

(
α

1

)
U(pa.a)

we can assume

g =

(
α x

1

)
for some x ∈ A∞F with xp ∈ OF ⊗Z Zp.

Recall we have an isomorphism of Wκ(O/mrO) with the space of O/mrO-linear combinations on the mono-
mials

(8)
∏
τ∈JF

Xkτ−2−jτ
τ Y jττ ,

with each 0 ≤ jτ ≤ kτ − 2, on which GL2(O ⊗Z Zp) acts by(
ap bp
cp dp

) ∏
τ∈JF

Xkτ−2−jτ
τ Y jττ = (apdp − bpcp)w

∏
τ∈JF

(τ(ap)Xτ + τ(cp)Yτ )kτ−2−jτ (τ(bp)Xτ + τ(dp)Yτ )jτ .

We see that ker(prκ) is the span of all monomials (8) with some jτ < kτ − 2 and we may assume vl =∏
JF
Y kτ−2
τ

For α = $v we have

$−wv

(
$v x

1

) ∏
τ∈JF

Y kτ−2
τ =

∏
τ∈JF

(τ(xp)Xτ + Yτ )kτ−2 = vl + w

with w ∈ ker(prκ).
For α = $r

p, since τ($r
p) ∈ mrO for any τ ∈ JF ,

$−rwp

(
$r
p x

1

) ∏
τ∈JF

Xkτ−2−jτ
τ Y jττ =

∏
τ∈JF

(τ($r
p)Xτ )kτ−2−jτ (τ(xp)Xτ + Yτ )jτ = 0,

if some jτ < kτ − 2. �

If a ≥ r, the map prκ : Wκ(O/mrO)→ O/mrO induces a morphism of O-modules

pr∗κ : Sκ,ψ(U(pa,a),O/mrO) −→ S2,ψ(U(pa,a),O/mrO).

Proposition 2.3.7. For any algebraic weight κ and a ≥ r ≥ 1, pr∗κ is equivariant for all Tv with v /∈ S,
T$v with v|p, and 〈y〉no with y ∈ Up. Moreover pr∗κ induces an isomorphism

Sno
κ,ψ(U(pa,a),O/mrO)

∼−→ Sno
2,ψ(U(pa,a),O/mrO).

Proof. It is easy to see that prκ is equivariant for Tv with v /∈ S and 〈y〉no for y ∈ Up. For v|p, writing

U(pa,a)

(
$v

1

)
U(pa,a) =

⊔
i

giU(pa,a)

we have, by part (1) of 2.3.6,

prκ($−wv
∑
i

gif(xgi)) =
∑
i

( ∏
v∈Σ′

γ−1
v ◦ νD(gi,v)

)
prκ(f(xgi)) =

∑
i

giprκ(f(xgi)).

So, pr∗κ is equivariant for T$v .
The equivariance of pr∗κ implies that it induces a morphism

Sno
κ,ψ(U(pa,a),O/mrO) −→ Sno

2,ψ(U(pa,a),O/mrO).

Take f ∈ S2,ψ(U(pa,a),O/mrO). Write

U(pa,a)

(
$r
p

1

)
U(pa,a) =

⊔
i

giU(pa,a),
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and define a function sκ(f) : D×\(D ⊗F A∞F )× →Wκ(O/mrO) by

sκ(f)(x) =
∑
i

$−rwp gif(xgi)vl.

We first show that s(f) is independent of the choice of {gi}. Indeed, choosing ui ∈ U(pa,a), we have

(9)
∑
i

$−rwp giuif(xgiui)vl =
∑
i

$−rwp giui,pf(xgi)vl

since f ∈ S2,ψ(U(pa,a),O/mrO) implies f(xgiui) = (
∏
v∈Σ′ γv ◦ νD(ui,v))f(xgi). For each i, since ui,p is

upper-triangular unipotent mod $a
p , we have ui,pvl = vl + wi, with wi ∈ ker(prκ). Then (9) becomes∑

i

$−rwp gif(xgi)vl +
∑
i

$−rwp gif(xgi)wi =
∑
i

$−rwp gif(xgi)vl,

by part (2) of 2.3.6. So, s(f) is independent of the choice of {gi}.
Now we check sκ(f) ∈ Sκ,ψ(U(pa,a),O/mrO). Set F = sκ(f). The fact that F (xz) = ψ(z)F (x) for

z ∈ (A∞F )× is immediate. Take u ∈ U(pa,a). Now

(10) (uF )(x) = u
(∑

i

$−rwp gif(xugi)vl
)

=
∑
i

$−rwp ugif(xugi)vl.

For each i, we can write ugi = gjuj , and (10) becomes

(uF )(x) =
∑
j

$−rwp gjujf(xgjuj)vl = F (x),

since sκ is does not depend on the double coset decomposition.
For f ∈ S2,ψ(U(pa,a),O/mrO), since T rp =

∏
v|p T

r
$v , part (1) of 2.3.6 implies that

(prκ ◦ sκ)(f) = T rp f.

Conversely, given F ∈ Sκ,ψ(U(pa,a),O/mrO), and writing F (x) = f(x)vl + F ′(x) with F ′ a function taking
values in ker(prκ), part (2) of 2.3.6 implies that

((sκ ◦ prκ)(F ))(x) =
∑
i

$−rwp gif(xgi)vl =
∑
i

$−rwp gi(f(xgi)vl + F ′(xgi)) = (T rpF )(x).

If f ∈ Sno
2,ψ(U(pa,a),O/mrO), then sκ(f) ∈ Sno

κ,ψ(U(pa,a),O/mrO). Indeed, since each space is finite, there
is some n ≥ r such that eH = Tnp on each space. Then

Tnp sκ(f) = (sκ ◦ prκ)(Tn−rp sκ(f)) = sκ(Tn−rp (prκ ◦ sκ)(f)) = sκ(Tnp f) = sκ(f).

Lastly, prκ and sκ restrict to morphisms between the nearly ordinary subspaces whose composites are
automorphisms; so, prκ and sκ are isomorphisms on the nearly ordinary subspaces. �

Since m−rO /O ∼= O/mrO, the following corollary follows from 2.3.7 upon taking direct limits and Pontryagin
duals.

Corollary 2.3.8. For any algebraic weight κ, there is an O-module isomorphism

Sno
κ,ψ(U(p∞), E/O)∨ ∼= Sno

2,ψ(U(p∞), E/O)∨,

equivariant for all Tv with v /∈ S, T$v with v|p, and 〈y〉no with y ∈ Up.

2.3.9. Henceforth we denote S2,ψ(U(p∞), E/O)∨ by Sψ(U). By 2.3.4, Sψ(U) is a finite Λ(Up)-module that is
free over Λ(Uap ) for sufficiently large a ≥ 1. We let Tψ(U) denote the Λ(Up)-subalgebra of EndΛ(Up)(Sψ(U))
generated by Tv for all v /∈ S and T$v for v|p. Note that Tψ(U) is finite a finite Λ(Up)-algebra, and is
reduced. The following corollary is immediate from 2.3.8.

Corollary 2.3.10. Let κ = (k,w) be an algebraic weight such that U ∩ (A∞F )× acts on Wκ(O) via ψ−1. We
have an Λ(Up)-algebra isomorphism

Tno
κ,ψ(U(p∞),O) ∼= Tψ(U)

identifying the Tv for v /∈ S, and the T$v for v|p

Recall that if κ is an algebraic weight, then for any a ≥ 1 we denote by pκ the kernel of the O-algebra
morphism Λ(Uap )→ O corresponding to the character y 7→ y−w of Uap .
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Corollary 2.3.11. Let κ = (k,w) be an algebraic weight such that U ∩ (A∞F )× acts on Wκ(O) via ψ−1. Let
a ≥ 1 be such that (U(pa,a)(A∞F )× ∩ t−1D×t)/F× = 1 for all t ∈ (D ⊗F A∞F )×.

The isomorphism Tψ(U) ∼= Tκ,ψ(U(p∞),O) of 2.3.10 combined with the natural projection Tκ,ψ(U(p∞),O)→
Tκ,ψ(U(pa,a),O) has kernel equal to the radical of pκTψ(U).

Proof. Combining 2.3.10 with 2.3.3 yields an action of Tψ(U)/pκTψ(U) on Sno
κ,ψ(U(pa,a), E/O)∨ that fac-

tors through Tκ,ψ(U(pa,a),O). Since Tκ,ψ(U(pa,a),O) is reduced, it suffices now to show that any p ∈
SpecTψ(U) containing pκTψ(U) is in the support of Sno

κ,ψ(U(pa,a), E/O)∨. But this follows from 2.3.8,
2.3.3, and Nakayama’s Lemma, since

Sno
κ,ψ(U(pa,a), E/O)∨p = Sψ(U)p/pκSψ(U)p.

�

We say that a prime p of Tψ(U) is an arithmetic prime if there is some a ≥ 1 and some algebraic weight
κ such that p ∩ Λ(Uap ) = pκ.

Corollary 2.3.12. For any irreducible component C of SpecTψ(U), the set of arithmetic primes in C is
Zariski dense.

Proof. It is easy to see that the set of primes p ∈ Spec Λ(Up) such that p∩Λ(Uap ) = pκ for some a and some
κ, is Zariski dense in Λ(Up). The result now follows from the fact that SpecTψ(U) is finite over Spec Λ(Up)
by 2.3.4. �

2.4. Modular Galois representations. We keep all assumptions and notations of the previous subsub-
section. In particular κ is an algebraic weight, U is a (Σ′ ⊆ Σ)-open subgroup of (D⊗F AF )×, and S denotes
the finite set of places containing Σ, all primes at which Uv is not maximal compact, as well as all places
above p and ∞.

2.4.1. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF ). There is an absolutely
irreducible representation

ρπ : GF −→ GL2(Qp)
such that ρπ|Gv and πv satisfy the (suitably normalized) local Langlands correspondence for every place v of
F . The existence of such a ρπ was shown in [T1] building on [W] and [C1], and an alternate construction is
given in [BR]. The compatibility with the local Langlands correspondence was shown for places away from
p in [C1] and [T1], and for places above p in [BR], [S1] and [S4].

In the case that π is p-nearly ordinary, we can say more. Let (k,w) denote the weight of π. Take an
open compact subgroup V ⊂ GL2(A∞F ), with Vv ⊆ Iw(v) for each v|p, such that there is 0 6= x ∈ πV with

T$vx = αvx, where αv ∈ Q is a p-adic unit under out fixed embedding Q→ Qp. Then the line generated by
x is also stable under 〈y〉 for every y ∈ Up, and the eigenvalues are algebraic. Letting χ′v denote the resulting

Q-valued character, we define a character χv : F×v → Q×p by χv(y) = χ′v(y)y−w and χv($v) = αv. It is
shown in [W] and [H2] that

ρπ|Gv ∼=
(
∗ ∗

χv

)
.

2.4.2. Let f ∈ Sno
κ,ψ(U,O), be an eigenfunction for Tno

κ,ψ(U,O), and let

λf : Tno
κ,ψ(U,O) −→ Qp

denote the resulting homomorphism. The image of f under the Jacquet-Langlands-Shimizu correspondence,
c.f. 2.1.10, generates an irreducible πf . Let ρf = ρπf , with ρπf as in 2.4.1. The discussion in 2.4.1 applied
to

ρf : GF −→ GL2(AF )

implies

(1) ρf is unramified outside S and tr ρf (Frobv) = λf (Tv) for each v /∈ S;
(2) det ρf = ψεp, in particular det ρf (c) = −1 for any choice c of complex conjugation;

(3) for every v ∈ Σ, ρf |Gv ∼=
(
θvεp ∗

θv

)
with θv an unramified character, and if v ∈ Σ′, θv = γv;
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(4) for every v|p, ρf |Gv ∼=
(
∗ ∗

χv

)
, where, via the isomorphism of local class field theory, χv($v) =

λf (T$v ), and χv(y) = λf (〈y〉no) for all y ∈ O×Fv .

2.4.3. We call an ideal a of Tno
κ,ψ(U,O) or Tψ(U) Eisenstein if there is an abelian extension L/F such that

for all but finitely many finite places v of F that split completely in L, we have Tv − 2 ∈ a.
Let f be an eigenform for Tno

κ,ψ(U,O), and let

λf : Tno
κ,ψ(U,O) −→ Qp,

denote the corresponding O-algebra morphism. The kernel of λf is contained in a unique maximal ideal m.

Choosing a Zp-lattice for ρf and reducing modulo the maximal ideal of Zp, we obtain a representation

ρm : GF,S −→ GL2(F).

If m is non-Eisenstein, ρm is irreducible and (up to isomorphism) ρm does not depend on the choice of
Zp-lattice in the representation space of ρf , nor on the choice of f .

Given the non-Eisenstein maximal ideal m of Tψ(U) and v|p, we define a character

χuniv
v,m : Gv −→ Tψ(U)×m

by composing the isomorphism of class field theory with the character of F×v that sends $v to T$v , and on
O×Fv is equal to the canonical character

O×Fv −→ Λ(Up)× −→ Tψ(U)×m.

Proposition 2.4.4. Let m be a non-Eisenstein maximal ideal of Tψ(U). There exists a continuous repre-
sentation

ρU,m : GF,S −→ GL2(Tψ(U)m)

such that

(1) for any finite place v /∈ S, tr ρU,m(Frobv) = Tv.

Moreover, this representation satisfies

(2) det ρU,m = ψεp,
(3) for v|p and σ ∈ Gv, tr ρ(σ) = ψεp(χ

univ
v,m )−1(σ) + χuniv

v,m (σ).

Proof. Take an algebraic weight κ and a ≥ 1 such that U ∩ (A∞F )× acts on Wκ(O) by ψ−1 and such that
for any t ∈ (D ⊗F A∞F )×, (U(pa,a)(A∞F )× ∩ t−1D×t)/F× = 1. Then m is the pullback of a non-Eisenstein
maximal ideal of Tno

κ,ψ(U(pa,a),O). Let

λ : Tno
κ,ψ(U(pa,a),O)m −→ Qp

by an O-algebra morphism corresponding to an eigenform f , and let ρf denote the corresponding represen-
tation as in 2.4.2. Since tr ρλ(Frobv) = λ(Tv), for every v /∈ S, the injection

Tno
κ,ψ(U(pa,a),O)m −→

∏
f

Qp,

c.f. 2.2.3, implies there is a is a pseudo-representation

ra : GF,S −→ Tκ,ψ(U(pa,a),O)m

with ra(Frobv) = Tv for every v /∈ S. We also get a pseudo-representation

rb : GF,S −→ Tκ,ψ(U(pb,b),O)m

for every b ≥ a, such that

GF,S
rb //

ra
''

Tno
κ,ψ(U(pb,b),O)m

��
Tno
κ,ψ(U(pa,a),O)m
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commutes. We then get a pseudo representation

r = lim←−
b≥a

rb : GF,S −→ Tψ(U)m,

such that r(Frobv) = Tv for any v /∈ S. Since r modulo m is the trace of an absolutely irreducible represen-
tation, namely ρm, a theorem of Nyssen and Rouqier [N], [R2], implies that r is the trace of a representation

ρU,m : GF,S −→ GL2(Tψ(U)m),

and a theorem of Carayol [C2] implies this representation is unique. To see (2) and (3), note that the
specialization of ρU,m at any arithmetic prime satisfies the corresponding properties, hence so does ρU,m by
Zariski density of arithmetic primes, cf. 2.3.12, and reducedness of Tψ(U)m. �

Recall that Tψ(U) is generated over Λ(Up) be the operators Tv for all v /∈ S, and T$v for v|p, cf. 2.3.9.
The following corollary shows that, after localizing Tψ(U) at m, it suffices to use finitely many of the Tv
with v outside of any finite set of places S′ ⊇ S. It will be used in §4, cf. 4.1.3.

Corollary 2.4.5. Let S′ be any finite set of places of F containing S. Then there exist finite places
v1, . . . , vk /∈ S′ such that Tψ(U)m = Λ(U1

p )[Tv1
, . . . , Tvk ][T$v ]v|p.

Proof. Let µ denote the prime to p-torsion subgroup of Up. By definition, Tψ(U) is generated over Λ(U1
p )

by the the operators Tv for v /∈ S, T$v for v|p, as well as 〈y〉 for y ∈ µ. As we have assumed E contains all
embeddings Fv → Qp, the projection Tψ(U) → Tψ(U)m sends each 〈y〉 with y ∈ µ, to elements of O. The
corollary then follow from 2.3.4, 2.4.4, and Chebotarev density. �

2.4.6. Let m be a non-Eisenstein maximal ideal of Tψ(U), and denote by

ρm : GF,S −→ GL2(F)

the corresponding F representation. For v|p, let Gab
v (p) be the maximal abelian pro-p quotient of Gv.

Let Λ(Gv) = O[[Gab
v (p)]], and let Λ(Gp) = ⊗̂v|pΛ(Gv). Via local class field theory, we identify U1

p with∏
v|p I

ab
v (p), where Iab

v (p) is the inertia subgroup of Gab
v (2). Then Λ(U1

p ) is a subalgebra of Λ(Gp), and

Λ(Gp) is isomorphic to a power series over Λ(U1
p ) in |{v|p}| variables. Recall that for each v|p, we have a

Tψ(U)m-valued character χuniv
v,m of Gv that sends $v to T$v . Hence, the Λ(U1

p )-algebra structure on Tψ(U)m
extends to a Λ(Gp)-algebra structure. Fix an O-valued character η = (ηv)v|p of the torsion subgroup of

U1
p (equivalently a character of the torsion subgroup of

∏
v|pG

ab
v (p)). The character η determines minimal

primes of Λ(U1
p ) and Λ(Gp), each of which denote by qη. We set Λ(U1

p , η) = Λ(U1
p )/qη, Λ(Gp, η) = Λ(Gp)/qη

and Tψ(U, η)m = Tψ(U)m/qη.
After enlarging O, if necessary, we may assume that all eigenvalues of ρm are defined over F. Let RF,S

denote the universal deformation ring for GF,S-deformations of ρm, as in 1.6. By 2.4.4, there is a local O-
algebra morphism RF,S → Tψ(U)m. We then get a local Λ(Gp)-algebra morphism RF,S⊗̂Λ(Gp)→ Tψ(U)m,

which is surjective by 2.4.5. Let R
ψ

F,S denote the quotient of RF,S⊗̂Λ(Gp) defined in 1.6.5 (with Sur = ∅).
Recall that for a finite extension E′/E with ring of integers O′, a local O-algebra morphism RF,S⊗̂Λ(Gp)→
O′ factors through R

ψ

F,S if and only if the corresponding deformation VO′ and characters (χv)v|p satisfy the
following

- detVO′ = ψεp;
- for each v|p, there is a Gv-stable line L in VO′ such that Gv acts on VO′/L via χv;
- for each v|p, the restriction of χv to the torsion subgroup of Gab

v (p) is equal to ηv;
- for each v ∈ Σ, VO′ |Gv is an extension of γv by γvεp.

Proposition 2.4.7. Let m and R
ψ

F,S be as above and assume Σ′ = Σ. The Λ(Gp)-algebra morphism

RF,S⊗̂Λ(Gp)→ Tψ(U, η)m factors through R
ψ

F,S.

Proof. Let p be an arithmetic prime of Tψ(U, η)m. The pushforward of the representation in 2.4.4 to
Tψ(U, η)m/p is an integral model for some ρf as in 2.4.2. By 2.4.2, the map

RF,S⊗̂Λ(Gp) −→ Tψ(U, η)m −→ Tψ(U, η)m/p
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factors through R
ψ

F,S . The result now follows from the Zariski density of arithmetic primes, c.f. 2.3.12, and
the fact that Tψ(U, η)m is reduced. �

2.5. Auxiliary primes and freeness. In the patching argument of §4 it is important to deepen the level
U at certain auxiliary primes. In this subsection we establish a number of lemmas regarding the relationship
betweent our spaces of modular forms at these deeper levels and at the original level.

We keep the notations and assumptions of the previous subsections. In particular, D is a totally definite
quaternion algebra with centre F , U is a (Σ′ ⊆ Σ)-open subgroup of (D ⊗F A∞F )×, ψ : F×\(A∞F )× → O×
is a continuous character such that ψ(z) = z2−k−2w

p on U ∩ (A∞F )× for some algebraic weight (k,w), and S
denotes the finite set of places at which either D is ramified, Uv 6= GL2(OFv ), v|p, or v|∞.

2.5.1. Fix a finite place w /∈ S, and let U ′ be the open subgroup of U such that U ′v = Uv if v 6= w and
Uw = Iw(w). Given a ≥ 0, we define a map

ξa : S2,ψ(U(pa,a), E/O)2 −→ S2,ψ(U ′(pa,a), E/O)

(f, g) 7−→ f +

(
1

$w

)
g

This map is equivariant for all Hecke operators outside w, and induces a map on the nearly ordinary
subspaces, which we also denote by ξa. We then set

ξ = lim−→
a≥1

ξa : Sno
2,ψ(U(p∞), E/O)2 −→ Sno

2,ψ(U ′(p∞), E/O)

and ξ∨ : Sψ(U ′) → Sψ(U)2 is its Pontryagin dual. These are both maps of Λ(Up)-modules and respect the
action of Tv for v /∈ S ∪ {w}, and T$v for v|p.

Lemma 2.5.2. Let m be a non-Eisenstein maximal ideal of Tψ(U) and denote its pullback to Tψ(U ′) also
by m. The localization of ξ∨ at m, Sψ(U ′)m → Sψ(U)2

m, is surjective.

Proof. It suffices to show that

ξ : Sno
2,ψ(U(p∞), E/O)2

m −→ Sno
2,ψ(U ′(p∞), E/O)m

is injective. For this it suffices to show that for any a ≥ r ≥ 1, that

ξa : Sno
2,ψ(U(pa,a),m−rO /O)2

m −→ Sno
2,ψ(U ′(pa,a),m−rO /O)m

is injective. If (f, g) belongs to the kernel of

ξa : S2,ψ(U(pa,a),m−rO /O)2 −→ S2,ψ(U ′(pa,a),m−rO /O),

then f is invariant under U(pa,a)SL2(Fw). Letting (D⊗F A∞F )1 denote the subgroup of elements of reduced
norm 1, strong approximation implies that f is invariant under (D ⊗F A∞F )1, hence f factors through the
reduced norm and is not in the support of m, since m is non-Eisenstein. �

For the remainder of this subsection fix p ∈ SpecTψ(U) contained in a non-Eisenstein maximal ideal m,
and denote by ρp the GF,S-representation into GL2(Tψ(U)m/p) induced from 2.4.4. Note that this implies
ρp is unramified at w. Denote again by p and m the pullbacks of p and m to Tψ(U ′).

Lemma 2.5.3. Let σw ∈ Gw be some lift of Frobw. Let

ρU ′,m : GF −→ GL2(Tψ(U ′)m)

be as in 2.4.4, and let y = (tr ρU ′,m(σw))2 − ψ($w)(1 + Nm(w))2.
We have y(ker ξ∨) = 0. Moreover, if p ∈ p, Nm(v) ≡ 1 (mod p), and ρp(Frobw) has distinct eigenvalues,

then y /∈ p.

Proof. Take a ≥ 1 and an algebraic weight κ such that

- (U(pa,a)(A∞F )× ∩ t−1D×t)/F× = 1 for all t ∈ (D ⊗F A∞F )×;
- the action of U(pa,a) ∩ (A∞F )× on Wκ(O) is given by ψ−1;
- m is the pullback of a maximal ideal of Tκ,ψ(U(pa,a),O) under the projection of 2.3.11.
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For A an O-module, let

ξaκ,A : Sno
κ,ψ(U(pa,a), A)2

m −→ Sno
κ,ψ(U ′(pa,a), A)m

(f, g) 7−→ f +

(
1

$w

)
g.

We know that coker(ξa
κ,Qp

) has a basis {fi} consisting of eigenforms which are new at v. Letting ρfi denote

the Galois representation associated to fi, local-global compatibility, cf. [C1], implies that

ρfi |Gw ∼=
(
εpχi ∗

χi

)
where χi is an unramified character of Gw such that χ2

i = ψ|Gw . The eigenform fi defines an O-algebra mor-
phism Tno

κ,ψ(U ′(pa.a),O)m → Qp such that, precomposing with the projection Tψ(U ′)→ Tno
κ,ψ(U ′(pa,a),O)m,

GF
ρU′,m //

ρfi &&

GL2(Tψ(U ′)m)

��
GL2(Qp)

commutes. In particular, the image of (tr ρU ′,m(σw))2 under this map is ψ($w)(1+Nm(w))2, and y(coker(ξa
κ,Qp

)) =

0. Hence, y(coker(ξaκ,E)) = 0.

If V is any (Σ′ ⊆ Σ)-open subgroup with (V (A∞F )× ∩ t−1D×t)/F× = 1 for all t ∈ (D ⊗F A∞F )×, we have
Sκ,ψ(V,E) ∼= Sκ,ψ(V,O)⊗O E and Sκ,ψ(V,E/O) ∼= Sκ,ψ(V,O)⊗O E/O, and so there is a natrual surjection
Sκ,ψ(V,E)→ Sκ,ψ(V,E/O). This yields a Hecke-equivariant commutative diagram

Sno
κ,ψ(U(pa,a), E)2

m

ξaκ,E //

��

Sno
κ,ψ(U ′(pa,a), E)m //

��

coker(ξaκ,E) //

��

0

Sno
κ,ψ(U(pa,a), E/O)2

m

ξaκ,E/O// Sno
κ,ψ(U ′(pa,a), E/O)m // coker(ξaκ,E/O) // 0

with exact rows. Since the first two vertical maps are surjections, so is the third and we deduce that
y(coker(ξaκ,E/O)) = 0.

Then, y(coker(lim−→a
ξaκ,E/O)) = 0. Noting that ξaκ,E/O = lim−→r≥1

ξa
κ,m−rO /O and using the ismorphism of

2.3.7, ξ = lim−→a
ξaκ,E/O. In particular, y(coker(ξ)) = 0. By exactness of Pontryagin duality, y(ker(ξ∨)) = 0.

Assume p ∈ p, Nm(w) ≡ 1 (mod p), and y ∈ p. Then, since ρU,m is unramified at w and tr ρU,m(σ) = Tw,
our assumptions imply T 2

w − 4ψ($w) ∈ p. The characteristic polynomial of ρp(Frobw) is X2 − TwX +
ψ(Frobw)Nm(v) = X2 − TwX + ψ($w), which does not have distinct roots if T 2

w = 4ψ($w) modulo p. �

2.5.4. Let Q be a finite set of primes of F disjoint from S such that Nm(w) ≡ 1 (mod p) for each w ∈ Q.
For each w ∈ Q, let kw denote the residue field of Fw and let ∆w be the maximal p-power quotient of k×w .
Set ∆Q =

∏
w∈Q ∆w. Define an open subgroup U ′ of U by U ′v = Uv if v /∈ Q, and U ′w = Iw(w) for w ∈ Q.

We then define an open subgroup UQ of U ′ by

UQ =

{(
a b
c d

)
∈ U ′ : awd

−1
w 7→ 1 in ∆w for each w ∈ Q

}
Lemma 2.5.5. Let Q be as above. Let a ≥ 1 be such that (U(pa,a)(A∞F )× ∩ t−1D×t)/F× = 1 for all
t ∈ (D ⊗F A∞F )×, and such that there is an algebraic weight κ with U(pa,a) ∩ (A∞F )× acting on Wκ(O) via
ψ−1.
Sψ(UQ) is a free Λ(Uap )[∆Q]-module and the natural surjection Sψ(UQ)→ Sψ(U ′) has kernel aQSψ(UQ),

where aQ is the ∆Q-augmentation ideal of Λ(Uap )[∆Q]. In particular the Λ(Uap )[∆Q]-rank of Sψ(UQ) is eqaul
to the Λ(Uap )-rank of Sψ(U ′).
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Proof. Let κ and a ≥ 1 be as in the statement of the lemma. Take b ≥ a. Applying 2.1.8 to the groups
U ′(pa,a) ⊆ U ′(pb,b), U ′(pa,a) ⊂ UQ(pb,b) and U ′(pb,b) ⊂ UQ(pb,b), we deduce that Sκ,ψ(U ′(pb,b), E/O)∨ and
Sκ,ψ(UQ(pb,b), E/O)∨ are free over O[Ua/Ub] and O[Ua/Ub][∆Q], respectively and that the natural surjection

Sκ,ψ(UQ(pb,b), E/O)∨ −→ Sκ,ψ(U ′(pb,b), E/O)∨

induces an isomorphism of Sκ,ψ(U ′(pb,b), E/O)∨ with the ∆Q coinvariants of Sκ,ψ(UQ(pb,b), E/O)∨. Apply-
ing Hida’s idempotent and passing to the limit over b ≥ a gives the result. �

Lemma 2.5.6. Let w ∈ Q, and let σw be a generator of the p-part of the tame inertia subgroup of Iw. Note
that under Iw → O×Fw → k×w → ∆w, given by class field theory, σw is mapped to a generator δw of ∆w.

If m is a non-Eisenstein maximal ideal of Tψ(UQ), and ρUQ,m denotes the representation in 2.4.4, then

tr ρUQ,m(σw) = δw + δ−1
w .

Proof. Let λ : Tψ(UQ)m → Qp denote an arithmetic point. By the definition of (UQ)v, the automorphic
representation associated to λ via Jacquet-Langlands is not cuspidal at w. Local global compatibility then
shows that tr ρλ(σw) = λ(δw + δ−1

w ). The result now follows from Zariski density of arithmetic points and
the fact that Tψ(UQ) is reduced. �

Finally, we will need a lemma describing certain twists of Sψ(U) by characters of order 2, as in [KW, §7.5].
Let FSQ be the maximal p-power order abelian extension of F that is unramified outside Q and split at all

primes in S. LetG∗Q(O) be the set of characters Gal(FSQ/F )→ O× that reduce to the trivial character modulo

mO. Since S contains all infinite places and FSQ is split at all places in S, we can view any χ ∈ G∗Q(O) as a

character of (A∞F )×. The following lemma is a slight variant of [KW, Proposition 7.6].

Lemma 2.5.7. Assume p = 2 and let G∗Q,2(O) be the 2-torsion of G∗Q(O). There is an action φ 7→ φχ of

G∗Q,2(O) on Sψ(UQ) such that

- for any v /∈ S ∪Q, Tvφχ = χ($v)(Tvφ)χ,
- for any v|2, T$vφχ = χ($v)(T$vφ)χ,
- for any y ∈ Up, 〈y〉noφχ = χ(y)(〈y〉noφ)χ.

Proof. Take a ≥ r ≥ 1. For χ ∈ G∗Q,2(O) and f ∈ S2,ψ(UQ(pa,a),O/mrO), we define

fχ : D×\(D ⊗F A∞F )×/UQ(pa,a) −→ O/mrO
by fχ(g) = f(g)χ(νD(g)), where νD is the reduced norm of D. Note that for any z ∈ (A∞F )×, χ(νD(z)) =

χ(z)2 = 1, since χ has order 2. Since FQS is unramified outside Q and split at all places in S, for any
u ∈ UQ(pa,a),

χ(νD(g)) =
∏
w∈Q

χ(νD(uw)).

For each w ∈ Q and uw ∈ (UQ(pa,a))w , the definition of (UQ)w implies that the image of νD(uw) = det(uw)
in k×w is a square. Since χ has order two and the places in Q have odd residual characteristic, we get

χ(νD(g)) =
∏
w∈Q

χ(det(uw)) = 1.

So, fχ ∈ S2,ψ(U(pa,a),O/mrO).
The definition of the operators Tv, T$v , and 〈y〉no as (normalized) double coset operators together with

the fact that for any h ∈ UQ(pa,a)gUQ(pa,a), we have χ(νD(h)) = χ(νD(g)), imply

(i) for any v /∈ S ∪Q, Tvfχ = χ($v)(Tvf)χ,
(ii) for any v|2, T$vfχ = χ($v)(T$vf)χ,
(iii) for any y ∈ Up, 〈y〉nofχ = χ(y)(〈y〉nof)χ.

Since any χ ∈ G∗Q,2(O) has order at most 2, (ii) gives T 2
p fχ = (T 2

p f)χ. So, the G∗Q,2(O)-action commutes
with Hida’s idempotent and we have an induced action on

Sno
2,ψ(UQ(pa,a),O/mrO) ∼= Sno

2,ψ(UQ(pa,a),m−rO /O),

and on
Sno

2,ψ(UQ(p∞), E/O) = lim−→
r

lim−→
a

Sno
2,ψ(UQ(pa,a),m−rO /O).
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Letting G∗Q,2(O) act on

Sψ(UQ) = Sno
2,ψ(UQ(p∞), E/O)∨

by φ 7→ φχ, where φχ is the function φχ(f) = φ(fχ) gives the result. �

3. Galois Cohomology and Auxiliary Primes

Crucial to the patching method is the existence of so called Taylor-Wiles primes or auxiliary primes. The
proof of their existence is the main result of this subsection.

The first subsection uses some of the lemmas proved in §1.7 together with a result of Pink to prove that
certain non-dihedral deformations to characteristic p local fields have open image (up to finite index subfields).
Using this, we then (mostly) compute the cohomology of the image acting on the adjoint representation.
The results in the first subsection allows us to do this by explicit cocycle computation.

In the second subsection, we use the result from the previous one to show the existence of auxiliary primes
analogous to those in [KW, Lemma 5.10]. As in [SW1, §6], some care has to be taken. In particular, it is
not sufficient to compute the cohomology with coefficients in our local field, we must do the computations
integrally, and we must make sure that the size of the torsion subgroups do not depend on the auxiliary
primes chosen. This is due to the fact that when performing the patching in §4, we must consider finite
quotients of our universal deformation ring and Hecke modules. In order to ensure that the limits of the
resulting projective systems have the correct rank, we must ensure that the alluded to torsion subgroups do
not grow. It is because of this that we must be careful to control ensure all error terms stay bounded in this
subsection.

We recall and introduce some notation and assumptions that will be used throughout this section. F ⊂ Q
is a totally real number field and GF = Gal(Q/F ). For any extension M/F inside Q, let GM = Gal(Q/M).
Let K be a characteristic 2 local field with ring of integers A and residue field F. Let q denote the cardinality
of F. Let m denote the maximal ideal of A and let $ be a fixed choice of uniformizer. Fix an algebraic
closure K of K.

We fix a continuous ρ : GF → GL2(A) satisfying:

A1 ρ unramified outside a finite set of places S;
A2 ρ is not dihedral and imρ→ GL2(F) has nontrivial kernel;
A3 det ρ is finite order;
A4 the image of ρ contains a non-trivial unipotent element.
A5 if ρ is L-dihedral, there is some τ0 ∈ GF rGL such that ρ(τ0) has distinct infinite order A-rational

eigenvalues.

Let V denote the free rank two Amodule on whichG acts via ρ. Let Ad denote the space of endomorphisms
of V with the adjoint action of GF , and Z its centre. For any A-algebra R (in particular K, K, F) we set
VR = V ⊗A R, AdR = Ad ⊗A R, and ZR = Z ⊗A R. For m ≥ 1 we also write, for notational convenience,
Adm and Zm for AdA/mm = Ad/mmAd and ZA/mm = Z/mmZ, respectively.

3.1. The image. The main result of this subsection is to establish an openness result, 3.1.2, on the image
of a representation ρ satisfying our assumptions A1-A4, and then to compute H1(imρ,Ad). Set G = imρ
and G1 = G ∩ SL2(V ). By 1.7.5, we know that G1 is Zariski dense in SL2/K .

Lemma 3.1.1. Let Γ be a compact subgroup of SL2(K), Zariski dense in SL2/K . Then there is a subfield K0

of K with K/K0 finite and a quaternion algebra D over K0, split over K, such that if D1 denotes the algebraic

group over K0 defined by the norm one elements of D, there is an isomorphism ϕ̃ : D1 ×K0 K
∼→ SL2/K

with Γ ⊆ ϕ̃(D1(K0)) and such that both ϕ̃−1(Γ) and ϕ̃−1([Γ,Γ]) are open in D1(K0).

Proof. Note that the openness of ϕ̃−1([Γ,Γ]) implies that of ϕ̃−1(Γ).
Applying [P, Theorem 0.2] to the image of Γ in PGL2(K), there is a finite index subfield K0 of K, an

absolutely simple adjoint group H over K0, and an isogeny ϕ : H ×K0 K → PGL2/K with nonvanishing

derivative such that Γ ⊆ ϕ(H(K0)) and the associated isogeny ϕ̃ : H̃ ×K0
K → SL2/K of simply connected

covers maps an open subgroup of H̃(K0) onto [Γ,Γ].
Since PGL2 does not admit nonstandard isogenies and the derivative of ϕ is nonzero, ϕ is a central isogeny.

Since H is adjoint, ϕ and ϕ̃ are isomorphisms. As all K0 forms of SL2/K are inner, H̃ is the algebraic group
defined by the norm one elements of some quaternion algebra D defined over K0 that splits over K. �
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Proposition 3.1.2. There is a finite index subfield K0 ⊆ K and and g ∈ GL2(K) such that both gG1g−1

and g[G1,G1]g−1 are open in SL2(K0).

Proof. Since G1 is Zariski dense in SL2/K by 1.7.5, we can apply 3.1.1. Let D and ϕ̃ be as in 3.1.1. By

assumption A4, G1 contains a non-trivial unipotent element, so D splits over K0. The lemma now follows
from the fact that SL2/K does not have outer automorphisms. �

3.1.3. Let K0 be as in Proposition 3.1.2. Denote by A0 it’s ring of integers, m0 its maximal ideal and $0

a choice of uniformizer. Let e be the ramification index of K/K0. The main goal of this subsection is to
describe the cohomology group H1(Γ,Ad) for Γ an open subgroup of G = im(ρ). We first record an easy
lemma.

Lemma 3.1.4. Let Γ be a Zariski dense compact subgroup of SL2(A). Then (Ad/Z)Γ = {0}.
Proof. Take X ∈ Ad such that the image of X in Ad/Z is Γ-invariant. Let W = KX + ZK ⊂ AdK , and let
N be the kernel of Γ→ Aut(W ). Then X is an endomorphism of VK that commutes with the action of N .
Since 0 ⊂ Z ⊆ W is a Γ-stable filtration of W and dimKW ≤ 2, Γ/N is solvable. This together with the
Zariski density of Γ implies N is Zariski dense; hence, X ∈ Z. �

Ideally one would want a proposition similar to [SW1, Lemma 6.9], which in our context would be to
prove that H1(Γ,Ad) is finite (they are actually more precise and consider not only the splitting field of
imρ, but also ajoined all p-power roots of unity). This is not true in our case because of the presence of
the centre in Ad and the fact that if ρ is dihedral, the image of ρ is pro-solvable. For example, if ρ is
dihedral and L denotes the unique field from which ρ is induced (it is unique since p = 2), then we have
an A-module of rank one inside H1(G, Z) given by the surjection G → Gal(L/F ) composed with the map
sending the nontrivial element of Gal(L/F ) to any nonzero element in Z. It seems likely that the natural
map H1(G, Z)→ H1(G,Ad), which is injective by 3.1.4, is surjective. We do not prove this, but we describe
the cokernel (if it exists) in enough detail for our purposes in §3.2.

Lemma 3.1.5. Let Γ be an open subgroup of G. The A rank of coker(H1(Γ, Z) → H1(Γ,Ad)) is at most
one. Moreover, if it is one there is a positive integer N0 depending only on Γ such that if γ ∈ H1(Γ,Ad)
maps to a non-torsion element of this cokernel, there is a cocycle κ : Γ → Ad representing $N0γ such that
for infinitely many g ∈ Γ with distinct A-rational eigenvalues, κ(g) ∈ Z r {0}
Proof. Identify Ad with M2×2(A) using our fixed basis. Let g ∈ GL2(K) be as in 3.1.2. Set Γ′ = gΓg−1

and Ad′ = gAd ⊂ M2×2(K). We have isomorphisms H1(Γ′, Z) ∼= H1(Γ, Z) and H1(Γ′,Ad′) ∼= H1(Γ,Ad)
compatible with the maps H1(Γ, Z) → H1(Γ,Ad) and H1(Γ′, Z) → H1(Γ′,Ad′). So, it suffices to prove
the lemma for H1(Γ′, Z) and H1(Γ′,Ad′). Since Ad′ is open compact in M2×2(K), there is l ≥ 0 such that
$lM2×2(A) ⊆ Ad′ ⊆ $−lM2×2(A). For k ≥ 1, let Jk be the principal congruence subgroup of level k in
SL2(A0), i.e. Jk = (I +$k

0M2×2(A0))∩ SL2(K0). By 3.1.2, Γ′ contains an open subgroup of the form Jk for
some k. Set N0 = 3ke+ 4l. We will show the following.

Lemma 3.1.6. For any γ ∈ H1(Γ′,Ad′), there is a cocycle κ representing $N0γ such that, writing

κ

(
1 $k+1

0

1

)
=

(
∗ b
∗ ∗

)
,

we have

(1) letting κ′ : Γ′ → Ad′/Z denote the cocycle obtained by composing κ with the projection Ad′ → Ad′/Z,
the restriction κ′|J3k

is uniquely determined by b;
(2) if b = 0, then κ(g) ∈ Z for all g ∈ J3k;
(3) if b 6= 0, then there are infinitely many diagonal g ∈ Jk with κ(g) ∈ Z r {0}.

Granting 3.1.6 for now, we finish the proof of 3.1.5. Note that (1) of 3.1.6 implies that the cokernel of
H1(Γ′, Z) → H1(J3k,Ad′) has A-rank at most one. To see that this implies the same for H1(Γ′, Z) →
H1(Γ′,Ad′), it suffices to show the kernels are the same. Let N be an open normal subgroup of Γ′ contained
in J3k. Since N is open in Γ′ it is Zariski dense in SL2/K , so is g−1Ng, where g ∈ GL2(K) is as above.

Then 3.1.4 implies (Ad′/Z)N = (Ad/Z)g
−1Ng = {0}. By inflation-restriction, this implies H1(Γ′,Ad′/Z)→

H1(N,Ad′/Z) is injective. Since the map H1(Γ′,Ad′)→ H1(N,Ad′/Z) factors as

H1(Γ′,Ad′) −→ H1(Γ′,Ad′/Z) −→ H1(J3k,Ad′/Z) −→ H1(N,Ad′/Z),
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we have

ker(H1(Γ′,Ad′) −→ H1(J3k,Ad′/Z)) = ker(H1(Γ′,Ad′) −→ H1(Γ′,Ad′/Z))

= H1(Γ′, Z).

The final statement of 3.1.5 then follows from (2) and (3) of 3.1.6. �

The remainder of this subsection will be devoted to the proof of 3.1.6, which will mostly comprise of
somewhat laborious cocycle computations using relations between elements in SL2(K0). The proof of 3.1.6
will consist of the following four steps.

Step 1. Show that for any γ ∈ H1(Γ′,Ad′), there is a cocycle κ representing $N0γ such that
(i) for any α ∈ 1 + mk0 ,

κ

(
α

α−1

)
=

(
aα

dα

)
for some aα, dα;

(ii) for any x ∈ mk0 ,

κ

(
1 x

1

)
=

(
ax bx

ax

)
and κ

(
1
x 1

)
=

(
dx
cx dx

)
,

for some ax, bx, cx, dx; moreover b$k0 = 0.

Step 2. Show that the aα and dα in Step 1.(i) are equal, and that the bx and cx in Step 1.(ii) are equal.
Step 3. Step 2 implies that κ|Jk mod Z is uniquely determined by the function x 7→ bx. We then show that

κ|J3k
is uniquely determined by the value b$k+1

0
.

Step 4. Lastly, we show that if b$k+1
0
6= 0, then

κ

(
1 +$n

0

(1 +$n
0 )−1

)
∈ Z r {0},

for all sufficiently large, odd n.

Before proceeding, we introduce some notation. For α ∈ 1 + mk0 and x ∈ mk0 set

t(α) =

(
α

α−1

)
, u+(x) =

(
1 x

1

)
, u−(x) =

(
1
x 1

)
,

and define the subgroups

Tk = {t(α) ∈ Jk}, U+
k = {u+(x) ∈ Jk}, U−k = {u−(x) ∈ Jk}.

Step 1. Fix γ ∈ H1(Γ′,Ad′), with κ1 : Γ′ → Ad′ a cocycle representing γ. Take t(α), t(β) ∈ Tk and write

κ1(t(α)) =

(
aα bα
cα dα

)
and κ1(t(β)) =

(
aβ bβ
cβ dβ

)
.

Then using t(α)t(β) = t(β)t(α) and the cocycle relation, we find that

(11) (α2 − 1)bβ = (β2 − 1)bα and (α−2 − 1)cβ = (β−2 − 1)cα.

Now assume β ∈ (1 + mk0) r (1 + mk+1
0 ). Since Ad′ ⊆ $−lM2×2(A) we have bβ , cβ ∈ m−l. Then, letting

X =

(
$2ke+2l

1−β2 bβ
$2ke+2l

1−β−2 cβ

)
,

we have X ∈ $lM2×2(A) ⊆ Ad′ and we can define a cocycle κ2 : Γ′ → Ad′ by

κ2(g) = $2ke+2lκ1(g)− gX +X.

This cocycle represents the cohomology class $2ke+2lγ and κ2(t(β)) is diagonal. Using (11) we see that

(12) κ2(t(α)) ∈
{(

a
d

)}
for all t(α) ∈ Tk.
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Before proceeding we prove a sub-lemma.

Lemma 3.1.7. Let κ′ : Jk → Ad′ be a 1-cocyle and let g =

(
w x
y w

)
∈ Jk have order two. Then

κ′(g) =

(
a b
c a

)
with xc = yb.

Proof. First note that our assumptions on g and Jk impliy w and at least one of x, y are non-zero. Since g
has order two, the cocycle relation implies gκ′(g) = κ′(g). This yields equations

w2a+ wyb+ wxc+ xyd = a(13)

wxa+ w2b+ x2c+ wxd = b(14)

wya+ y2b+ w2c+ wyd = c(15)

xya+ wyb+ wxc+ w2d = d(16)

Using w2 = 1 + xy, equations (13) and (16) both become

(17) xy(a+ d) + w(xc+ yb) = 0,

equation (14) becomes

(18) wx(a+ d) + x(xc+ yb) = 0,

and equation (15) becomes

(19) wy(a+ d) + y(xc+ yb) = 0.

If x = 0, then (17) implies b = 0 and (19) implies a = d. If x 6= 0, then (18) implies xc + by = w(a + d).
Substituting this into (17) we have (w2 + xy)(a+ d) = 0, i.e. a = d. Equation (17) then implies xc = yb.

�

By 3.1.7, we can write

κ2(u+($k
0 )) =

(
a b

a

)
.

Let u = $e$−1
0 ∈ A×. Since Ad′ ⊆ $−lM2×2(A), b ∈ m−l. So, letting

X =

(
uk$2lb

0

)
,

we have X ∈ $lM2×2(A) ⊆ Ad′. We can then define a cocycle κ : Γ→ Ad′ by

κ(g) = $ke+2lκ2(g)− gX +X.

The cocycle κ represents the cohomology class$3ke+4lγ = $N0γ and an easy computation shows κ(u+($k
0 )) ∈

Z. Note that since every t(α) ∈ Tk commutes with X, κ(t(α)) = $ke+2lκ2(t(α)) is diagonal for every
t(α) ∈ Tk, by (12). Applying 3.1.7 to κ, we have

(20) κ(u+(x)) =

(
ax bx

ax

)
and κ(u−(x)) =

(
dx
cx dx

)
,

with b$k0 = 0. This completes Step 1.

Step 2. We show that for any α ∈ 1 + mk0 , writing

κ(t(α)) =

(
aα

dα

)
,
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we have aα = dα, and that for any x ∈ mk0 , writing κ(u+(x)) and κ(u−(x)) as in (20), we have bx =
cx. This will be shown simultaneously by setting α = 1 + x and considering the relation u+(x)u−(x) =
t(α)u−(x)u+(x)t(α).

Let g = u+(x)u−(x) = t(α)u−(x)u+(x)t(α). Applying the cocycle relation to u+(x)u−(x) we have

κ(g) =

(
ax + dx + xcx bx + x2cx

cx ax + dx + xcx

)
Applying the cocycle relation to t(α)u−(x)u+(x)t(α) we have

κ(g) =

(
ax + dx + xbx + x2(aα + dα) α2bx + α2x(aα + dα)
α−2(cx + x2bx) + x(aα + dα) ax + dx + xbx + x2(aα + dα)

)
.

We may assume x 6= 0; so, comparing top left entries,

(21) cx = bx + x(aα + dα).

Comparing top right entries and using (21)

bx + x2cx = α2(bx + x(aα + dα))

= α2cx = (1 + x2)cx.

Hence, bx = cx, and (21) gives aα = dα. This completes Step 2.
We use the following notation in what follows. For α ∈ 1 + mk0 and x ∈ mk0 write

(22) κ(t(α)) =

(
aα

aα

)
, κ(u+(x)) =

(
ax bx

ax

)
, κ(u−(x)) =

(
dx
bx dx

)
.

Step 3. Since Jk = U−k TkU
+
k , κ is uniquely determined modulo Z by the values bx, for x ∈ mk0 . We will

show that the values bx for x ∈ m3k
0 are uniquely determined by b$k+1

0
.

First we establish some easy relations. For any x ∈ mk0 , U+
k act trivially on κ(u+(x)) and U−k acts trivially

on κ(u−(x)). Hence, for any x, y ∈ mk0 we have

(23) bx+y = bx + by, ax+y = ax + ay, dx+y = dx + dy.

Let α ∈ 1 + mk0 and x ∈ mk0 . Using u+(α2x) = t(α)u+(x)t(α)−1 and the cocycle relation we find

κ(u+(α2x)) =

(
ax α2bx

ax

)
,

and similarly for u−(α2x). So

(24) bα2x = α2bx, aα2x = ax, dα2x = dx.

Now, if y ∈ mk0 , setting α = 1 + y and applyng (23) and (24) to u+(y2x) = u+(x)u+(α2x) we have

(25) by2x = y2bx, ay2x = 0, dy2x = 0.

Let F0 denote the resdiue field of A0. Take z ∈ F0 and n ≥ 3k. Let
√
z denote the unique element of F0

such that (
√
z)2 = z. If k and n have the same parity, then setting y =

√
z$

n−k
2

0 ∈ mk0 in (25) gives

bz$n0 = z$n−k
0 b$k0 = 0.

If k and n have different parity then, setting y =
√
z$

n−k−1
2

0 ∈ mk0 in (25) gives

bz$n0 = z$n−k−1
0 b$k+1

0
.
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Combining these two equations with (23) we know the value of bx for any x ∈ m3k
0 of the form x =

z3k$
3k
0 + · · · zn$n

0 with z3k, . . . , zn ∈ F0. For arbitrary x ∈ m3k
0 the value bx is then determined by the

continuity of κ. This copmletes Step 3.
Step 4. It remains to show that if b$k+1

0
6= 0, then

κ

(
1 +$n

0

(1 +$n
0 )−1

)
∈ Z r {0},

for all sufficiently large, odd n.
Take x, y ∈ mk0 and set α = 1 + xy. We have the relation

u+(y)u−(x) = u−(α−1x)u+(αy)t(α).

The cocycle relation gives

κ(u+(y)u−(x)) =

(
ay + dx + ybx by + y2bx

bx ay + dx + ybx

)
,

and

κ(u−(α−1x)u+(αy)t(α)) =

(
aα + aαy + dα−1x + α−1xbαy bαy

α−2x2bαy + bα−1x aα + aαy + dα−1x + α−1xbαy

)
,

which, by comparing the diagonal entries, gives

(26) ay + dx + ybx = aα + aαy + dα−1x + α−1xbαy.

Using (23), (24) and (25), we see

bαy = by+y2x = by + y2bx, aαy = ay+y2x = ay, dα−1x = dαx = dx+y2x = dx.

So, (26) becomes

aα = ybx − α−1x(by + y2bx)

= α−1(ybx − xby).(27)

Let n be an odd integer such that n − k − 1 ≥ 3k. Since n − k − 1 has the same parity as k we know
b$n−k−1

0
= 0, and, putting x = $k+1

0 and y = $n−k−1
0 in (27), we have

a1+$n0
= (1 +$n

0 )−1$n−k−1
0 b$k+1

0
,

which is zero if and only if b$k+1
0

is. In particular, if b$k+1
0
6= 0 then there are infinitely many n such that

κ(t(1 +$n
0 )) ∈ Z r {0}. This completes Step 4, and the proof of 3.1.6. �

3.2. Auxiliary Primes. We now use the results in the previous subsection to prove the existence of auxiliary
primes similar to [KW, Lemma 5.10].

3.2.1. For each n ≥ 1, let Fn = F (µ2n). Let Q(µ2n)+ denote the maximal totally real subfield of Q(µ2n)
and let n0 be the largest integer n ≥ 2 such that Q(µ2n)+ ⊆ F . For each n ≥ 1 let ζn be a primitive 2n-th

root of unity such that ζ2
n+1 = ζn. Let xn = 1

2 (ζn+ζ−1
n ) and yn = 1

2 (xn+1). For n > n0 let F̃n = Fn(y
1/2n

n0 ),

ỹn ∈ F×/(F×)2n denote the image of yn0 , and ωn ∈ H1(GF , µ2n) be the image of ỹn under the Kummer
map.

Lemma 3.2.2. Let n > n0. We have

(1) Fn0
(y

1/4
n0 ) is a dihedral extension of F of degree 8;

(2) the extension F̃n/Fn is cyclic of degree 2n−1, and its cyclic subextension of degree 2 is Fn(y
1/4
n0 );

(3) ωn ∈ H1(GF,S , µ2n), and its order is divisible by 2n−1;

(4) any quadratic subextension of F̃n/F is contained in Fn;
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Proof. Parts (1), (2) and (3) are proved in [KW, Lemmas 5.8, 5.9]. Part (4) is a consequence of the first

two. Indeed, if M/F is a quadratic subextension of F̃n/F , we have either MFn = Fn or MFn = Fn(y
1/4
n0 ),

by part 2. Since MFn/F is abelian, part (1) implies MFn = Fn. �

For any n ≥ 1, let Sn, resp. S̃n, denote the places above S in Fn, resp. F̃n.

Lemma 3.2.3. For any n > n0,

ker(H1(GF,S ,Ad)→ H1(GF̃n,S̃n ,Ad)) = ker(H1(GF,S ,Ad)→ H1(GFn0+1,Sn0+1
,Ad)) ∼= A2.

Proof. Let γ ∈ ker(H1(GF,S ,Ad)→ H1(GF̃n,S̃n ,Ad)), and let γFn denote the image of γ in H1(GFn,Sn ,Ad).

Since F̃n/Fn is Galois and AdGF̃n = Z, we see that γFn ∈ H1(Gal(F̃n/Fn), Z) by inflation-restriction.

Since the map H1(Gal(F̃n/Fn), Z) → H1(GFn ,Ad) factors through H1(GFn , Z), γFn maps to zero in
H1(GFn,Sn ,Ad/Z). The commutative diagram

H1(GF,S , Z) //

��

H1(GF,S ,Ad) //

��

H1(GF,S ,Ad/Z)

��
H1(GFn,Sn , Z) // H1(GFn,Sn ,Ad) // H1(GFn,Sn ,Ad/Z),

implies that the image of γ in H1(GF,S ,Ad/Z) restricts to zero in H1(GFn,Sn ,Ad/Z). By 3.1.4, (Ad/Z)GFn =
0, and so the inflation restriction exact sequence implies H1(GF,S ,Ad/Z)→ H1(GFn,Sn ,Ad/Z) is injective
and the image of γ in H1(GF,S ,Ad/Z) is zero. Hence, γ is in the image of H1(GF,S , Z). Then γ is a
homomorphism from Gab

F,S to Z that is trivial on GF̃n,S̃n . Part (4) of 3.2.2 implies that γ is trivial on
GFn,Sn , and we have

ker(H1(GF,S ,Ad)→ H1(GF̃n,S̃n ,Ad)) = ker(H1(GF,S ,Ad)→ H1(GFn,Sn)).

For any n > n0, Gal(Fn/F ) is the product of Z/2Z and a cyclic 2-group. Then

ker(H1(GF,S ,Ad)→ H1(GFn,Sn)) = Hom(Gal(Fn/F ), Z)

= Hom(Gal(Fn0+1/F ), Z)

= ker(H1(GF,S ,Ad)→ H1(GFn0+1,Sn0+1)),

and Hom(Gal(Fn0+1/F ), Z) ∼= A2. �

3.2.4. We know, by 3.1.1, that [G,G] is open in G. By 3.1.1 again, we see that the commutator subgroup

of the commutator subgroup of G, i.e [[G,G], [G,G]], is open in [G,G], hence also in G. Since F̃n/Fn and
Fn/F are both abelian extension, it follows that ρ|GF̃n contains [[G,G], [G,G]] for all n ≥ 1. This implies that

there is n1, which we can assume is greater than n0, and a finite extension M/F such that if Fρ denotes the

subfield of Q fixed by ker ρ, we have Fρ ∩ F̃n = M and ρ(GF̃n) = ρ(GM ) for all n ≥ n1. Set Γ = ρ(GM ).
Since Γ is open in G, by 3.1.2, there is a finite index subfield K0 of K such that some conjugate of Γ is
open in SL2(K0). Let A0 denote the ring of integers of K0 and let $0 be a choice of uniformizer. For the
remainder of this subsection we fix k ≥ 1 such that gΓg−1 contains SL2(A0) ∩ (I + $k

0M2(A0)), for some
g ∈ GL2(K). Let e be the ramification index of K/K0 and write m0 = $0A0.

Lemma 3.2.5. Let B be a Γ-stable subgroup of Ad (not necessarily an A-module). Let m ≥ 1 be such that
B 6⊆ $mAd. There is a non-negative integer N0, independent of B, such that some X ∈ B satisfies either

- val(trX) < m+N0 or
- X = zI + Y with val(z) < m+N0 and Y ∈ $val(z)+1Ad.

Proof. Take g ∈ GL2(K) such that Γ′ = gΓg−1 contains SL2(A0)∩ (I +$k
0M2×2(A0)), with k as above. Set

Ad′ = gAd ⊂ M2×2(K) and B′ = gB. Then B′ is a Γ′ stable subgroup of Ad′. There is some non-negative
integer l such that $lM2×2(A) ⊆ Ad′ ⊆ $−lM2×2(A). Set N0 = l + 4ke.

Since B 6⊆ $mAd, there is X ∈ B such that, writing

X =

(
a b
c d

)
,
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one of a, b, c, d is not in mm. If val(trX) < m+N0 we are done, so we assume otherwise. Write

X ′ = gX =

(
a′ b′

c′ d′

)
.

We know that val(a′ + d′) = val(trX ′) = val(trX) ≥ m + N0 > m + l. Then, if both b′, c′ ∈ mm+l we can
write X ′ = a′I +Y ′ with Y ′ ∈ $m+lM2×2(A) ⊆ $mAd′. Then X = a′I + g−1Y ′ and g−1Y ′ ∈ $mAd. Since
X /∈ $mAd we must have a′ /∈ mm and we can take z = a′ and Y = g−1Y ′.

We are left with the case that one of b′, c′ does not belong to mm+l. Assume b /∈ mm+l. Since B′ is Γ′

stable, B′ contains(
1 +$k

0

(1 +$k
0 )−1

)(
a′ b′

c′ d′

)(
(1 +$k

0 )−1

1 +$k
0

)
−
(
a′ b′

c′ d′

)
=

(
$2k

0 b′

((1 +$2k
0 )−1 − 1)c′

)
.(28)

So, B′ also contains(
1
$k

0 1

)(
$2k

0 b′

((1 +$2k
0 )−1 − 1)c′

)(
1
$k

0 1

)
−
(

$2k
0 b′

((1 +$2k
0 )−1 − 1)c′

)
=

(
$3k

0 b′

$4k
0 b′ $3k

0 b′

)
,

as well as (
(1 +$k

0 )−1

1 +$k
0

)(
$3k

0 b′

$4k
0 b′ $3k

0 b′

)(
1 +$k

0

(1 +$k
0 )−1

)
=

(
$3k

0 b′

($4k
0 +$6k

0 )b′ $3k
0 b′

)
.(29)

Then, using (28) again, B′ contains(
1

$k
0 +$2k

0 1

)(
$2k

0 b′

((1 +$2k
0 )−1 − 1)c′

)(
1

$k
0 +$2k

0 1

)
−
(

$2k
0 b′

((1 +$2k
0 )−1 − 1)c′

)
=

(
($3k

0 +$4k
0 )b′

($4k
0 +$6k

0 )b′ ($3k
0 +$4k

0 )b′

)
.(30)

Subtracting (29) from (30) we have that B′ contains(
$4k

0 b′

$4k
0 b′

)
.

Taking z = $4k
0 b′, g−1(zI) = zI ∈ B and val(z) = val(b′) + 4ke < m + l + 4ke = m + N0. The case of

b′ ∈ mm+l but c′ /∈ mm+l is similar. �

Lemma 3.2.6. Let g ∈ GL2(V ) have distinct A rational eigenvalues α, β and set w = val(α−β). For z ∈ A
non-zero, Y ∈ $val(z)+w+1Ad, and m ≥ 0, if

zI + Y ∈ (g − 1)Ad +$mAd

then m ≤ val(z) + w.

Proof. Let Vα denote the α eigenspace for g, eα a generator of Vα and eβ be any element of V mapping to
a generator of V/Vα. Write geβ = βeβ + xeα with x ∈ A. Note a splitting of

0 −→ Vα → V −→ V/Vα −→ 0,

exists if and only if val(x) ≥ val(α + β) and so we cannot, in general, assume x = 0. Identify Ad with
M2×2(A) using the basis {eα, eβ} of V .

Assume there is X ∈ Ad such that zI + Y ∈ (g − 1)X + $mAd. Set j = min{m, val(z) + w + 1}. Then
zI − (g − 1)X ∈ $jAd. Writing

X =

(
a b
c d

)
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we have

(g − 1)X =

(
α x

β

)(
a b
c d

)(
α−1 α−1β−1x

β−1

)
−
(
a b
c d

)
=

(
α−1xc ∗

(α−1β − 1)c α−1xc

)
.

Then zI − (g − 1)X ∈ $jAd implies (α−1β − 1)c ∈ mj , so val(c) ≥ j − w. Then the upper left entry
implies z − α−1xc ∈ mj , so val(z) ≥ j − w. But, j ≤ val(z) + w implies, by definition of j, that j = m and
m ≤ val(z) + w. �

We record another lemma that will be useful below.

Lemma 3.2.7. Let σ0 ∈ GF be such that be such that ρ(σ0) has distinct A-rational eigenvalues α0 and β0,
and det ρ(σ0) = 1. Set w = val(tr ρ(σ)). If σ ∈ GF satisfies det ρ(σ) = 1 and tr ρ(σ) − tr ρ(σ0) ∈ m2w+1,
then ρ(σ) has distinct A-rational eigenvalues and, denoting them by α and β, val(α− β) = val(α0 − β0).

Proof. Let f(t) be the characteristic polynomial of ρ(σ), and note that val(tr ρ(σ)) = w. Since tr ρ(σ) −
tr ρ(σ0) ∈ m2w, we have

f(α0) = α2
0 − tr ρ(σ)α0 + 1 = α0(tr ρ(σ0)− tr ρ(σ)) ∈ m2w+1 = (tr ρ(σ))2m = f ′(α0)2m.

Then f(t) splits over A by Hensel’s Lemma, cf. [B, Chapter III, §4, n◦5, Corollary 1 to Theorem 2]. The
fact that val(α− β) = val(α0− β0) follows from the fact that, since the characteristic is two, α− β = tr ρ(σ)
and α0 − β0 = tr ρ(σ0). �

3.2.8. We introduce some notation that will be used for the remainder of this section. Let W be a finitely
generated A module. We denote by Wtor the torsion submodule of W and by Wfree the free A-module
W/Wtor.

We now fix certain submodules of H1(GF,S ,Ad) that will be used in the proof of auxiliary primes below.

Let Fρ denote subfield of Q fixed by ker ρ and M = Fρ∩ F̃n1
. Recall that n1 was chosen so that Fρ∩ F̃n = M

for any n ≥ n1. Let

h = rkAH
1(GF,S ,Ad)− rkAH

1(Gal(F̃n1
/F ), Z) = rkAH

1(GF,S ,Ad)− 2,

and

h0 = rkA(im(H1(GF,S ,Ad)→ H1(GM ,Ad)) ∩H1(Gal(Fρ/M),Ad)).

Set Γ = ρ(GM ). We know by 3.1.5 that the A-rank of the cokernel of the map H1(Γ, Z) → H1(Γ,Ad)
is at most one. For the remainder of this subsection we will assume that it is one and that there is some
γ ∈ H1(GF,S ,Ad) whose image in H1(GM ,Ad) lands in H1(Gal(Fρ/M),Ad) = H1(Γ,Ad) and maps to a
non-torsion element in coker(H1(Γ, Z) → H1(Γ,Ad)). The case when every element of H1(GF,S ,Ad) that
lands in H1(Γ,Ad) maps to a torsion element of coker(H1(Γ, Z) → H1(Γ,Ad)), which includes the case
when the cokernel is torsion, is easier as there is one fewer “type” of cohomology class to consider below
(in particular one does not need case (b) of 3.2.9) and it will be obvious to the reader how to adjust the
arguments.

We fix W1 ⊂ · · · ⊂Wh of H1(GF,S ,Ad) such that

(1) Wi is free of rank i for each i;

(2) Wh intersects the image of H1(Gal(F̃n1
/F ), Z) trivially;

(3) the image Wh0
in H1(GM ,Ad) is contained in H1(Gal(Fρ/M),Ad) = H1(Γ,Ad);

(4) the image of Wh0−1 in H1(GM ,Ad) is contained in H1(Gal(Fρ/M), Z) = H1(Γ, Z).

We note

- for all n ≥ n1, the map Wh → im(H1(GF,S ,Ad) → H1(GF̃n,S̃n ,Ad))free is injective with finite

cokernel by (1), (2), and 3.2.3;
- for all n ≥ n1, the image of Wh0

under H1(GF,S ,Ad)→ H1(GFρF̃n ,Ad) zero by (3);

- for all n ≥ n1, the map Wh/Wh0
→ im(H1(GF,S ,Ad)→ H1(GFρF̃n ,Ad)) is injective by (2), (3) and

the definition of h0.
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There are three different types of cohomology classes we will need to consider based on whether an element
γ ∈ Wh does not belongs to Wh0 , belongs to Wh0 but not to Wh0−1, or belongs to Wh0−1. The main tool
for guaranteeing the existence of auxiliary primes is the following lemma.

Lemma 3.2.9. There are non-negative integers w and N such that if γ ∈ Wh and s ≥ 0 are such that one
of the following hold

(a) γ ∈Wh0−1 but γ /∈ $sWh0−1,
(b) γ ∈Wh0 but γ /∈ $sWh0 +Wh0−1,
(c) γ /∈ $sWh +Wh0

,

then for any n ≥ n1 there is a nonempty open set U ⊂ GF̃n such that

(1) for every σ ∈ U , ρ(σ) has distinct A-rational eigenvalues α, β with val(α− β) ≤ w, and
(2) for any cocycle κ representing γ, σ ∈ U , and m ≥ 1, if

$jκ(σ) ∈ (σ − 1)Ad +$mAd

then j > m− s−N .

Proof. We prove the three different cases (a), (b) and (c) separately in the next three sublemmas.

Lemma 3.2.10. There are non-negative integer wa and Na such that if γ ∈Wh and s ≥ 0 are such that

(c) γ ∈Wh0−1 but γ /∈ $sWh0−1,

then for any n ≥ n1 there is a nonempty open set U ⊂ GF̃n such that

(1) for every σ ∈ U , ρ(σ) has distinct A-rational eigenvalues α, β with val(α− β) ≤ wa, and
(2) for any cocycle κ representing γ, σ ∈ U , and m ≥ 1, if

$jκ(σ) ∈ (σ − 1)Ad +$mAd

then j > m− s−Na.

Proof. If ρ is L-dihedral, fix τ0 as in assumption A5 made at the very beginning of the section, i.e. τ0 ∈
GF r GL and ρ(τ0) has distinct infinite order A-rational eigenvalues, and set wa = val(tr ρ(σ)). If ρ is not
L-dihedral, set wa = 0.

The image of Wh0−1 in H1(GM ,Ad) is contained in H1(Γ, Z), and we identify it with it’s image. Since
H1(Γ, Z) is a separated A-module (in fact it is finitely generated), there is N1 ≥ 1 such that for any
δ ∈Wh0−1 with δ /∈ $Wh0−1, δ /∈ $N1H1(Γ, Z). et Na = N1 + wa.

Since Wh0−1 ⊆ H1(Γ, Z), there is a cocyle κ0 representing γ such that κ0 is given by a continuous
homomorphism GM → Γ→ Z. Let n ≥ n1. We will show below that there is some σ0 ∈ GF̃n such that

(i) ρ(σ0) has distinct A-rational eigenvalues and val(tr ρ(σ)) ≤ wa;
(ii) det ρ(σ0) = 1;
(iii) κ0(σ0) = zI ∈ Z with z /∈ ms+N1 .

Granting the existence of such σ0, we can define our open set U . Let U be the non-empty open subset of
GF̃n consisting of elements σ such that

- tr ρ(σ)− tr ρ(σ0) ∈ m2wa+1;
- det ρ(σ) = 1;
- κ0(σ)− κ0(σ0) ∈ $s+NaAd.

We first show that any element of the set U satisfies the conclusion of the lemma. Part (1) of the lemma
follows from 3.2.7. To see that part (2) is satisfied, let κ be any cocycle representing γ. Then

$jκ(σ) ∈ (σ − 1)Ad +$mAd

implies
$jκ0(σ) ∈ (σ − 1)Ad +$mAd

as κ(σ) − κ0(σ) ∈ (σ − 1)Ad. Then, since κ0(σ) = zI + Y with val(z) < s + N1 and Y ∈ $val(z)+wa+1Ad,
3.2.6 gives j > m− s−Na.

We now show the existence of σ0 ∈ GF̃n satisfying (i), (ii) and (iii) above. By choice of N1, γ /∈
$s+N1H1(Γ, Z) and so there is some τ ∈ GF̃n such that κ0(τ) /∈ $s+N1Z.

First assume that ρ is non-dihedral. Then by Dickson’s classification of subgroups of PGL2(F), we must
have ρ(GF ) ⊇ SL2(F′) with |F′| ≥ 4. Since this group is simple, ρ(GF̃n) ⊇ SL2(F′). Since Hom(ρ(GF̃n), Z) =
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0, we can find τ ∈ ker(ρ|GF̃n ) such that κ0(τ) /∈ $s+N1Z. Fix some σ ∈ GF̃n such that ρ(σ) has distinct

eigenvalues and determinant 1. If κ0(σ) /∈ $s+N1Z then we set σ0 = σ. Otherwise, we set σ0 = στ . Note
that ρ(σ0) = ρ(σ), so ρ(σ0) satisfies (i) and (ii), and κ0(σ0) = κ0(σ) + κ0(τ) /∈ $s+N1Z, so σ0 satisfies (iii).

Now we assume ρ is dihedral and let L denote the unique quadratic extension of F for which ρ is L-dihedral.
Note that ρ(GL) has odd order. We first assume that there is some τ ∈ GLF̃n such that κ0(τ) /∈ $s+N1Z.

Then, by replacing τ by τ j for j odd and sufficiently large, we can assume that τ ∈ ker(ρ). Let σ be any
element of GF̃n such that ρ(σ) has distinct eigenvalues and determinant one. If κ0(σ) /∈ $s+N1Z then

we set σ0 = σ. Otherwise, we set σ0 = στ . Note that ρ(σ0) = ρ(σ), so ρ(σ0) satisfies (i) and (ii) and
κ0(σ0) = κ0(σ) + κ0(τ) /∈ $s+N1Z, so σ0 satisfies (iii).

Now assume that all σ ∈ GLF̃n have κ0(σ) ∈ $s+N1Z. In particular, this implies L 6⊆ F̃n. Let τ be

such that κ0(τ) /∈ $s+N1 . Then τ maps to the non-trivial element of Gal(LF̃n/F̃n). Let τ ′ ∈ GF̃n be any

other element mapping to the non-trivial element of Gal(LF̃n/F̃n). By assumption κ(τ ′τ−1) ∈ $s+N1Z, so
κ(τ ′) /∈ $s+NaZ. Hence we may assume τ = τ0, where τ0 is the element fixed at the beginning of the proof.
Then σ0 = τ0 satisfies (i),(ii) and (iii) above. �

Lemma 3.2.11. There are non-negative integers wb and Nb such that if γ ∈Wh and s ≥ 0 are such that

(b) γ ∈Wh0
but γ /∈ $sWh0

+Wh0−1,

then for any n ≥ n1 there is a nonempty open set U ⊂ GF̃n such that

(1) for every σ ∈ U , ρ(σ) has distinct A-rational eigenvalues α, β with val(α− β) ≤ wb, and
(2) for any cocycle κ representing γ, σ ∈ U , and m ≥ 1, if

$jκ(σ) ∈ (σ − 1)Ad +$mAd

then j > m− s−Nb.

Proof. Fix δ ∈ H1(Γ,Ad) such that δ is a generator for coker(H1(Γ, Z) → H1(Γ,Ad))free. By 3.1.5, there
is N0 ≥ 1 and a cocycle κ0 representing $N0δ such that there are infinitely many g ∈ Γ that have distinct
A-rational eigenvalues with κ0(g) ∈ Z r {0}. As [Γ,Γ] is open in Γ, there is some σ0 ∈ GF̃n such that

(i) ρ(σ0) ∈ [Γ,Γ],
(ii) ρ(σ0) has distinct A-rational eigenvalues,
(iii) κ0(σ0) ∈ Z but κ(σ0) 6= 0.

We now set wb = val(tr ρ(σ0)). Fix an element γ′ of Wh0
that maps to a generator of Wh0

/Wh0−1 and
let N1 ≥ 0 be such that γ′ − $N1δ maps to a torsion element in coker(H1(Γ, Z) → H1(Γ,Ad)). Writing
κ0(σ0) = zI we set Nb = N1 + val(z) + wb + 1.

Take n ≥ n1 and let U be the non-empty open subset of GF̃n consisting of elements σ such that

- tr ρ(σ)− tr ρ(σ0) ∈ m2wb+1;
- ρ(σ) ∈ [Γ,Γ];
- κ0(σ)− κ0(σ0) ∈ $NbAd.

We now check that every σ ∈ U satisfies (1) and (2) of the Lemma.
Part (1) follows from 3.2.7 (note ρ(σ) ∈ [Γ,Γ] implies det ρ(σ) = 1). Now let κ be a cocycle representing

γ and let σ ∈ U . Let m, j ≥ 1 and be such that

(31) $jκ(σ) ∈ (σ − 1)Ad +$mAd.

We have γ = $s′γ′ + γ′′, where γ′ is as above, γ′′ ∈ Wh0−1 and s′ < s. Let l ≥ 0 be such that ml is the
annihilator of coker(H1(Γ, Z)→ H1(Γ,Ad))tor. Then, by choice of l and N1 above,

$lγ = $s′+lγ′ +$lγ′′ = $s′+l+N1δ + δ′

with δ′ ∈ H1(Γ, Z) = Hom(Γab, Z). Equation (31) implies

(32) $j+l+N0κ(σ) ∈ (σ − 1)Ad +$m+l+N0Ad.

Now $j+l+N0κ represents the cohomology class $j+l+N0γ = $j+s′+l+N1+N0δ + $j+N0δ′. Since κ0 is a
cocyle representing δ and δ′(σ) = 0, as σ ∈ [Γ,Γ], there is X ∈ Ad such that

$j+l+N0κ(σ) = $j+s′+l+N1+N0κ0(σ) + (σ − 1)X.
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This together with (32) yields

(33) $j+s′+l+N1+N0κ0(σ) ∈ (σ − 1)Ad +$m+l+N0Ad.

Writing κ0(σ) = zI + Y with Y ∈ $NbAd ⊆ $val(z)+1Ad, 3.2.6 and (33) imply

m+ l +N0 ≤ j + s′ + l +N1 +N0 + val(z) + wb

hence

j ≥ m− s′ − (N1 + val(z) + wb) > m− s−Nb,
which is (2) of the lemma. �

Lemma 3.2.12. There are non-negative integers wc and Nc such that if γ ∈Wh and s ≥ 0 are such that

(c) γ /∈ $sWh +Wh0

then for any n ≥ n1 there is a nonempty open set U ⊂ GF̃n such that

(1) for every σ ∈ U , ρ(σ) has distinct A-rational eigenvalues α, β with val(α− β) ≤ wc, and
(2) for any cocycle κ representing γ, σ ∈ U , and m ≥ 1, if

$jκ(σ) ∈ (σ − 1)Ad +$mAd

then j > m− s−Nc.

Proof. Since, for all n ≥ n1, Wh/Wh0
injects into H1(GFρF̃n ,Ad)Gal(FρF̃n/F̃n) and ρ identifies Gal(FρF̃n/F̃n)

with Γ, we have, setting F̃∞ = ∪n≥1F̃n, an injection

W/Wh0
−→ H1(GEF̃∞ ,Ad)Γ = HomΓ(GEF̃∞ ,Ad),

and we identify Wh/Wh0
with it’s image under this map. Since HomΓ(GEF̃∞ ,Ad) is separated, there is

N1 ≥ 0 such that δ /∈ $Wh/Wh0
implies δ /∈ $N1H1(GEF̃∞ ,Ad). We set Nc = N0 + N1 where N0 is as in

3.2.5. We set wc = 0.
Since, for any two cocyles κ and κ′ representing γ, κ(σ) and κ′(σ) differ by an element of (σ − 1)Ad, it

suffices to show (2) holds for one particular choice of cocycle representing γ. We will show below that there
is some σ0 ∈ GF̃∞ and a cocycle κ representing γ such that

(i) ρ(σ0) has distinct eigenvalues and
(ii) either trκ(σ0) /∈ ms+Nc or κ(σ0) = zI + Y with z /∈ ms+Nc and Y ∈ $val(z)+1Ad.

Granting the existence of such a σ0 and κ we can define U to be the non-empty open subset of GF̃n consisting
of σ such that

- ρ(σ) = ρ(σ0) and
- κ(σ)− κ(σ0) ∈ $s+NcAd.

Any ρ(σ) with σ ∈ U has distinct eigenvalues mod m, so σ satisfies (1) by Hensel’s Lemma. To see that
the elements of U satisfy (2) of the lemma first consider the case that trκ(σ0) /∈ ms+Nc . Then, if σ ∈ U
we have trκ(σ) /∈ ms+Nc and, since trX = 0 for any X ∈ (σ − 1)Ad, $jκ(σ) ∈ (σ − 1)Ad +$mAd implies
$jtrκ(σ) ≥ m so j > m− s−Nc. Now assume κ(σ0) = zI+Y with z /∈ ms+Nc and Y ∈ $val(z)+1Ad. Then
κ(σ) = zI + Y ′ with Y ′ ∈ $val(z)+1Ad. The eigenvalues of ρ(σ) are distinct mod m, so 3.2.6 implies that if
$jκ(σ) ∈ (σ − 1)Ad +$mAd, then m ≤ j + val(z), so j > m− s−Nc.

It remains to show there exists some σ0 ∈ GF̃∞ and some cocycle representing γ satisfying (i) and (ii)

above. First let κ be any cocycle representing γ. Since F̃∞/F is a pro-2 extension, there is σ ∈ GF̃∞ such

that ρ(σ) has distinct eigenvalues. By Hensel’s Lemma, ρ(σ) has distinct A-rational eigenvalues and we
denote them by α and β. Since α and β are distinct mod m, we can find an eigenbasis of V for ρ(σ) and we
identify Ad with M2×2(A) using this basis. Write

κ(σ) =

(
a b
c d

)
.

Since α/β − 1 and β/α− 1 are units, we can adjust κ by the coboundary

g 7→ g

(
(αβ − 1)−1b

(βα − 1)−1c

)
g−1 −

(
(αβ − 1)−1b

(βα − 1)−1c

)
,
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and assume b = c = 0. If at least one of a, d is not in ms+Nc , then we have either trκ(σ) = a+d /∈ ms+Nc or

κ(σ) =

(
a

a

)
+

(
0

a+ d

)
with a /∈ ms+Nc and val(a+ d) > val(a). In either case we take σ0 = σ.

Now assume that both a, d ∈ ms+Nc , i.e. κ(σ) ∈ $s+NaAd. By the choice of N0 and s we know that the re-

striction of γ to H1(GEF̃∞ ,Ad)Gal(EF̃∞/F ) = HomΓ(GEF̃∞ ,Ad) does not belong to $s+N1HomΓ(GEF̃∞ ,Ad).

So κ(GEF̃∞) is a Γ stable subgroup of Ad which is not contained in $s+N1Ad. By 3.2.5, there is some

τ ∈ GEF̃∞ such that either trκ(τ) /∈ ms+N0+N1 = ms+Nc , or κ(τ) = zI + Y with z /∈ ms+N0+N1 = ms+Nc

and Y ∈ $val(z)+1Ad. Set σ0 = τσ. Since ρ(τσ) = ρ(σ), σ0 satisfies (i). Since κ(σ0) = κ(τ) + κ(σ) and
κ(σ) ∈ $s+NcAd, σ0 satisfies (ii) by choice of τ . �

Setting w = max{wa, wb, wc} and N = max{Na, Nb, Nc}, 3.2.9 follows from 3.2.10, 3.2.11, and 3.2.12. �

3.2.13. We now apply 3.2.9 to find our sets of auxiliary primes. Some care has to be taken in choosing these
primes. We will need to consider Selmer groups with coefficients in Adm, and we need to ensure that the dual
Selmer groups have size q2m, asymptotically in m. To this end, given a cohomology class γ ∈ H1(GF,S ,Ad),
we not only need to find a prime v of F such that the image of γ is non-torsion in H1(Gv,Ad), but we need
to ensure that it does not lie too “deep” in H1(Gv,Ad). The way we make sure the cohomology class does
not lie too “deep” in H1(Gv,Ad) is by using property (2) of 3.2.9. There is a complication that arises here.
In order to use property (2) effectively we need to make sure the value of s in the assumption of the lemma
stays bounded.

Let us elaborate here. We remarked above that we require the dual Selmer groups with coefficients in
Adm to have size asymptotic to q2m. But, we also need to ensure that the error term in the asymptotic is
bounded in a way that does not depend on the choice of primes. The way one usually constructs auxiliary
primes, and the way we will do it here, is inductively. One first chooses a cohomology class γ ∈ H1(GF,S ,Ad)
and then finds a prime v1 that kills γ. Then we take γ2 that lives in the dual Selmer group for the Selmer
structure given by the single prime {v1} and find a prime {v2} that kills γ2, etc. The problem is that if the
value of s for which γ2 satisfies (a), (b), or (c) of 3.2.9 depends on v1, then the “depth” for which γ2 lies in
the local cohomology group will depend on v1. This will cause the error term in the asymptotic to depend
on the choice of the auxiliary primes. We must be careful to avoid this in the proof of the following lemma.

Lemma 3.2.14. There are non-negative integers w and N such that for each n ≥ n1 there is a set of primes
Qn of F , of cardinality h = rankAH

1(GF,S ,Ad)− 2, satisfying

(1) for each v ∈ Qn, ρ is unramified at v and ρ(Frobv) has distinct A-rational eigenvalues αv, βv with
val(αv − βv) ≤ w;

(2) each v ∈ Qn splits in the extension F̃n/F ;
(3) if the image of γ ∈Wh under the map

Wh −→ H1(GF,S ,Ad) −→
∏
v∈Qn

H1(Gv,Ad) −→
∏
v∈Qn

H1(Gv,Ad)free

lies in $(2h−1)N
∏
v∈Qn H

1(Gv,Ad)free, then γ ∈ $Wh.

Proof. Let w and N be as in 3.2.9. Fix elements γ1, . . . , γr ∈ Wh such that for each 1 ≤ i ≤ h, {γ1, . . . , γi}
is a basis for Wi. We will inductively construct a set of primes {v1, . . . , vi}, for 1 ≤ i ≤ r, of F such that
each vj satisfies (1) and (2) above as well as the following:

(INDi) if the image of γ ∈Wi under the map

Wi −→ H1(GF,S ,Ad) −→
i∏

j=1

H1(Gvj ,Ad) −→
i∏

j=1

H1(Gvj ,Ad)free

lies in $(2i−1)N
∏i
j=1H

1(Gvj ,Ad)free, then γ ∈ $Wi.
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Taking Qn = {v1, . . . , vr} establishes the lemma. In what follows, given primes v1, . . . , vi of F , we will denote
the map

H1(GF,S ,Ad) −→
i∏

j=1

H1(Gvj ,Ad) −→
i∏

j=1

H1(Gvj ,Ad)free

by resi.
First take i = 1. Then W1 = Aγ1 and γ1 satisfies either (a) or (b) of 3.2.9 (depending on whether r0 = 1

or r0 > 1) with s = 0. Hence, there is an open subset U of GF̃n,S̃n such that

(a) for every σ ∈ U , ρ(σ) has distinct A-rational eigenvalues α, β with val(α− β) ≤ w, and
(b) for any cocycle κ representing γ1 and σ ∈ U ,

$jκ(σ) ∈ (σ − 1)Ad +$mAd.

implies j > m−N .

Viewing U as a subset of GF,S and applying Chebotarev density we obtain a prime v1 of F satisfying (1)
and (2) of the lemma. To see that (IND1) holds, take γ = aγ1 ∈W1 such that res1(γ) ∈ $NH1(Gv1

,Ad)free.
Take l ≥ 0 such that $l annihilates H1(Gv1

,Ad)tor. Then the image of $lγ in H1(Gv1
,Ad) lies in

$l+NH1(Gv1
,Ad). So, for any choice of cocycle κ representing γ1, we have

a$lκ(Frobv) ∈ (Frobv − 1)Ad +$l+NAd,

and (b) implies val(a) + l > l, i.e. γ ∈ $W1, which is (IND1).
Now assume, for 1 ≤ i < r, we have primes v1, . . . , vi of F satisfying (1) and (2) of the proposition as well

as (INDi). If there is no γ ∈Wi+1 r$Wi+1 such that

resi(γ) ∈ $(2i+1−1)N
i∏

j=1

H1(Gvj ,Ad)free,

then (INDi+1) is automatically satisfied for any choice of vi+1. In this case we can apply 3.2.9 to γi+1 with
s = 0, and we obtain a non-empty open set U of GF̃n,S̃n to which we can apply Chebotarev density as in

the i = 1 case to we get a prime vi+1 of F satisfying (1) and (2) of the lemma.
Now assume there is some γ ∈Wi+1 r$Wi+1 such that

resi(γ) ∈ $(2i+1−1)N
i∏

j=1

H1(Gvj ,Ad)free.

The idea is now to replace {γ1, . . . , γi+1} with a basis for Wi+1 that includes γ and then apply 3.2.9 to γ.
Write γ = a1γ1 + · · · + ai+1γi+1. Since γ /∈ $Wi+1, there is at least one 1 ≤ j ≤ i + 1 such that aj is

a unit. Let j0 be the largest such index. Then {γ1, . . . , γj0−1, γ, γj0+1, . . . , γi+1} is a basis for Wi+1. We
first show that (INDi) also holds with Wi replaced by the A-span of {γ1, . . . , γj0−1, γj0+1, . . . , γi+1}. Let
γ′ = b1γ1 + · · ·+ bi+1γi+1 with bj0 = 0. We’ll show that if

resi(γ
′) ∈ $(2i−1)N

i∏
j=1

H1(Gvj ,Ad)free,

then bj ∈ m for all 1 ≤ j ≤ i+ 1.
First assume that val(bi+1) ≤ val(ai+1). Then γ − ai+1

bi+1
γ′ ∈ Wi, and when written in terms of the basis

{γ1, . . . , γi}, the j0 coefficient is aj0 −
ai+1

bi+1
bj0 = aj0 , a unit. Thus, γ − ai+1

bi+1
γ′ /∈ $Wi. But

(34) resi

(
γ − ai+1

bi+1
γ′
)

= resi(γ)− ai+1

bi+1
resi(γ

′) ∈ $(2i−1)N
i∏

j=1

H1(Gvj ,Ad)free,

contradicting (INDi). So we must have val(bi+1) > val(ai+1). Then γ′− bi+1

ai+1
γ ∈Wi, and similar to (34), we

see that

resi

(
γ′ − bi+1

ai+1
γ

)
∈ $(2i−1)N

i∏
j=1

H1(Gvj ,Ad)free.
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By (INDi), we have γ′− bi+1

ai+1
γ ∈ $Wi. Now γ′− bi+1

ai+1
γ = (b1− bi+1

ai+1
a1)γ1+· · · (bi− bi+1

ai+1
ai)γi, so bj− bi+1

ai+1
aj ∈ m

for each 1 ≤ j ≤ i. Then val(bi+1) > val(ai+1) implies bj ∈ m for all 1 ≤ j ≤ i+ 1, which is what we wanted
to show.

We let {δ1, . . . , δi+1} = {γ1, . . . , γj0−1, γ, γj0+1, . . . , γi+1}, ordered so that δi+1 = γ. By the above claim,
if

(35) resi(b1δ1 + · · ·+ biδi) ∈ $(2i−1)N
i∏

j=1

H1(Gvj ,Ad)free, then val(bj) ≥ 1 for all 1 ≤ j ≤ i.

We wish to apply 3.2.9 to δi+1, but first we need a little more information. In particular we need to
know the value of s for which δi+1 satisfies either (a), (b) or (c) of 3.2.9. Recall we have written δi+1 =
a1γ1 + · · ·+ ai+1γi+1. We have val(ai+1) < (2i − 1)N . Indeed, if ai+1 is not a unit then, j0 ≤ i and (INDi)
implies

resi(a1γ1 + · · ·+ aiγi) /∈ $(2i−1)N
i∏

j=1

H1(Gvj ,Ad)free.

Then

resi(a1γ1 + · · ·+ ai+1γi+1) ∈ $(2i−1)N
i∏

j=1

H1(Gvj ,Ad)free,

gives

resi(ai+1γi+1) /∈ $(2i−1)N
i∏

j=1

H1(Gvj ,Ad)free,

hence val(ai+1) < (2i − 1)N .
By the way γ1, . . . , γr were chosen, the above claim implies δi+1 satisfies one of (a), (b) or (c) of 3.2.9 with

s = (2i − 1)N . Let U be the open subset of GF̃n,S̃n given by applying 3.2.9 to δi+1. Applying Chebotarev

density to U we get a prime vi+1 of F that, as in explained in the case i = 1, satisfies (1) and (2) of the
lemma and such that for any cocycle κ representing δi+1, if

$jκ(Frobi+1) ∈ (Frobi+1 − 1)Ad +$mAd

then j > m− (2i − 1)N −N = m− 2iN . As explained in the i = 1 case, this implies that the image of δi+1

in H1(Gvi+1
,Ad)free does not belong to $2iNH1(Gvi+1

,Ad)free.
It remains to show (INDi+1) holds. Take δ ∈Wi+1 and assume that

resi+1(δ) ∈ $(2i+1−1)N
i+1∏
j=1

H1(Gvj ,Ad)free.

Write δ = b1δ1 + · · ·+ bi+1δi+1. We will show val(bj) ≥ 1 for all 1 ≤ j ≤ i+ 1. Since

resi(δi+1) ∈ $(2i+1−1)N
i∏

j=1

H1(Gvj ,Ad)free

we have

resi(b1δ1 + · · ·+ biδi) ∈ $(2i+1−1)N
i∏

j=1

H1(Gvj ,Ad)free.

By (35), we know that val(bj) > (2i+1 − 1)N − (2i − 1)N = 2iN for each 1 ≤ j ≤ i. But then the image of

$(2i−1)N (b1δ1 + · · ·+ biδi) in H1(Gvi+1
,Ad)free lands in $(2i+1−1)NH1(Gvi+1

,Ad)free. So, $(2i−1)Nbi+1δi+1

also maps to $(2i+1−1)NH1(Gvi+1
,Ad)free. Since the image of δi+1 in H1(Gvi+1

,Ad)free does not belong to

$2iNH1(Gvi+1
,Ad)free, we must have

(2i − 1)N + val(bi+1) > (2i+1 − 1)N − 2iN,

which implies val(bi+1) ≥ 1. This establishes (INDi+1). �
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3.2.15. If V ⊆W are finite sets of primes in F and M is an A-module with a continuous GF action which
is unramified outside W , we denote by H1

V (GF,W ,M) the subgroup of H1(GF,W ,M) consisting of elements
whose image in

∏
v∈V H

1(Gv,M) under the restriction map is trivial.
We introduce some notation as in [SW1]. For each n,m ≥ 1, let Cn,m and Dn,m be positive integers. We

write
Cn,m � Dn,m

if there are constants 0 < a < b such that

a <
Cn,m
Dn,m

< b

for all n,m ≥ 1.

Proposition 3.2.16. For each n ≥ n1, there is a set of primes Qn of F , disjoint from S and of cardinality
h = rankAH

1(GF,S ,Ad)− 2, such that

(1) for v ∈ Qn, ρ is unramified at v, ρ(Frobv) has distinct A-rational eigenvalues, and val(tr ρ(Frobv)) <
w, with w not depending on n or m;

(2) v splits in the extension F̃n/F ;
(3) for each v ∈ Qn, |H0(Gv,Adm)| � q2m;
(4) |H1

Qn
(GF,S∪Qn ,Adm)| � q2m;

(5) letting FSQn denote the maximal abelian extension of F of degree a power of 2 which is unramified

outside Qn and split at primes in S, Gn = Gal(FSQn/F ), we have Gn/2
n−2Gn ∼= (Z/2n−2Z)t, with

t = 2− |S|+ |Qn|.
Proof. We let Qn be the set of primes given by 3.2.14. Then (1) and (2) of the proposition are given by (1)
and (2) of 3.2.14. In particular, the bound on the valuation of the trace follows from (1) of 3.2.14, since the
characteristic is 2.

Take v ∈ Qn and let α and β denote the eigenvalues of ρ(Frobv). Take g ∈ GL2(K) such that

gρ(Frobv)g
−1 =

(
α

β

)
.

Identify Ad with M2×2(A) using our fixed basis of V , and set Ad′ = gAd ⊂ M2×2(K). Letting Frobv act on
Ad′ via gρ(Frobv)g

−1, and setting Ad′m = Ad′/$mAd′, we see that H0(Gv,Adm) ∼= H0(Gv,Ad′m). There
is some l ≥ 0 such that

(36) $lAd ⊆ Ad′ ⊆ $−lAd.

For

(
a b
c d

)
∈ M2×2(K),

(37)

(
α

β

)(
a b
c d

)(
α−1

β−1

)
=

(
a αβ−1b

α−1βc d

)
.

This and Ad′ ⊇ $lAd imply{(
a

d

)
+$mAd′ : a, d ∈ ml

}/
$mAd′ ⊆ H0(Gv,Ad′m).

Now $mAd′ ⊆ $m−lAd then implies∣∣∣∣{( a
d

)
+$mAd′ : a, d ∈ ml

}/
$mAd′

∣∣∣∣
≥
∣∣∣∣{( a

d

)
+$m−lAd : a, d ∈ ml

}/
$m−lAd

∣∣∣∣ = q2m−4l,

and

(38) |H0(Gv,Adm)| = |H0(Gv,Ad′m)| ≥ q2m−4l.

To get a lower bound, recall that by (1) of 3.2.14, there is an integer w that does not depend on v such that
val(αβ−1 − 1) = val(α−1β − 1) ≤ w. Using this, together with (37) and (36), we have

H0(Gv,Ad′m) ⊆
{(

a b
c d

)
+$mAd′ : a, d ∈ m−l and b, c ∈ mm−l−w

}/
$mAd′.
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Now $mAd′ ⊇ $m+lAd then implies∣∣∣∣{( a b
c d

)
+$mAd′ : a, d ∈ m−l and b, c ∈ mm−l−w

}/
$mAd′

∣∣∣∣
≤
∣∣∣∣{( a b

c d

)
+$m+lAd : a, d ∈ m−l and b, c ∈ mm−l−w

}/
$m+lAd

∣∣∣∣ = q2m+8l+2w,

hence

(39) |H0(Gv,Adm)| = |H0(Gv,Ad′m)| ≤ q2m+8l+2w.

Since l and w do not depend on n or m, (39) and (38) imply (3) of the proposition.
We now check (4) of the proposition. Since ρ is unramified at each v ∈ Qn, the injection

H1
Qn(GF,S∪Qn ,Ad) −→ H1(GF,S∪Qn ,Ad)

factors through H1(GF,S ,Ad). Similarly with Adm in place of Ad. From the exact sequence

(40) 0 −→ Ad
$m−−→ Ad −→ Adm −→ 0

we have

0 −→ H1(GF,S ,Ad)/$m −→ H1(GF,S ,Adm) −→ H2(GF,S ,Ad).

Since the size of the torsion subgroups of Hi(GF,S ,Ad) do not depend on n or on m, we have

(41) |H1(GF,S ,Adm)| � |H1(GF,S ,Ad)/$m| � |(A/mm)h+2| = qm(h+2).

Consider our fixed submoduleWh ofH1(GF,S ,Ad). Say γ ∈Wh is such that it maps to$m
∏
v∈Qn H

1(Gv,Ad).

Then γ maps to $m
∏
v∈Qn H

1(Gv,Ad)free. Writing γ = $jγ′ with γ′ /∈ $Wh, part (3) of 3.2.14 implies

j > m− (2h − 1)N . It follows that

(42) |im(Wh →
∏
v∈Qn

H1(Gv,Ad)/$m)| ≥ qh(m−(2h−1)N).

Applying local cohomology to (40) we have an injection

0 −→
∏
v∈Qn

H1(Gv,Ad)/$m −→
∏
v∈Qn

H1(Gv,Adm).

Combining this with (42) and the commutativity of

Wh
� � // H1(GF,S ,Ad) //

��

∏
v∈Qn H

1(Gv,Ad)

��
H1(GF,S ,Adm) // ∏

v∈Qn H
1(Gv,Adm)

we conclude

(43) |im(H1(GF,S ,Adm)→
∏
v∈Qn

H1(Gv,Adm))| ≥ qh(m−(2h−1)N).

But, since each v ∈ Qn splits in F̃n, we also have injections

(A/mm)2 ∼= H1(Gal(F̃n/F ), Zm) −→ H1(Gal(F̃n/F ), (Adm)GF̃n ) −→ H1
Qn(GF,S∪Qn ,Adm),

so

|H1
Qn(GF,S∪Qn ,Adm)| ≥ q2m.

This combined with (41) and (43) imply

|H1
Qn(GF,S∪Qn ,Adm)| � q2m,

which is (4) of the proposition.
It remains to show (5). Using (3) of 3.2.2, it is shown in [KW] that (5) holds with

t = dimFH
1
Qn(GF,S∪Qn ,F)− |S|+ |Qn|
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and so we only have to show dimFH
1
Qn

(GF,S∪Qn ,F) = 2. If M is any A-module on which GF acts trivially,

H1
Qn

(GF,S∪Qn ,M) is the group of continuous homomorphisms from Gal(FQnS /F ) to M , where FQnS is the
maximal abelian Galois extension of F of exponent 2, unramified outside S and split at the primes in Qn.
Hence,

dimFH
1
Qn(GF,S∪Qn ,F) = rkAH

1
Qn(GF,S∪Qn , Z).

We have a series of injections

H1(Gal(F̃n/F ), Z) −→ H1
Qn(GF,S∪Qn , Z) −→ H1

Qn(GF,S∪Qn ,Ad),

where the last inclusion comes from the fact that (Ad/Z)GF = {0}. Since rkAH
1(Gal(F̃n/F ), Z) =

2, rkAH
1
Qn

(GF,S∪Qn , Z) ≥ 2. Part (3) of 3.2.14 implies Wh intersects H1
Qn

(GF,S∪Qn ,Ad) trivially, so

rkAH
1
Qn

(GF,S∪Qn ,Ad) ≤ rkAH
1(GF,S ,Ad)− rkAWh = 2. Part (5) of the proposition now follows. �

4. Promodularity

The purpose of this section is to prove a certain Rred = T theorem, where R is a quotient of a universal
deformation ring tensored with an Iwasawa algebra as in §1.6, and T is a quotient of the universal nearly
ordinary Hecke algebra as in §2.3 by a minimal prime of the Iwasawa algebra.

In the first subsection, we state assumptions on our field and residual representation, recall notation and
properties of the deformation rings, Hecke algebras, and Hecke modules, and we then state the localized
“R = T” theorem, cf. 4.1.8. An important technical point is 4.1.6, where we prove normality of certain
localizations of our local deformation ring. This will be important in the patching argument because we
will have to perform a completion after localizing at a dimension one prime. The normality implies that the
completed local deformation ring is still a domain. Without this, it does not seem clear how to show the
completed Hecke module is supported on the whole deformation ring.

In the next subsection, we state some reductions, introduce the auxiliary level data, and recall its relevant
properties.

In the following subsection, we perform the patching argument to prove the localized “R=T” theorem.
The patching is carried out in a similar way as [KW, Proposition 9.3], except that we must control “error
terms” generated from the fact that our auxiliary data is associated to a dimension one primes ideal, as
opposed to the maximal ideal. After performing the patching we localize and complete the limiting objects
at our fixed dimension one prime ideal. It is worth pointing out that we must perform the patching first
and then the localization and completion second. This is due to the fact that the backbone of the patching
argument is the pigeonhole principle, i.e. one has infinitely many finite objects, so a projective system can
be extracted. The remainder of the argument is then still quite similar to [KW, Proposition 9.3], due to the
fact that we can ensure the completed local deformation ring remains a domain.

In the last subsection, we complete the proof of Rred = T using the localized version together with our
connectivity result 1.1.7. The argument is almost exactly the same as that of [SW2, Proposition 4.1].

Throughout this section we take p = 2.

4.1. Notation and statement of the localized Rred = T theorem.

4.1.1. Recall F ⊂ Q denotes a totally real number field and GF = Gal(Q/F ). We assume that [F : Q] is
even and that for each v|2, either Fv contains a 4-th root of unity or [Fv : Q2] ≥ 3. For each place v of
F , we let Gv = Gal(Fv/F ). Let E be a finite extension of Q2 with ring of integers O and residue field F.
We assume that for any v|2, the image of each embedding Fv → Q2 is contained in E. In what follows, all
completed tensor products will be taken over O unless otherwise noted.

Fix an absolutely irreducible continuous representation

ρ : GF −→ GL2(F).

We assume that all eigenvalues of elements of ρ(GF ) lie in F. We assume that for all v|2, ρ|Gv is trivial or
has order 2.

We fix a continuous character ψ : F×\(A∞F )× → O× such that

- ψ is totally even and unramified outside {v|2};
- on some open subgroup of (A∞F )×, ψ(z) = NmF/Q(z2)1−w for some w ∈ Z;

- ψε2 = det ρ.
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Fix a finite set of finite places Σ of F of even cardinality not containing any places above p. For each
v ∈ Σ, we fix unramified characters γv : Gal(Fv/Fv)→ O×, and we assume

- for each ∈ Σ, ρ|Gv ∼=
(
γvε2 ∗

γv

)
;

- for each v ∈ Σ, γ2
v = ψ|Gv ;

- ρ is unramified outside of Σ ∪ {v|2} ∪ {v|∞}.
We fix a finite place v0 of F disjoint from Σ ∪ {v|2} ∪ {v|∞}. This place will be used to ensure a certain

neatness property below.

4.1.2. Let D denote the quaternion algebra with centre F , ramified at all archimedean places as well as all
the places in Σ. Fix a maximal order OD of D and an algebraic weight κ = (k,w) for F . Let U be the open
subgroup of (D ⊗F A∞F )× given by

- Uv = Iw1(v) for v|2;
- Uv = D×v for v ∈ Σ;
- Uv = GL2(OFv ) for v not above 2 and not in Σ.

We choose an open subgroup U0 of U by letting (U0)v = Uv for v 6= v0 and letting (U0)v0
= Iw1(vn0 ) with n

sufficiently large so that (U0(A∞F )× ∩ t−1Dt)/F× = 1 for every t ∈ (D ⊗F A∞F )×, cf. 2.1.5.
We let U act on Wκ(O) as in §2.1. In particular, for v ∈ Σ, D×v acts on Wκ(O) as γ−1

v ◦ νD, where
νD is the reduced norm of D. We assume that U ∩ (A∞F )× acts on Wκ(O) via ψ−1, and let Sno

κ,ψ(U,O)
denote the corresponding nearly ordinary space of quaternionic modular forms, cf. §2.1 and §2.2. We let
Tno
κ,ψ(U,O) denote the nearly ordinary Hecke algebra as in §2.2, and Tψ(U) the universal nearly ordinary

Hecke algebra as in §2.3. We also let Sψ(U) be the universal family of nearly ordinary modular forms as in
§2.3, i.e. Sψ(U) = (lim−→a

S2,ψ(U(pa,a), E/O))∨. We have similar algebras and modules for U0 in place of U .

Say we have a finite set of places Q of F disjoint from S0. Note that Nm(v) ≡ 1 (mod 2) for each v ∈ Q.
For each v ∈ Q, let ∆v be the maximal 2-power quotient of k×v . We define UQ to be the open subgroup of
U0 given by (UQ)v = (U0)v if v /∈ Q, and for v ∈ Q

(UQ)v =

{(
a b
c d

)
∈ Iw(v) : ad−1 7→ 1 ∈ ∆v

}
.

We then define Sno
κ,ψ(UQ,O), Tκ,ψ(UQ,O), Tψ(UQ), and Sψ(UQ) as before. Recall that for V any of U , U0,

or UQ, Tψ(V ) is a Λ(U1
2 )-algebra, and the natural maps between them are Λ(U1

2 )-algebra morphisms, where
Λ(U1

2 ) = O[[U1
2 ]] with U1

2 = ker(
∏
v|2O

×
Fv
→
∏
v|2(OFv/$vOFv )×).

We assume that there is some eigenform f ∈ Sno
κ,ψ(U,O) such that ρf ∼= ρ, with ρf the Galois representation

as in §2.4. Denote by m the corresponding maximal ideal of Tno
κ,ψ(U,O), and again denote by m its pullback

to any of Tψ(U), Tψ(U0), Tψ(UQ).
Recall we have Λ(Iv) = O[[Iab

v (2)]], where Iab
v (2) is the inertia subgroup of Gab

v (2), the maximal pro-2
quotient of the abelianization of Gv. We set Λ(I2) = ⊗̂v|2Λ(Iv). Local class field theory gives an isomorphism

Λ(I2) ∼= Λ(U1
2 ). Also recall, Λ(G2) = ⊗̂v|2Λ(Gv), where Λ(Gv) = O[[Gab

v (p)]]. For V any of U , U0, or UQ as

above, the Λ(U1
2 )-algebra structure on Tψ(U)m extends to a Λ(G2)-algebra structure, cf. 2.4.6.

Let µ denote the torsion subgroup of U1
2 . Since E contains all embedding Fv → Q2 for all v|2, the minimal

primes of Λ(U1
2 ) and Λ(G2) are in one to one correspondence with O× valued characters of µ. We let η be

the character of µ given by our fixed eigenform f above, and denote by qη the corresponding minimal primes
of Λ(U1

2 ) and Λ(G2). Set Λ(U1
2 , η) = Λ(U1

2 )/qη and Λ(G2, η) = Λ(G2)/qη. Note that Λ(U1
2 , η) and Λ(G2, η)

are isomorphic to power series rings over O in [F : Q] and |{v|2}|+ [F : Q] variables, respectively.

4.1.3. We now specify some finite places of F at which our deformation problem will be unramified. This
may seem redundant, but is important for two reasons. The first is that below we will chose a dimension one
characteristic 2 prime ideal of the Hecke algebra and it will be important that (after a choice of framing)
the local deformation ring surjects onto the Hecke algebra modulo the prime ideal in order to compare
tangent spaces of the local and global deformation rings localized at our fixed prime ideal. The second is to
guarantee the freeness of a certain group action, cf. 1.6.8, which is necessary for the 2-adic patching method.
To these ends, first choose a finite set of places {v1, . . . , vk} disjoint from Σ∪{v|2}∪{v|∞}∪{v0}, such that
Tψ(U, η)m ∼= Λ(U1

2 )[Tv1
, . . . , Tvk ][T$v ]v|2, cf. 2.4.5. By enlarging {v1, . . . , vk} if necessary we can assume
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that if ρ is dihedral, and L denotes the unique quadratic extension of F for which ρ|GL is abelian, there is
some vi ∈ {v1, . . . , vk} that is inert in L. We set Sur = {v1, . . . , vk} and

S = Σ ∪ {v|2} ∪ {v|∞} ∪ Sur

We then set S0 = S ∪ {v0}.

4.1.4. Let Q be a (possibly empty) set of places of F disjoint from S. We let RψF,S∪Q denote the universal

deformation ring for GF,S∪Q-deformations of ρ with determinant ψε2. We let R�,ψ
F,S∪Q denote the universal

framed deformation ring for framed GF,S∪Q-deformations of ρ with determinant ψε2 and frames at places

in S, cf. §1.6. We let R�
F,S∪Q denote the universal framed deformation ring for GF,S∪Q-deformations of ρ

with frames at S, and with determinant ψε2|Gv for each v ∈ S, but not fixed globally, c.f. §1.6. We similarly

define RψF,S0∪Q, R�,ψ
F,S0∪Q, and R�

F,S0∪Q.

For each v ∈ S0, we let R�,ψ
v denote the universal lifting ring for lifts of ρ|Gv with determinant ψε2. Set

R�,ψ
S = ⊗̂v∈SR�,ψ

v and R�,ψ
S0

= ⊗̂v∈S0
R�,ψ
v . For each v ∈ S0, we define quotients of R

�,ψ
v of R�,ψ

v if v - p,
and of R�,ψ

v ⊗̂Λ(Gv, ηv) for v|2, as follows.

- For v|2, R
�,ψ
v = R4,ψΛ(Gv,ηv) with R4,ψΛ(Gv,ηv) as in 1.4.3. Since we are assuming ρ|Gv is either trivial or

has order 2 image, and that Fv contains a 4-th root of unity or satisfies [Fv : Q2] ≥ 3, we have

- By 1.4.12, R
�,ψ
v is a domain of relative O-dimension 3 + 2[Fv : Qp]. Moreover, if Zv denotes the

closed subscheme of Spec Λ(Gv, ηv) defined by (χuniv
ηv )2 = ψε2, and Vv denotes its complement,

(SpecR
�,ψ
v ×Spec Λ(Gv,ηv) Vv)⊗O F

is integral.

- By 1.4.18, if x = (ρx, χx) is a closed point of SpecR
�,ψ
v [1/p] such that χ2

x 6= ψ or ψε2, then

R
�,ψ
v is formally smooth over E at x.

- For v ∈ Σ, R
�,ψ
v = R�,γ-st

v as in 1.5.4. It is a domain of relative O-dimension 3, R
�,ψ
v [1/p] is formally

smooth over E, and R
�,ψ
v ⊗O F is a domain.

- For v|∞, R
�,ψ
v = R�,−1

v as in 1.5.6. It is a domain of relative O-dimension 2, R
�,ψ
v [1/p] is formally

smooth over E, and R
�,ψ
v ⊗O F is a domain.

- For v ∈ Sur, R
�,ψ
v = R�,ψ,ur

v as in (2) of 1.5.2. It is formally smooth over O of relative dimension 3.

- R
�,ψ
v0

is as in 1.5.2. It is equidimensional and O-flat of relative O-dimension 3. There is a minimal

prime qur such that a lift factors through R
�,ψ
v0

/qur if and only if it is unramified. The quotient

R
�,ψ
v0

/qur is formally smooth over O.

We set R
�,ψ
S = ⊗̂v∈SR

�,ψ
v and R

�,ψ
S0

= ⊗̂v∈S0
R

�,ψ
v

Lemma 4.1.5. R
�,ψ
S0

is O-flat and equidimensional of relative dimension 3|S0| + [F : Qp]. Any minimal

prime of R
�,ψ
S0

is of the form qR
�,ψ
S0

with q a minimal prime of R
�,ψ
v0

.

Proof. By 1.4.12, 1.5.2, 1.5.4, and 1.5.6, and (3) of 1.1.4, R
�,ψ
S0

is O-flat of relative dimension∑
v|2

3 + 2[Fv : Qp] +
∑
v|∞

2 +
∑

v∈Σ∪Sur∪{v0}

3 = 3|S0|+ [F : Qp],

and the claim regarding minimal primes follows from part (4) of 1.1.4. �

In particular, for qur the minimal prime of R�,ψ
v0

corresponding to unramified lifts, 4.1.5 implies that qur

generates a minimal prime of R
�,ψ
S0

which we again denote by qur.

Let χuniv
ηv : Gv → Λ(Gv, ηv)

× denote the universal Λ(Gv, ηv)-valued character.

Lemma 4.1.6. Let Z1 denote the closed subscheme of Spec Λ(G2, η) defined by (χuniv
ηv )2 = ψ for some v|2,

and Z2 the closed subscheme defined by (χuniv
ηv )2 = ψε2 for some v|2. Let U denote the complement of Z1∪Z2,
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and let f : SpecR
�,ψ
S0

/qur → Spec Λ(G2, η) denote the natural morphism. If p ∈ f−1(U), then (R
�,ψ
S0

/qur)p
is normal.

Proof. For ease of notation, we set R = R
�,ψ
S0

/qur, Rv = R
�,ψ
v for v ∈ S, and Rv0 = R�,ψ

v0
/qur. Note that

R ∼= ⊗̂v∈S0Rv. We check Serre’s conditions (S2) and (R1). Since f−1(U) is open it suffices to check

(a) for any p ∈ f−1(U), we have depthRp ≥ min{i,htp} and
(b) for any p ∈ f−1(U) with htp = 1, Rp is regular.

Take p ∈ f−1(U). First assume that 2 /∈ p. Since R[1/2] is Jacobson, we can find a finite extension E′/E
and an E′ valued point x : R[1/2] → E′ whose kernel lies in f−1(U) and contains p. Write x = (xv) for
xv : Rv → E′, for each v ∈ S0. Part (2) of 1.5.2, 1.5.4, and 1.5.6, imply that Rv is smooth over E for each
v ∈ S0 with v - 2. For v|2, since the kernel of x lies in f−1(U), 1.4.18 implies that Rv is smooth over E at
xv. Part (1) of 1.1.4 shows that R[1/2] is smooth over E at x. Since p is contained in the kernel of x, p is
regular. This establishes both (a) and (b) for primes in f−1(U)[1/2].

Now take p ∈ f−1(U) with 2 ∈ p. Let $E denote a uniformizer of E. Let N denote the nilradical
of R/$ER, and for each v ∈ S0, let Nv denote the nilradical of Rv/$ERv. Part (2) of 1.5.2, 1.5.4, and
1.5.6, imply that Nv = 0 for each v ∈ S0 with v - 2. For v|2, 1.4.12 implies that the support of Nv in
Spec Λ(Gv, ηv) is contained in the closed subscheme defined by (χuniv

ηv )2 = ψε2. Then part (4) of 1.1.4

implies that the support of N is contained in f−1(Z2), so Rp/$ERp
∼= (R/$ER)p is reduced. If htp = 1,

then Rp/$ERp is a field, and p is regular. If htp > 1, then Rp/$ERp reduced and of dimension ≥ 1 implies
the existence of a non-zero divisor in its maximal ideal; hence, depthRp ≥ 2. �

As in 1.6.3, we define quotients

- R�,ψ
F,S∪Q⊗̂Λ(G2, η)→ R

�,ψ
F,S∪Q,

- R�,ψ
F,S0∪Q⊗̂Λ(G2, η)→ R

�,ψ
F,S0∪Q, and

- R�
F,S0∪Q⊗̂Λ(G2, η)→ R

�
F,S0∪Q

by letting

- R
�,ψ
F,S∪Q = R

�,ψ
S ⊗

R�,ψ
S

R�,ψ
F,S∪Q,

- R
�,ψ
F,S0∪Q = R

�,ψ
S0
⊗
R�,ψ
S0

R�,ψ
F,S0∪Q, and

- R
�
F,S0∪Q = R

�,ψ
S0
⊗
R�,ψ
S0

R�
F,S0∪Q.

We define a quotient RψF,S∪Q⊗̂Λ(G2, η) → R
ψ

F,S∪Q by letting R
ψ

F,S∪Q be the image of RψF,S∪Q⊗̂Λ(G2, η)
under the natural map

RψF,S∪Q⊗̂Λ(G2, η) −→ R�,ψ
F,S∪Q −→ R

�,ψ
F,S∪Q,

and similarly with S0 in place of S. Note that if E′/E is finite with ring of integers OE′ , a local O-

algebra morphism R
�,ψ
F,S0

→ OE′ has kernel lying over qur ∈ SpecR�,ψ
S0

if and only if the induced morphism

R
ψ

F,S0
→ OE′ factors through R

ψ

F,S .

By 2.4.6, the existence of f in 4.1.2 yields surjective morphisms R
ψ

F,S → Tψ(U, η)m, R
ψ

F,S0
→ Tψ(U0, η)m,

and R
ψ

F,S0∪Q → Tψ(UQ, η)m. These are all morphisms of Λ(G2, η)-algebras, and the natural diagrams all
commute.

If R is either of R
ψ

F,S∪Q or R
ψ

F,S0∪Q, A is a CNLO-algebra, and x ∈ SpfR(A), we let ρx denote the
pushforward of the universal deformation by x. If p ∈ SpecR, we denote by ρp the pushforward of the
universal deformation by R→ R/p.

4.1.7. As in [SW1] and [SW2], we say a prime p ∈ SpecR
ψ

F,S is pro-modular if it is the inverse image

of a prime of Tψ(U, η)m. We say a closed subset of SpecR
ψ

F,S is pro-modular if every prime in it is pro-
modular. Note that an irreducible component is pro-modular if and only if its corresponding minimal prime

is pro-modular. We say a prime p ∈ SpecR
ψ

F,S is nice if

(a) p is pro-modular;
(b) p is dimension one and containing 2;
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(c) ρp is absolutely irreducible and non-dihedral;
(d) for each v|2, the image of p in Spec Λ(Gv, ηv) does not lie in the closed subscheme defined by

(χuniv
ηv )2 = ψε2;

(e) the image of ρp contains a non-trivial unipotent element.

We are now in a position to state the the localized “R = T” theorem.

Proposition 4.1.8. With the notation and assumptions as above, if p ∈ SpecR
ψ

F,S is a nice prime, then

every prime of R
ψ

F,S contained in p is pro-modular.

4.2. The Setup. The proof of 4.1.8 will be carried out in a number of steps. Fix a nice prime p and let

A = R
ψ

F,S/p.

4.2.1. We have a commutative diagram

R
ψ

F,S0
//

��

Tψ(U0, η)m

��
R
ψ

F,S
// Tψ(U, η)m

with all arrows surjective. Pull back p to a prime p0 of Tψ(U0, η)m, and denote again by p0 its pullback

to R
ψ

F,S0
. Let X denote the Zariski closure in SpecR

ψ

F,S0
of the set of points x ∈ SpfR

ψ

F,S0
(OE′) whose

corresponding deformations are unramified at v0, as E′ ranges over all finite extensions of E. Note that X

is the image of Spec (R
�,ψ
F,S0

/qur) under SpecR
�,ψ
F,S0

→ SpecR
ψ

F,S0
. From this it follows that X is also equal

to the image of SpecR
ψ

F,S → SpecR
ψ

F,S0
. Consider the commutative diagram

SpecT(U, η)m //

��

SpecR
ψ

F,S

��

SpecT(U0, η)m // SpecR
ψ

F,S0
.

Let q be a minimal prime of Tψ(U0, η)m whose image in SpecR
ψ

F,S0
lies in X. We know that any arithmetic

prime contained in q is in the image of SpecTψ(U, η)m. By Zariski density of arithmetic primes, cf. 2.3.12, q

must be in the image of SpecTψ(U, η)m. It thus suffices to prove that any element of X ∩ Spec (R
ψ

F,S0
)p0
⊂

SpecR
ψ

F,S0
is in the image of SpecT(U0, η)p0 .

Recall R
�,ψ
F,S0

is isomorphic to a power series ring over R
ψ

F,S0
in 4|S0|−1 variables, cf. 1.6.5. Set j = 4|S0|−1,

and choose a presentation R
�,ψ
F,S0
∼= R

ψ

F,S0
[[y1, . . . , yj ]]. Let R

�,ψ
F,S0
→ R

ψ

F,S0
be the map sending each yi to zero.

Set T�
ψ (U0, η)m = R

�,ψ
F,S0
⊗̂
R
ψ
F,S0

Tψ(U0, η)m. We have a map T�
ψ (U0, η)m → Tψ(U0, η)m, by sending each yi

to zero. Pull back p0 to ideals of T�
ψ (U0, η)m and R

�,ψ
F,S , and denote each again by p0. In order to show that

any element of X∩Spec (R
ψ

F,S0
)p0 ⊂ SpecR

ψ

F,S0
is in the image of SpecT(U0, η)p0 , it suffices to show that any

element of Spec (R
�,ψ
F,S0

)p0
lying over qur ∈ SpecR�,ψ

S0
is in the image of SpecT�

ψ (U0, η)p0
→ Spec (R

�,ψ
F,S0

)p0
.

Finally, recall that we have a faithful Tψ(U0, η)m-module Sψ(U0, η)m. Set S�
ψ (U0, η)m = R

�,ψ
F,S0
⊗̂
R
ψ
F,S0

Sψ(U0, η)m;

this is a faithful T�
ψ (U0, η)m-module. To prove 4.1.8, it suffices to show that if q ∈ Spec (R

�,ψ
F,S0

)p0
lies over

qur ∈ SpecR
�,ψ
S0

, then q is in the support of S�
ψ (U0, η)m. This is what we will prove.

4.2.2. For ease of notation, set Λ = Λ(U1
p , η) = Λ(Ip, η), Rloc = R

�,ψ
S0

, R′0 = R
�
F,S0

, R0 = R
�,ψ
F,S0

, and

M0 = S�
ψ (U0, η)m. Also set B = Λ[[y1, . . . , yj ]]. Let pΛ denote the pullback of p to Λ. Note that R′0 and R0

are B-algebras, and the surjection R′0 → R0 is a B-algebra morphism. We denote by p′0 the pullback of p
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to R′0, and ploc its pullback to Rloc. By our assumption on (U0)v0 , 2.3.3 and 2.3.8 imply that Sψ(U, η)m is
finite free over Λ, thus M0 is finite free of the same rank over B.

Lemma 4.2.3. There is a prime q ∈ SpecR0 contained in p0 and in the support of M0 such that the
irreducible component of SpecRloc determined by qur is the unique irreducible component containing the
image of q.

Proof. By 4.1.5, SpecRloc → SpecR
�,ψ
v0

induces a bijection on irreducible components. Hence, it suffices
to show the existence of q ∈ SpecR0 contained in p0 and in the support of M0 such that the irreducible

component of SpecR
�,ψ
v0

determined by qur is the unique irreducible component containing the image of q

under SpecR0 → SpecR
�,ψ
v0

.

Let q be a minimal prime of T�
ψ (U)m contained in p, and write q again for its pullback to R0. Choose an

arithmetic O-morphism λf : T�
ψ (U) → Qp whose kernel contains q. Since ρf is unramified at v0, we know

that the image of kerλf in SpecR
�,ψ
v0

lies in the irreducible component determined by qur. If it was contained
in more than one irreducible component, 1.5.2 shows that ρf |Gv0 ∼= γε2⊕ γ, for some unramified character γ
of Gv. But using local-global compatibility, this contradicts the fact that the automorphic representation πf
of GL2(AF ) corresponding to f via the Jacquet-Langlands-Shimizu correspondence is generic at v0. Since

the irreducible component of R
�,ψ
v0

determined by qur is the unique one containing kerx, it is also the unique
one containing q. �

4.2.4. Note that the map R0 → A determines a fixed tuple (VA, {χv}v|2, {βA,v}v∈S0
), with VA a deformation

of ρ to A, χv an A valued character of Gv for each v|2, and βA,v a basis for VA reducing to our fixed basis
of ρ for each v ∈ S0.

We need to use the results of §3. Let K be the fraction field of A, and let A′ be the integral closure of A
in K. If we view ρp as taking values in GL2(A′), then all the assumptions of §3 are satisfied (with ρ = ρp
and A′ in place of A), except possibly for the assumption A5, i.e. that in the case where ρ is L-dihedral,
there is some τ0 ∈ GF r GL such that ρp(τ0) has distinct infinite order A′-rational eigenvalues (note that
(d) of the definition of nice primes ensures that A2 holds even in the case that ρ is not dihedral). Assuming
ρ is dihedral, 1.7.6 implies there is some τ0 ∈ GF such that ρ(τ0) has order 2, but ρp(τ0) has infinite order.
Since 2 ∈ p, det ρp is finite, and unipotent elements of ρp(GF ) have finite order, we deduce that ρp(τ0) has
distinct infinite order eigenvalues. Since ρ(τ0) does not have distinct eigenvalues, the eigenvalues of ρp(τ0)
lie in the ring of integers A′′ of a quadratic ramified extension K ′′/K. The representation ρp ⊗A A′′ then
satisfies the assumptions of §3. Applying the results of that section, we fix n1 ≥ 1 as in 3.2.4, and for each
n ≥ n1 we fix a finite set of finite places Qn as in 3.2.16. Recall that |Qn| has cardinality independent of n,
and we denote it by h. For each n ≥ 1, in the notation of 4.1.2 and 4.1.4, we set

R′n = R
�
F,S0∪Qn and Rn = R

�,ψ
F,S0∪Qn .

Fix a choice for the framing of R
�
F,S0∪Qn over RF,S0∪Qn compatible with the surjection R

�
F,S0∪Qn → R

�
F,S0

.
This then gives a B-algebra structure to R′n and Rn and we have a commutative diagram in CNLO

Rloc

!!

// R′n

��

// Rn

��
R′0 // R0

such that each is a morphism of Λ-algebras, and each of R′n → Rn, R′n → R′0 and Rn → R0 are surjective
morphisms of B-algebras. Let pn and p′n denote the pullbacks of p to Rn and R′n, respectively.

Lemma 4.2.5. (1) Let k = 1 + 2h. For any n ≥ n1, there an injection of A-modules

Ak −→ p′n/((p
′
n)2 + ploc)

whose cokernel is finite of size bounded independent of n.
(2) The minimal number of generators of the maximal ideal of Rn is bounded independently of n.
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Proof. We first prove (1). Recall K is the fraction field of A. Let tn = p′n/((p
′
n)2+ploc). Take x1, . . . , xkn ∈ tn

such that the images of x1, . . . , xkn in tn/mA are linearly independent and such that x1, . . . , xkn form a basis
for tn ⊗A K. This gives a map ϕ : Akn → tn. We will show that kn = k and coker(ϕ)) is finite of size
bounded independently of n.

Recall A′ denotes the integral closure of A in K. Set t′n = tn ⊗A A′. I claim that tn → t′n is an injection.
As both are finitely generated over A, it suffices to show injectivity modulo mA, by Nakayama’s Lemma.
This follows from the fact that the composite

tn/mA −→ t′n/mA −→ t′n/mA′

is the isomorphism tn ⊗A F ∼= (tn ⊗A A′)⊗A′ F.
Identifying x1, . . . , xkn with their images in t′n, we have the commutative diagram

0 // Ax1 + · · ·Axkn
ϕ //

��

tn //

��

coker(ϕ) //

f

��

0

0 // A′x1 + · · ·+A′xkn
ϕ′ // t′n // coker(ϕ′) // 0

and the snake lemma gives an injection ker(f)→ (A′/A)kn . If kn = k, then (A′/A)kn is finite of size bounded
independently of n. So, it suffices to show the A′-rank of t′n is k, and that coker(ϕ′) is finite of size bounded
independently of n.

Recall that A′′ is the ring of integers in a quadratic ramified extension K ′′/K so that ρp ⊗A A′′ satisfies
the assumptions of §3. Set t′′n = t′n⊗A′ A′′ = tn⊗A A′′. Since A′′ is free of rank 2 over A′, it suffices to show
that the A′′-rank of t′′n is k, and that the cokernel of ϕ′′ : A′′x1 + · · ·A′′xkn → t′′n is finite of order bounded
independently of n.

We recall some notation from 3.2.15. For each n,m ≥ 1, given positive Cn,m and Dn,m, we write

Cn,m � Dn,m

if there are constants 0 < a < b such that

a <
Cn,m
Dn,m

< b

for all n,m ≥ 1. If M is a finite abelian group with a continuous GF,S0∪Qn -action and V ⊂ S0 ∪ Qn, we
let Hi

V (GF,S0∪Qn ,M) denote the subgroup of Hi
V (GF,S0∪Qn ,M) consisting of elements whose restriction to

Hi(Gv,M) is trivial for each v ∈ V . Let Ad denote the set of 2 × 2 matrices over A′′ with the adjoint
GF,S0∪Qn -action. Set Adm = Ad/mmA′′Ad. Let q = |F|.

Since t′′n is a finitely generated A′′-module, we can write t′′n
∼= (A′′)kn ⊕ Tn, with Tn finite. By our choice

of x1, . . . , xkn , coker(ϕ′′) ∼= Tn. Since Tn is finite, HomA′′(Tn,K
′′/A′′) ∼= Tn, and

HomA′′(t
′′
n,K

′′/A′′) ∼= (K ′′/A′′)kn × Tn.
It then suffices to show that HomA′′(t

′′
n, A

′′/mmA′′) � (qm)k. Let $K′′ be a uniformizer for K ′′. We have

HomA′′(t
′′
n, A

′′/mmA′′)
∼= HomA(tn, A

′′/mmA′′)

and this latter space is identified with the set of φ ∈ HomRloc
(R′n, A

′′[ε]/(ε2, $K′′ε)) such that

R′n
φ−→ A′′[ε]/(ε2, $m

K′′ε)
ε 7→0−→ A′′

is the map R′n → A→ A′′. This Hom set is then identified with tuples (V, {βv}v∈S0
), where

- V is a GF,S0∪Qn -deformation to A′′[ε]/(ε2, $m
K′′ε) that lifts the A′′-deformation VA ⊗A A′′, where

VA is our fixed deformation corresponding to p;
- each βv is a basis of V lifting the basis of VA ⊗A A′′ determined by our fixed basis βA,v of VA,

such that

- for each v ∈ S0, the lift determined by V |Gv and the basis βv is equal to the lift given by VA|Gv ⊗A
A′′[ε]/(ε2, $m

K′′ε) and βA,v.

Note that there is no need to specify the characters of Gv as they are determined by the fact that our
morphisms are Rloc-morphisms. The set of such tuples surjects onto the set of deformations lifting VA⊗AA′′
with fixed restriction to Gv for each v ∈ S0. A standard argument shows that this space of deformations
is isomorphic to H1

S0
(GF,S0∪Qn ,Adm). The fibre over any given deformation V is given by sets of basis
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{βv}v∈S0 reducing to our fixed set of bases modulo ε, such that the lift given by V |Gv and βv is independent
of the element in the fibre, up to equivalence by automorphisms of V reducing to the identity modulo ε that
commute with the GF,S0∪Qn -action.

Putting this all together, we have

(44) |HomA(tn, A
′′/mmA′′)| =

|H1
S0

(GF,S0∪Qn ,Adm)|
∏
v∈S0

|H0(Gv,Adm)|
|H0(GF ,Adm)|

.

Since the trace pairing on Adm is perfect and the characteristic of K ′′ is 2, the Pontryagin dual of Adm is
GF,S0∪Qn-isomorphic to itself, and the dual Selmer group to H1

S0
(GF,S0∪Qn ,Adm) is H1

Qn
(GF,S0∪Qn ,Adm).

Then, the Greenberg-Wiles formula, c.f. [DDT, Theorem 2.19], together with (44) yields

|HomA(tn, A
′′/mmA′′)| =

|H1
Qn

(GF,S0∪Qn ,Adm)|
|H0(GF ,Adm)|

∏
v∈Qn

|H1(Gv,Adm)|
|H0(Gv,Adm)|

.

Local Tate duality and Euler-Poincaré characteristic give

(45) |HomA(tn, A
′′/mmA′′)| =

|H1
Qn

(GF,S0∪Qn ,Adm)|
|H0(GF ,Adm)|

∏
v∈Qn

|H0(Gv,Adm)|.

Since VA ⊗A A′′ is absolutely irreducible, |H0(GF ,Adm)| � qm. Then parts (3) and (4) of 3.2.16 with (45)
imply

|HomA(tn, A
′′/mmA′′)| � (qm)1+2|Qn| = qmk

which is what was required to prove.
To see (2), it suffices to show the minimal number of generators of R′n over Rloc is bounded independently

of n. Letting AdF denote the space of 2 × 2 matrices over F with the adjoint GF,S0∪Qn -action, a similar
argument to above shows that the minimal number of generators is bounded above by

dimFH
1
Qn(GF,S0∪Qn ,AdF)− dimFH

0(GF ,AdF) +
∑
v∈Qn

dimFH
0(Gv,AdF) ≤ dimFH

1(GF,S0
,AdF)− 1 + 4h.

�

4.2.6. We let FS0

Qn
denote the maximal abelian p-extension unramified outside Qn and split at all primes in

S0. Set Gn = Gal(FS0

Qn
/F ). Part (5) of 3.2.16 shows that Gn/2

n−2Gn ∼= (Z/2n−2Z)t with t = 2−|S0|+ |Qn|.
Let G∗n denote the diagonalizable O-group associated to Gn as in 1.6.7. Recall that an element of G∗n(A) is
a character χ : Gn → A× reducing to the trivial character modulo the maximal ideal of A.

By 1.6.8 and our assumptions on S, cf. 4.1.3, there is a free action of G∗n on SpfR′n, and the morphism
SpfR′n → SpfRloc is constant on orbits. We also have an action of G∗n,2, the 2-torsion of G∗n, on SpfRn, and
a function δQn : SpfR′n → G∗n such that that R′n → Rn identifies SpfRn with the closed sub-formal-scheme
of SpfR′n defined by δQn = 1, and for any CNLO-algebra A, α ∈ G∗n(A), and x ∈ SpfR′n(A), we have
δQn(αx) = α2δQn(x), cf. 1.6.7. We also note that for any CNLO-algebra A, the stucture map O → A gives
a group homomorphism G∗n(O)→ G∗n(A). In this way the finite group G∗n(O) acts on SpfR′n; hence, also on
R′n. Similarly, G∗n,2(O) acts on Rn.

4.2.7. For each n ≥ n1, let Sψ(UQn , η) be as in 4.1.2. We set Mn = R
�,ψ
F,S0∪Qn ⊗RψF,S0∪Qn

Sψ(UQn , η)m. Note

that Mn is an Rn-module and we have a surjection Mn → M2h

0 of Rn-modules induced by the degeneracy
map in 2.5.1. Here, Rn acts on M0 via the surjection Rn → R0.

Write Qn = {v1, . . . , vh} and define two power series rings B[[s1, . . . , sh]] and B[[t1, . . . , th]]. We view
B[[t1, . . . , th]] as a subring of B[[s1, . . . , sh]] by ti 7→ (1 + si) + (1 + si)

−1 − 2. For each vi ∈ Qn, fix a
generator σi of the p-part of the tame inertia group of Fvi . The map Ivi → O×Fvi → k×vi → ∆vi given by class

field theory sends σi to a generator δi of ∆vi . Let V be tautological deformation to RF,S0∪Qn . We define
a local B-algebra morphism B[[t1, . . . , th]] → Rn by sending 2 + ti to the trace of σi acting on V . We also
define a B[[s1, . . . , sh]]-module structure on Mn by letting si act via the action of δi on Sψ(UQn)m. By 2.5.6,
the two B[[t1, . . . , th]]-module structures on Mn given by B[[s1, . . . , sh]] and Rn coincide. Note that under
the surjection Rn → R0, each ti is mapped to zero.
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We remark that the power series ring B[[t1, . . . , th]] is introduced because we may not be able to define a
B[[s1, . . . , sh]]-algebra structure on Rn. Although ρ is unramified at each v ∈ Qn, its Frobenius eigenvalues
may not be distinct, so the local lift to Rn may not be split and we may not have a morphism ∆v → R×n .
This is why we introduce this subring B[[t1, . . . , th]] of “traces”.

Lemma 4.2.8. (1) There is s ≥ 1, independent of n, such that letting bn denote the annihilator of Mn

in B[[s1, . . . , sh]],

bn ⊆ ((1 + s1)2n − 1, . . . , (1 + sh)2n − 1)

and Mn is free over B[[s1, . . . , sh]]/bn of rank s.

(2) (s1, . . . , sh)Mn ⊆ ker(Mn →M2h

0 ).
(3) There is λM ∈ Λ, λM /∈ pΛ and independent of n such that letting Nn = ker(Mn/(s1, . . . , sh)Mn →

M2h

0 ), λMNn ⊆ pnNn.
(4) There is an action of the finite group G∗n,2(O) on Mn such that for α ∈ G∗n,2(O), r ∈ Rn, and

m ∈Mn, r(αm) = α((αr)m).
(5) Letting G∗n,2(O) act on B[[s1, . . . , sh]] by χsi = χ(δi)(1 + si)− 1, we also have si(αm) = α((αsi)m).

Proof. Parts (1) and (2) follow immediately from 2.5.5 and our assumption on v0. Parts (4) and (5) follow
from 2.5.7.

We now show (3). By (1) of 3.2.16, there is w independent of n such that for any v ∈ Qn, valK(ρp(Frobv)) <
w, where valK denotes the valuation of the fraction field K of A, normalized to give a uniformizer valuation
1. Let λM ∈ Λ be any element whose image in A is nonzero and has valuation at least 2w. By 2.5.3, there
is yv ∈ Rn lifting (tr ρp(Frobv))

2 such that yvNn = 0. In particular yv(Nn/pnNn) = 0. Since the valuation
of yv modulo pn is bounded above by 2w, we have λM (Nn/pnNn) = 0. �

4.3. Patching and proof of 4.1.8. Denote by T the formal CNLO-torus (Zt)∗, where t = 2− |S0|+ |Qn|,
cf. 4.2.6. For any n ≥ 1, we let T2n denote the 2n-torsion subgroup of T.

Lemma 4.3.1. Let k = 1 + 4h = 1 + 4|S0| as in 4.2.5. Let CNLΛ denote the full subcategory of CNLO
consisting of Λ-algebras. We have

- CNLΛ objects R′∞, R∞, a power series Rloc[[x1, . . . , xk]], and an R∞ ×B[[s1, . . . , sh]]-module M∞;
- CNLΛ morphisms Rloc[[x1, . . . , xk]]→ R′∞ → R∞, R′∞ → R′0, R∞ → R0, and B[[t1, . . . , th]]→ R∞,

and a morphism of R∞ ×B[[s1, . . . , sh]]-modules M∞ →M2h

0 ;

such that the following hold.

(1) The diagrams

Rloc[[x1, . . . , xk]] // R′∞

��

// R∞

��
Rloc

OO

// R′0 // R0

and B[[t1, . . . , th]] // R∞

��
B

OO

// R0

both commute and the two B[[t1, . . . , th]]-module structures on M∞ (coming from R∞ and B[[s1, . . . , sh]])
coincide.

(2) The morphisms R′∞ → R∞, R′∞ → R′0, R∞ → R0, and M∞ →M2h

0 are all surjections.

(3) (t1, . . . , th)R∞ ∈ ker(R∞ → R0) and (s1, . . . , sh)M∞ ∈ ker(M∞ →M2h

0 ).

(4) Letting N∞ = ker(M∞/(s1, . . . , sh)→M2h

0 ) and letting p∞ be the pullback of p0 to R∞, N∞/p∞N∞
is a torsion A-module.

(5) Letting p′∞ be the pullback of p′0 to R′∞, (ploc, x1, . . . , xk)R′∞ ⊆ p′∞ and p′∞/((p
′
∞)2+(ploc, x1, . . . , xk)R′∞)

is a torsion A-module.
(6) There is a free action of T on SpfR′∞ and a map δ∞ : SpfR′∞ → T such that

– the morphism SpfR′∞ → SpfRloc is constant on orbits of T,
– the closed immersion SpfR∞ → SpfR′∞ identifies SpfR∞ with the closed subfunctor of points x

with δ∞(x) = 1 and
– for any object A in CNLO, x ∈ SpfR′∞(A) and α ∈ T(A), we have δ∞(αx) = α2δ∞(x).
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(7) The subfunctor SpfR∞ → SpfR′∞ is stable under the action of T2, and there is an action of T2(O)
on M∞ satisfying the following compatibility condition: for any m ∈ M∞, r ∈ R∞, and α ∈ T2(O)
we have r(αm) = α((αr)m).

Proof. The proof is similar to the contsruction in [KW, Proposition 9.3].

For a CNLO-algebra A with maximal ideal mA and r ≥ 1, we let m
(r)
A denote the ideal of A generated by

elements of mA that are rth powers. Note that if mA can be generated by g elements, then mgrA ⊆ m
(r)
A . Let

s ≥ 1 be as in (1) of 4.2.8. For each m ≥ 1, set rm = sm(h+ j)2m and

cm = (mmΛ , y
2m

1 , . . . , y2m

j , (1 + s1)2m − 1, . . . , (1 + sh)2m − 1) ⊂ B[[s1, . . . , sh]].

Let dm = cm ∩ B[[t1, . . . , th]]. As in the proof of [K2, Proposition 3.3.1] we can show that for any m ≥ 1,

M0/cmM0 is an R0/(dmR0 + m
(rm)
R0

)-module. Similarly, for any n ≥ n1 and m ≥ 1, we can show that

Mn/cmMn is an Rn/(dmRn + m
(rm)
Rn

)-module.
Fix λR ∈ Λ with non-zero image in A such that λR annihilates the cokernel of the map in (1) of 4.2.5 for

all n ≥ n1. Also let λM be as in (3) of 4.2.8.
Let G′n = Gn/2

n−2Gn. As in [KW], we fix a surjection Zt → Gn for each n ≥ n0. By 4.2.6, this induces
an isomorphism Z/2n−2Z ∼= G′n and a closed embedding G∗n → T which identifies G′∗n with T2n−2 .

Let g by such that the maximal ideal of Rn is genererated by ≤ g elements for all n ≥ n1, cf. (2) of 4.2.5.
We let CNLRloc

denote the full subcategory of CNLO consisting of Rloc-algebras. We recall some notation

of 1.2.4. We let CNL
[d]
O and CNL

[d]
O be the full subcategories of CNLO and CNLRloc

, respectively, consisting

of objects A such that mdA = 0. Given a CNLO-algebra A, we let A[d] = A/mdA. Given X = SpfA in CNLop
O ,

we let X [d] = SpfA[d]. For m ≥ 1, a patching datum of level m, denoted (D′m, Dm, Lm), consists of the
following.

(a) A surjective CNLRloc
morphism

Dm −→ R0/(dmR0 + m
(rm)
R0

)

which is also a B[[t1, . . . , th]]-algebra morphism, such that m
(rm)
Dm

= (0).

(b) A object D′m of CNL
[grm]
Rloc

such that mD′m can be generated by g elements, a surjective CNL
[grm]
Rloc

morphism
D′m −→ Dm,

a free action of T
[grm]
2m on D′m such that the map SpfD′m → SpfRloc is constant on orbits of T

[grm]
2m , and

a morphism δm : SpfD′m → T, such that δm(αx) = α2δm(x) for any A in CNL
[grm]
O , x ∈ SpfD′m(A)

and α ∈ T2m(A). Let D′′m be the object in CNL
[grm]
O representing the closed subfunctor of SpfD′m

given by points x with δm(x) = 1. We further demand that the surjection D′m → Dm factors through
D′m → D′′m and that the kernel of D′′m → Dm is contained in mmD′′m .

(c) A Dm × B[[s1, . . . , sh]]-module Lm, which is finite free of rank s over B[[s1, . . . , sh]]/cm and a sur-

jection of Dm-modules Lm → M2h

0 /cmM
2h

0 (the Dm-module structure on M2h

0 /cmM
2h

0 is via the

surjection Dm → R0/(dm + m
(rm)
R0

) in (a)), such that letting am denote the inverse image in Dm of

the image of p0 in R0/(dmR0 + m
(rm)
R0

),

λM ker(Lm/(s1, . . . , sh)→M2h

0 /cmM
2h

0 ) ⊆ am ker(Lm/(s1, . . . , sh)→M2h

0 /cmM
2h

0 ).

(d) A CNLRloc
morphism

Rloc[[x1, . . . , xk]] −→ D′m

such that, letting a′m denote the inverse image in D′m of the image of p0 in R0/(dmR0 + m
(rm)
R0

), we
have (ploc, x1, . . . , xk)D′m ⊆ a′m and

λR(a′m/((a
′
m)2 + (ploc, x1, . . . , xk)D′m)) ⊆ mmD′m .

We define a morphism (D′m
1, D1

m, L
1
m) → (D′m

2, D2
m, L

2
m) of patching data of level m to be surjective

CNLRloc
morphisms D′m

1 → D′m
2 and D1

m → D2
m, and a surjection of D1

m-modules L1
m → L2

m, such that

– D1
m → D2

m is a B[[t1, . . . , th]]-algebra morphism and is compatible with the surjections to R0/(dm +

m
(rm)
R0

) of (a);
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– D′m
1 → D′m

2 is compatible with the T
[grm]
2m -action and with the morphisms δim : SpfD′m

i → T from
(b), and

D′m
1 //

��

D1
m

��
D′m

2 // D2
m

commutes;
– D′m

1 → D′m
2 is compatible with the morphisms Rloc[[x1, . . . , xk]]→ D′m

i from (d).

Fix n ≥ n1 and n1 ≤ m ≤ n. We now show how to define a patching datum (D′m,n, Dm,n, Lm,n) of level
m, from R′n+2, Rn+2, and Mn+2.

Set D′m,n = R′n+2/m
grm
R′n+2

, Dm,n = Rn+2/(dmRn+2 +m
(rm)
Rn+2

), and Lm,n = Mn+2/cmMn+2. The surjection

Rn → R0 is an Rloc ×B[[t1, . . . , th]]-algebra morphism, so we get a morphism Dm,n → R0/(dmR0 + m
(rm)
R0

)
satisfying the properties of (a) in the definition of a patching datum of level m.

As noted above, Lm,n is a Dm,n-module and the surjection Mn →M2h

0 of Rn-modules induces a surjection

Lm,n →M2h

0 /cmM
2h

0 of Dm,n-modules. That Lm,n satisfies the required properties follows from 4.2.8.
We now show part (b). By choice of g, mD′m,n can be generated by g elements. As noted above, we have

mgrmR′n
⊆ m

(rm)
R′n

, so the surjection R′n → Rn induces a surjection D′m,n → Dm,n. From

T2m −→ T2n
∼= G′∗n+2 −→ G∗n+2,

the free action of G∗n+2 on SpfR′n+2 yields a free action of T2m on SpfR′n+2. This gives rise to a free group

action chunk in CNL
[grm]
O , cf. 1.2.4, of T

[grm]
2m on SpfD′m,n. Now let δ : SpfR′n+2 → G∗n+2 be as in 4.2.6.

With our fixed immersion G∗n → T we define δm to be the composite

SpfD′m,n −→ SpfR′n+2 −→ G∗n+2 −→ T.

The fact that δm(αx) = α2δm(x) for any A in CNL
[grm]
O , x ∈ SpfD′m,n(A) and α ∈ T2m(A) now follows from

4.2.6. Let D′′m,n be the object in CNL
[grm]
O representing the closed subfunctor of SpfD′m,n given by points

x with δm(x) = 1. The surjection D′m,n → Dm,n factors through D′m,n → D′′m,n. We also see that, since

dmR
′
n+2 + m

(rm)
R′n+2

⊆ mmR′n+2
, the kernel of D′′m,n → Dm,n is contained in mmD′′m,n . We have verified all the

conditions of (b).
To realize part (d), first note that am is the image in D′m,n of

p′n+2 + dmR
′
n+2 + m

(rm)
R′n+2

⊆ p′n+2 + mmR′n+2
.

By 4.2.5, we can choose a CNLRloc
morphism

Rloc[[x1, . . . , xk]] −→ R′n+2

such that (ploc, x1, . . . , xk)R′n+2 ⊆ p′n+2, and such that p′n+2/((p
′
n+2)2 +(ploc, x1, . . . , xk)R′n+2) is annihilated

by λR. This then induces the desired morphism of part (d).
For any n > n1 and n1 ≤ m < n we have natural surjections D′m+1,n → D′m,n, Dm+1,n → Dm,n and

Lm+1,n → Lm,n that induce an isomorphism

(D′m+1,n/m
grm
D′m+1,n

, Dm+1,n/(dmDm+1,n + m
(rm)
Dm+1,n

), Lm+1,n/cmLm+1,n) ∼= (D′m,n, Dm,n, Lm,n)

of patching data of level m. Since, for each m ≥ 1 there are only finitely many isomorphism classes of
patching data of level m, after extracting a subsequence of (n)n≥n1

we can assume that (D′m,n, Dm,n, Lm,n) ∼=
(D′m,m, Dm,m, Lm,m) for all n ≥ m and denoting this common isomorphism class by (D′m, Dm, Lm), we get
a projective system in m ≥ n1. Set R′∞ = lim←−D

′
m, R∞ = lim←−Dm and M∞ = lim←−Lm. The fact that for

each m ≥ n1 the maximal ideal of D′m can be generated by g objects ensures that both R′∞ and R∞ are
Noetherian.
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Just as in [KW, Proposition 9.3] we get a commutative diagram in CNLRloc

R′∞ //

��

R∞

��
R′0 // R0

with R∞ → R0 a B[[t1, . . . , th]]-algebra morphism, and an R∞ × B[[s1, . . . , sh]]-module morphism M∞ →
M2h

0 satisfying parts (1), (2), (3), and (6) of the lemma. Parts (1), (2), and (3) all follow directly from
the analogous statements at finite level. To see (6), first note that the free action of T on SpfR′∞ follows

from 1.2.5 and the fact that the group action chunks of T
[grm]
2m on SpfD′m,n are free. The morphism δ∞ is

defined by the limit of the δm. From the corresponding properties of δm, it is immediate that the morphism
SpfR′∞ → SpfRloc is constant on orbits of T, and that for any object A in CNLO, x ∈ SpfR′∞(A) and
α ∈ T(A), we have δ∞(αx) = α2δ∞(x). It remains to see that the closed immersion SpfR∞ → SpfR′∞
identifies SpfR∞ with the closed subfunctor of points x with δ∞(x) = 1. Note that at finite level, the
subfunctor defined by δm = 1, is represented by D′′m and there is a surjection D′′m → Dm with kernel
contained in mmD′′m . Then the closed the closed subfunctor defined by δ∞ = 1 is lim←−D

′′
m
∼= lim←−Dm = R∞.

We now show (4) and (5). Let am denote the ideal of Dm as in (c) of patching datum. Because lim←− is
exact on systems of finite objects, we have

N∞/cmN∞ ∼= ker(Lm/(s1, . . . , sh)→M2h

0 /cmM
2h

0 ).

Then, since p∞ = lim←− am, we have λMN∞ ⊆ p∞N∞, which implies N∞/p∞N∞ is a torsion A module since
λM has non-zero image in A.

The morphisms Rloc[[x1, . . . , xk]] → D′m for each m ≥ 1 yield a CNLRloc
morphism Rloc[[x1, . . . , xk]] →

R′∞. Let a′m be the ideal of Dm as in part (d) of the definition of a patching datum of level m. Since
p′∞ = lim←− a′m and

λR(a′m/((a
′
m)2 + (ploc, x1, . . . , xk)D′m)) ⊆ mmD′m ,

we have

λR(p′∞/((p
′
∞)2 + (ploc, x1, . . . , xk)R′∞)) = (0),

which implies part (2) of the lemma since λR has non-zero image in A.
It remains to show part (7) of the lemma. The fact that SpfR∞ is stable under the action of T2 follows

immediately from part (6). Note that for n > 2, the isomorphism G′∗n
∼= Tpn−2 induces an isomorphism

G∗n,2
∼= T2. If m ≥ n the action of T2(O) on B[[s1, . . . , sh]] as in 4.2.8 stabilizes the ideal cm and the

compatible actions of T2(O) on Rn+2 and Mn+2 descend to compatible actions on Dm,n and Lm,n. Also

note that for α ∈ T2(O), if we let α′ ∈ T
[grm]
2 (O/mgrmO ) denote the corresponding truncated group element,

the diagram

D′m //

α′

��

Dm

α

��
D′m // Dm

commutes. It follows that, after taking limits, the action of T2(O) on M∞ is compatible with the action of
T2(O) on R∞. This establishes (7) and the lemma is proven. �

By part (1) of 1.2.3, we have a CNLO-algebra Rinv
∞ that represents the orbits for the action of T on SpfR′∞,

and the morphism Rinv
∞ → R′∞ is formally smooth of relative dimension t. Note that as SpfR′∞ → SpfRloc is

constant on T-orbits, we have a CNLO morphism Rloc → Rinv
∞ and Rinv

∞ → R′∞ is a morphism of Rloc-algebras.
Part (2) of 1.2.3 then shows that the map Rinv

∞ → R∞ makes R∞ a torsor over Rinv
∞ with group T2. Let pinv

∞
denote pullback to Rinv

∞ of p0. Note that R∞ is finite over Rinv
∞ , so dimRinv

∞ /pinv
∞ = dimR∞/p∞ = dimR0/p0,

and 2 ∈ pinv
∞ . Let p1, p2 ∈ SpecR∞ lie over pinv

∞ ∈ SpecRinv
∞ . Choose a characteristic 2 field L with

embeddings R∞/p1 → L and R∞/p2 → L. Since R∞ is a T2-torsor over Rinv
∞ , there is α ∈ T2(L) such that

if x denotes the point R∞ → R∞/p1 → L of SpfR∞(L), then αx is the point R∞ → R∞/p2 → L. Since L
has characteristic 2, T2(L) is trivial, and p1 = p2. So, p∞ is the unique prime of R∞ above pinv

∞ . It follows
that (R∞)pinv

∞
is local and the natural map (R∞)pinv

∞
→ (R∞)p∞ is an isomorphism. It also follows that the
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pinv
∞ -adic topology on (R∞)p∞ is the same as the p∞-adic topology on (R∞)p∞ , since (R∞)p∞/p

inv
∞ (R∞)p∞

is a finite local algebra over the field (Rinv
∞ )pinv

∞
/pinv
∞ ; hence is Artinian. Similar statements hold for any

R∞-module, in particular the natural map of (Rinv
∞ )pinv

∞
-modules (M∞)pinv

∞
→ (M∞)p∞ is an isomorphism

and the topologies defined on (M∞)p∞ by pinv
∞ and p∞ are equivalent. Also note that this module is non-zero

as the surjection M∞ →M induces a surjection (M∞)p∞ → (M2h

0 )p.

Lemma 4.3.2. If q ∈ Spec (R∞)p∞ contains qur(R∞)p∞ , then q is in the support of (M∞)p∞ .

Proof. We first show that Supp(R∞)p∞
(M∞)p∞ is a union of irreducible components. Since M∞ is finite free

overB[[s1, . . . , sh]] andB[[s1, . . . , sh]] is finite free overB[[t1, . . . , th]], we see that the (pΛ, y1, . . . , yj , t1, . . . , th)-
depth of M∞, as a B[[t1, . . . , th]]-module, is

ht(pΛ, y1, . . . , yj , t1, . . . , th) = d+ j + h.

Since the image of (pΛ, y1, . . . , yj , t1, . . . , th) in R∞ is contained in p∞,

depth(R∞)∧p∞
(M∞)∧p∞ ≥ depthR∞(p∞,M∞) ≥ d+ j + h.

In particular, if q is an associated prime of (M∞)∧p∞ in Spec (R∞)∧p∞ , we have

(46) dim((R∞)∧p∞/q) ≥ d+ j + h.

Consider the morphism Rloc[[x1, . . . , xk]]→ R′∞ of 4.3.1. By part (3) of 4.3.1, this map induces a surjection

(Rloc)∧ploc
[[x1, . . . , xk]] −→ (R′∞)∧p′∞ .

Since R′∞ is formally smooth over Rinv
∞ of relative dimension t, and Rinv

∞ /pinv
∞
∼= R′∞/p

′
∞, there is an isomor-

phism R′∞
∼= Rinv

∞ [[z1, . . . , zt]] that sends p′∞ to pinv
∞ + (z1, . . . , zt). It follows that

(R′∞)∧p′∞
∼= (Rinv

∞ )∧pinv
∞

[[z1, . . . , zt]].

We have

dim(R∞)∧p∞ = dim(Rinv
∞ )∧pinv

∞
= dim(R′∞)∧p′∞ − t ≤ 1 + d+ 3|S0|+ k − t = d+ j + h.

Combining this with (46), we see that the support of (M∞)∧p∞ in Spec (R∞)∧p∞ is a union of irreducible com-
ponents. Then [B, Chapter 2, §4, Proposition 19] implies that Supp(R∞)p∞

(M∞)p∞ is a union of irreducible

components. We are now reduced to showing that any minimal prime q of (R∞)p∞ containing qur(R∞)p∞
is in the support of (M∞)p∞ .

The commutativity of

(Rloc)ploc
//

%%

(R∞)p∞

��
(R0)p0

and 4.2.3 imply that there is an element of Supp(R∞)p∞
(M∞)p∞ whose image image in Spec (Rloc)ploc

is
contained in the irreducible component determined by qur and no other. Thus, there is a minimal prime q
of (R∞)p∞ containing qur(R∞)p∞ and in the support of (M∞)p∞ . Set qinv = q ∩ (Rinv

∞ )pinv
∞

.

We now show that qinv = qur(R
inv
∞ )pinv

∞
; in particular, qur(R

inv
∞ )pinv

∞
is prime. Since (Rinv

∞ )pinv
∞
→ (R∞)p∞

is finite, qinv ∈ Supp(Rinv
∞ )pinv

∞
(M∞)p∞ . Let Qinv be a minimal prime of (Rinv

∞ )∧pinv
∞

above qinv. Using the

isomorphism

(R′∞)∧p′∞
∼= (Rinv

∞ )∧pinv
∞

[[z1, . . . , zt]],

we see that Qinv(R′∞)∧p′∞ is a minimal prime of (R′∞)∧p′∞ . Recall we have a surjection

(Rloc)∧ploc
[[x1, . . . , xk]] −→ (R′∞)∧p′∞ ,

and that both of these rings have the same dimension. By 4.1.6 and part (d) of the definition of nice prime,
cf. 4.1.7, (Rloc/qur)ploc

is normal; hence, so is (Rloc/qur)
∧
ploc

by [G3, Scholie 7.8.3 (vii)]. This implies that

qur(Rloc)∧ploc
is a minimal prime. The pullback of Qinv to (Rloc)∧ploc

[[x1, . . . , xk]] is a minimal prime that

contains qur, so must be equal to qur(Rloc)∧ploc
[[x1, . . . , xk]]. From this we conclude that Qinv(R′∞)∧p′∞ =

qur(R
′
∞)∧p′∞ , that Qinv = qur(R

inv
∞ )∧pinv

∞
, and finally that qinv = qur(R

inv
∞ )pinv

∞
.
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We know that there is some minimal prime q of (R∞)p∞ above qur(R
inv
∞ )pinv

∞
and in the support of (M∞)p∞ .

Since R∞ is a T2-torsor on Rinv
∞ and under this action p∞ is the unique prime above pinv

∞ , we see that T2 acts
transitively on the set of minimal primes in (R∞)p∞ above qur(R

inv
∞ )qinv

∞
. We are reduced to showing that the

support of (M∞)p∞ is stable under this action. Let q1, q2 ∈ Spec (R∞)p∞ lie above qur(R
inv
∞ )pinv

∞
. If A is a

CNLO-algebra domain, then the natural map T2(O)→ T2(A) is surjective; hence, there is α ∈ T2(O), such
that the automorphism of (R∞)p∞ induced by α sends q1 to q2. By part (5) of 4.3.1, there is a compatible
action of T2(O) on M∞. It follows that q1 ∈ Supp(R∞)p∞

(M∞)p∞ if and only if q2 ∈ Supp(R∞)p∞
(M∞)p∞ ,

i.e. the support of M∞ is stable under the action of T2. �

4.3.3. We can now complete the proof of Proposition 4.1.8. Let q ∈ Spec (R0)p0
contain qur(R0)p0

.
Pull q back to a prime of (R∞)p∞ and call it q∞. By 4.3.2, q∞ is in the support of (M∞)p∞ . Since
t1, . . . , th ∈ ker((R∞)p∞ → (R0)p0), we see that q∞/(t1, . . . , th) ∈ Spec ((R∞)p∞/(t1, . . . , th)) is in the sup-
port of (M∞)p∞/(t1, . . . , th). Since s2

i ∈ (t1, . . . , th)(M∞)p∞ for each i, we further deduce that q∞/(t1, . . . , th)
is in the support of (M∞)p∞/(s1, . . . , sh) as an (R∞)p∞/(t1, . . . , th)-module. But, by (3) and (4) of 4.3.1,

(M∞)p∞/(s1, . . . , sh) ∼= (M2h

0 )p0
. Then, since the action of (R∞)p∞/(t1, . . . , th) on (M2h

0 )p0
factors through

(R0)p0
and this map sends q∞/(t1, . . . , th) to q, we conclude that q is in the support of (M2h

0 )p0
�

4.4. An Rred = T theorem. Unless specifically noted otherwise, keep the assumptions and notations of
the previous subsubsections. If ρ is dihedral we let L/F denote the unique quadratic extension of F such
that ρ|GL is abelian. Let Lab

S denote the maximal pro-2 extension of L unramified outside places above S.
Let L−S denote the maximal subextension of Lab

S /L such that the nontrivial element of Gal(L/F ) acts on

Gal(L−S /L) by −1.
We further assume that

(i) for each v|2, [Fv : Q2] ≥ 4;
(i) if L/F is CM, then there is some v|2 in F that does not split in L;
(ii) if L/F is not CM, then rankZpGal(L−S /F ) < [F : Q]− 3.

Lemma 4.4.1. Take Q ∈ SpecTψ(U, η)m with 2 ∈ Q such that dim(Tψ(U, η)m/Q) ≥ [F : Q]− 3.

(1) The specialization χQ,v of χuniv
ηv |Iv at Q is infinite order.

(2) The the specialization ρQ of ρU,m at Q is non-dihedral.

Proof. Since Tψ(U, η)m is finite and torsion-free over Λ(Ip, η) = ⊗̂v|2Λ(Iv, ηv), part (1) follows from the
fact that dim(Λ(Iv, ηv) ⊗O F) = [Fv : Q2] ≥ 4, and so Q ∩ Λ(Iv, ηv) defines a non-maximal prime ideal in
Λ(Iv, ηv)/($E).

Part (2) is trivial if ρ is not dihedral, so assume ρ is L-dihedral. First assume that L/F is CM. Let v|2
in F be such that v does not split in L. If ρQ where dihedral, then part (3) of 2.4.4 together with 1.7.9
contradict the fact that χQ,v is infinite order.

Now assume that L/F is not CM. Let B denote the subring of Tψ(U, η)m/Q generated by traces of ρQ,
and note that Tψ(U, η)m/Q is integral over B. So, dimB ≥ [F : Q] − 3. We know that the image of
RF,S → Tψ(U, η)m/Q contains B, and so has dimension ≥ [F : Q]− 3. The result now follows from 1.7.8 as
we have assumed rankZpGal(L−S /F ) < [F : Q]− 3. �

Lemma 4.4.2. Let X ⊆ SpecR
ψ

F,S be closed and pro-modular. If dimX ≥ [F : Q]− 1, then X is contains
a nice prime.

Proof. Since X is pro-modular, we have to show X is contains a prime p such that

(a) p has dimension one and contains 2;
(b) ρp is not dihedral;
(c) for each v|2, the image of p in Spec Λ(Gv, ηv) is not contained in Zv, the closed subscheme of

Spec Λ(Gv, ηv) defined by (χuniv
ηv )2 = ψε2;

(d) the image of ρp contains a non-trivial unipotent element.

Let I be some ideal of R
ψ

F,S giving rise to X. Fix some σ0 ∈ GF such that ρ(σ0) has order 2 and let

T ∈ RψF,S denote the trace of σ0 under the universal R
ψ

F,S-deformation. Note that T ∈ m
R
ψ
F,S

since ρ(σ0) has

order 2. Let Q be a minimal prime of R
ψ

F,S/(I,$E , T ). Then Q is pro-modular and dimR
ψ

F,S/Q ≥ [F : Q]−3.
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By part (1) of 4.4.1, Q ∩ Λ(Gv, ηv) is not contained in Zv for any v|2, and by part (2) it is not dihedral.

The diheral locus is closed, cf. 1.7.7, so the locus of primes in SpecR
ψ

F,S/Q satisfying (b) and (c) above

is open and nonempty. Since Spec (R
ψ

F,S/Q) r {m
R
ψ
F,S/Q

} is Jacobson, this open set contains a dimension

1 prime; let p be such a prime. It remains to show that the image of ρp contains a non-trivial unipotent
element. Since T ∈ p, trρp(σ0) = 0. Since $E ∈ p, det ρp(σ0) = det ρ(σ0) = 1. From this we see that
ρp(σ0)2 = 1. Since ρ(σ0) has order two, so does ρp(σ0), and it is unipotent. �

Proposition 4.4.3. Every prime of R
ψ

F,S is pro-modular.

Proof. This proof is essentially the same as [SW2, Proposition 4.1]. By applying 4.4.2 to any minimal prime

of Tψ(U, η)m, which has dimension 1 + [F : Q], we see that R
ψ

F,S contains a nice prime. By 4.1.8, any

irreducible component of SpecR
ψ

F,S containing p is pro-modular. Fix one such irreducible component C. Let

C ′ be any other irreducible component of SpecR
ψ

F,S .

By 1.6.6, there is a presentation R
ψ

F,S
∼= A/(f1, . . . , fr), with A a complete local domain and dimA −

r ≥ 1 + [F : Q] − dimFH
0(GF , (Ad0

F)∗(1)). Since ρ is absolutely irreducible, dimFH
0(GF , (Ad0

F)∗(1)) =

dimFH
0(GF ,AdF/Z) ≤ 1. Then 1.1.7 implies that R

ψ

F,S is [F : Q] − 1-connected, so there is a sequence of
irreducible components

C = C0, C1, . . . , Cn = C ′

such that dim(Ci∩Ci+1) ≥ [F : Q]−1 for each 0 ≤ i < n. By 4.4.2, C0∩C1 contains a nice prime, and 4.1.8
implies C1 is pro-modular. Continuing in this way, we deduce that Ci is pro-modular for each 0 ≤ i ≤ n; in
particular, Cn = C ′ is pro-modular. �

5. The Main Theorem

We are now in a position to prove the main theorem. Before doing so, in the first subsection we recall
some congruences proved in [KW] and [K2] that are necessary to be able to satisfy the assumptions of the
Rred = T theorem. We also prove a small lemma that shows the existence of ordinary lifts in the residually
dihedral case. This is an application of a result of Wiles that allows one to insert a p-ordinary Hilbert
modular form of parallel weight 1 into a p-adic family.

In the second subsection we prove the main theorem. This is mostly routine, except that we must use
some known cases of Leopoldt’s conjecture in our base changes, to ensure the assumptions of 4.4.3 are met.

In the last subsection we show how the main theorem implies the corollary from the introduction on
modularity of (certain) elliptic curves, and give some examples of elliptic curves satisfying the hypotheses.

5.1. Congruences. For simplicity we fix an isomorphism Qp ∼= C throughout this subsection.

5.1.1. We fix a continuous absolutely irreducible

ρ : GF −→ GL2(F)

such that for each v|p, ρ|Gv is reducible. Write

ρGv
∼=
(
χ′v ∗

χv

)
.

Let χ denote the tuple χ = (χv)v|p. If we are given any finite field extension F ′/F we will still denote by χ
the tuple (χv|Gw)w|v,v|p.

Given a cuspical automorphic representaion π of GL2(AF ), we say that π lifts ρ if, letting ρπ be the
representation as in 2.4.1, there is a GF -stable lattice in the representation space of ρπ whose reduction is
equal to ρ (after extension of scalars, if necessary). If π is a p-nearly ordinary lift of ρ, we say that it is
χ-good lift if for each v|p we have

ρπ|Gv ∼=
(
∗ ∗

χv

)
with χv a lift of χv. Similarly, if f is an eigenfunction in some Sno

κ,ψ(U,O) as in 2.2.2, and πf denotes the

cuspidal automorphic representation of GL2(AF ) associated to it by 2.1.10, we say f lifts ρ if πf does, and
that f is a χ-good lift of ρ if πf is. We keep track of χ-good lifts in what follows. This isn’t necessary for
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our applications to modularity of Galois representations (we will perform a base change to assume that ρ|Gv
is either trivial or unipotent for each v|p), but we do so because it entails relatively little extra work.

Lemma 5.1.2. If ρ is dihedral, then it has a χ-good p-nearly ordinary regular algebraic cuspidal lift.

Proof. Let χv be the Teichmüller lift of χv, and view it as taking values in Q×. It suffices to prove the lemma

in the case that χv is unramified for each v|p. Otherwise, we take a finite order character θ : F×\A×F → Q×

such that θ|O×Fv = χv|O×Fv for each v|p, cf. [AT, §10, Theorem 5]. Then letting π denote the resulting lift of

ρ⊗ θ−1
, the twist π ⊗ θ will be the desired χ-good lift of ρ.

Note that the reducibility of ρ|Gv together with the assumption that ρ is dihedral implies that ρ|Gv is
split or χv = χ′v and p = 2. If p is odd, we let χ′v be the Teichmúller lift of χ′v for each v|p. If p = 2, we let
χ′v be the Teichmúller lift of χ′v for each v|2 such that ρ|Gv is split. If p = 2 and ρ|Gv is nonsplit, define χ′v
as follows. Let L/F denote the unique quadratic extension such that ρ|GL is abelian, and let w denote the
unique prime above v in L. Since χv has odd order, the fixed field of its kernel is disjoint from Lw/Fv, and
we let χ′v be the product of χv with the nontrivial character of Gal(Lw/Fv). In all the above cases, we view

χ′v as taking values in Q×.

We first construct a totally odd dihedral representation ρ0 : GF → GL2(Q) lifting ρ. Write ρ = IndGLGFχ

for a quadratic extension L/F and χ : GL → F×, enlarging F if necessary. Let χ : GL → Q× denote the

Teichmuller lift of χ. If ρ(c) 6= 1 for any choice c of complex conjugation, we set ρ1 = IndGFGLχ. If there is
some choice of complex conjugation at which ρ is trivial, we use a trick of Serre. Note that in this case p = 2.
Let {τ1, . . . , τk} denote the set of embeddings F ↪→ R where ρ is trivial. Then each τi splits in L/F , and we

write σi and σ′i for the two embeddings above τi. By [AT, §10, Theorem 5], there is a character ξ : GL → Q×

of order either two or four, such that ξ nontrivial at each {σ1, . . . , σk} and trivial at each {σ′1, . . . , σ′k} as well
as at every place above 2. Note that if ξ′ denotes the conjugate of ξ by Gal(L/F ), we have ξ(c)ξ′(c) = −1

if c is the complex conjugation corresponding to any τ ∈ {τ1, . . . , τk}. We set ρ1 = IndGFGLχξ. Since ξ has
order two or four, it is trivial mod 2, and ρ1 is a lift of ρ. By choice of ξ, the lift ρ1 is totally odd. Also,
because ξ is trivial at any place above 2 we have

ρ1|Gv ∼=
(
χ′v

χv

)
for χ′v and χv as above.

A classical construction yields a cuspidal Hilbert modular newform f1 of weight ((1, . . . , 1), (0, . . . , 0)),
such that ρf1

∼= ρ1. Let πf1
denote the corresponding automorphic representation. For each v|p, the local

representation (πf1
)v is the principal series π(χ′v, χv). If χ′v is unramified then the double coset operator[

GL2(OFv )

(
$v

1

)
GL2(OFv )

]
acts on π(χ′v, χv)

GL2(OFv ) via χ′v($v) + χv($v). In this case we replace f1 with the v-stabilized eigenform
on which the double coset operator [

Iw(v)

(
$v

1

)
Iw(v)

]
acts via χv($v). We may then assume that T$vf1 = χv($v)f1 for each v|p. Then [W, Theorem 3] allows
us to insert f1 in an ordinary p-adic analytic family and letting fk denote a classical specialization at some
parallel weight k ≥ 2, for each v|p we have T$vfk = αvfk for some αk congruent to χv($v). The automorphic
representation generated by this fk is then a χ-good lift of ρ. �

5.1.3. Let κ = (k,w) be an algebraic weight and let ψ : F×\A×F → O× be a continuous character such

that ψ(z) = z2−k−2w
p on some open subgroup of A×F . We denote by ψC the character ψC : F×\A×F → C×

given by ψC(z) = ψ(z)zk+2w−2
p z2−k−2w

∞ , using our fixed isomorphism C ∼= Qp. Conversely, given a character

ψC : F×\A×F → C× such that ψC(z) = z2−k−2w
∞ on some open subgroup of A×F , we let ψ denote the character

ψ : F×\A×F → O× (enlarging O if necessary) given by ψ(z) = ψC(z)zk+2w−2
∞ z2−k+2w

p .
In what follows we can always ensure that the base changes performed are disjoint from any fixed finite

extension K/F as follows. Let K ′ denote the normal closure of K. Let {v} be a finite set of places of F ,
unramified in K ′ and such that every conjugacy class in Gal(K ′/F ) contains one such Frobv. Note that this
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set can always be chosen to be disjoint from any given finite set of places of F . We then demand that our
extension F ′/F splits at all places in {v}. We will not repeat this argument in each of the lemmas below.

We will call an extension F ′/F a p-split allowable base change if

- F ′/F is finite of even degree, solvable, and totally real;

- F ′/F is disjoint from F
ker ρ

;
- any v|p in F splits completely in F ′.

For a given quadratic extension L/F , we say that an extension F ′/F is an L-allowable base change if

- F ′/F is finite of even degree, solvable, and totally real;

- F ′/F is disjoint from F
ker ρ

;
- if ρ|GL is abelian, and v|p in F does not split in L, then no w|v in F ′ splits in F ′L.

Clearly, for any quadratic L/F , a p-split allowable base change is an L-allowable base change. In order to
show that our automorphic representations have the desired central character, we are forced to perform base
changes that are (possibly) ramified at places above p. However, in order to apply the results of §4.4 in the
case that ρ is induced from a quadratic CM extension L/F , we need to ensure that ρ|GF ′ still satisfies the
assumptions of that section; in particular, that there is some v′|2 in F ′ such that ρ|Gv′ is nonslplit. This is
why we introduce the notion of an L-allowable base change.

Lemma 5.1.4. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF ) of weight κ
and central character ψC. Assume that π is p-nearly ordinary and a χ-good lift of ρ. Let κ′ = (k′,w′) be

another algebraic weight and let ψ′C : F×\A×F → C× be such that ψ′C(z) = z2−k′−2w′

∞ on some open subgroup

of A×F . Let L/F be some fixed quadratic extension.
Assume that ψ ∼= ψ′ modulo the maximal ideal of O. Then, there is an L-allowable base change F ′/F and

a p-nearly ordinary regular algebraic cuspidal automorphic representation π′ of GL2(AF ′) such that

- the central character of π′ is NmF ′/F ◦ ψ′C;
- if w is an archimedean place of F ′ that extends the embedding τ : F ↪→ R, then π′w is discrete series

of lowest weight k′τ − 1 and central character zv 7→ sgn(zv)
k′τ |zv|2−k

′
τ−2w′τ ;

- for v|p, we have (π′v)
Iw1(v) 6= 0;

- π′ is a χ-good lift of ρ.

Proof. Take some v|p. If v does not split in L, we let Lv be the completion of L at the unique prime above v.
Let U1

v be the maximal pro-p subgroup of O×Fv , and recall that JFv denotes the set of embeddings Fv ↪→ E.

Let φv be the finite order O-valued character of U1
v given by

φv(zv) = ψ′(zv)
∏

τ∈JFv

z
2−k′τ−2w′τ
v .

We want a finite totally ramified extension F ′v/Fv of order a power of p such that φv ◦ NmF ′v/Fv
is trivial.

However, if v does not split in L, we further require this extension is disjoint from Lv/Fv. If p is odd or if
Lv/Fv is unramified, this is automatic. In the case that Lv/Fv is ramified, there is a choice of uniformizer
$v in Fv such that $v is not a norm from Lv. By class field theory, the subgroup of F×v generated by the
kernel of φv, the group of prime-to-p roots of unity, and the element $v then gives the desired extension. We
fix such an F ′v/Fv for each v|p. We now let F ′/F be a finite solvable, totally real extension of even degree
such that for any v|p in F and w|v in F ′, the completion of F ′ at w is our fixed extension F ′v/Fv. Note that
by choice of the F ′v, we have

- ψ′(zp) ◦ NmF ′/F = z2−k′−2w′

p for every zp ∈ (U ′p)1, where (U ′p)1 is the maximal pro-p subgroup of

(OF ′ ⊗Z Zp)×;
- if ρ|GL is abelian and v|p in F does not split in L, then no w|v in F ′ splits in F ′L.

We again denote by κ and κ′ the weights of F ′ obtained from κ and κ′ in the obvious way. We also again
write ψC and ψ′C instead of ψC ◦ NmF ′/F and ψ′C ◦ NmF ′/F . We again denote by π the base change of π to
F ′.

Let D be the quaternion algebra over F ′ ramified at all infinite places and split at all finite places. Since

πv is either principal series or Steinberg at each v|p, there is some a ≥ 1 such that π
Iw1(va)
v 6= 0 for any v|p

in F ′. Let U ⊆ GL2(OF ′ ⊗Z Ẑ) be a compact open subgroup such that Uv = Iw1(va) for all v|p, and small
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enough such that πU 6= 0 and

(47) (U(A∞F ′)× ∩ t−1D×t)/(F ′)× = 1

for every t ∈ (D ⊗F ′ A∞F ′)×.
Using the Jacquet-Langlands-Shimizu correspondence, cf. 2.1.10, we transfer π to a Hecke eigenform in

Sno
κ,ψ(U,O) (enlarging O if necessary). Since U satisfies (47), we have

Sno
κ,ψ(U,O)⊗O F ∼= Sno

κ,ψ(U,F),

and similarly for Sno
κ′,ψ′(U,O). Since U = U(p1,1) and ψ ∼= ψ′ modulo the maximal ideal of O, 2.3.7 gives

Hecke equivariant isomorphisms

Sno
κ,ψ(U,F) ∼= Sno

2,ψ(U,F) ∼= Sno
κ′,ψ′(U,F).

This implies the existence of a Hecke eigenform g in Sno
κ′,ψ′(U,O) that is a χ-good lift of ρ. The fact that the

lift is χ-good follows form the fact that the above isomorphism is equivariant for T$v for each v|p, and for
〈y〉no for each y ∈ (OF ′ ⊗Z Zp)×.

Now let V ⊆ GL2(OF ′ ⊗Z Ẑ) be another compact open subgroup such that Vv = Iw1(v) for all v|p, such
that Vv ⊆ Uv for all v - p, and small enough such that V also satisfies (47) (with V in place of U). Note that
V ∩ U = V (pa,a). Viewing g as a Hecke eigenform in Sno

κ′,ψ′(V (pa,a),O), we let m denote the corresponding

maximal ideal of the universal nearly ordinary Hecke algebra Tψ′(V ). In particular, Sno
κ′,ψ′(V (pa,a),O)m 6= 0.

Since V satisfies (47) (with V in place of U) and V (pa,a)/V is a p-group, we get that Sno
κ′,ψ′(V (pa,a),O)m is

free over O[V (pa,a)/V ]; hence, Sκ′,ψ′(V,O)m 6= 0. Letting f ′ be any Hecke eigenform in Sκ′,ψ′(V,O)m, its
transfer π′ to GL2(AF ′) satisfies the requirements of the lemma. �

Lemma 5.1.5. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF ) with central
character ψC. Assume that π is a p-nearly ordinary χ-good lift of ρ. Let Σ be some (possibly empty) set of
finite places of F , disjoint from {v|p}, such that for each v ∈ Σ, we have πv ∼= (γv ◦ det) ⊗ St with γv a
character of F×v .

There is a p-split allowable base change F ′/F and a p-nearly ordinary regular algebraic cuspidal automor-
phic representation π′ of GL2(AF ′), such that

- the central character of π′ is ψC ◦NmF ′/F ;
- for any archimdean place v of F and w|v in F ′, πv ∼= π′w as (gl2,O(2))-modules;
- for any finite place w not above p or any of the places of Σ, π′v is unramified;
- for v ∈ Σ and w|v, π′w

∼= (γv ◦NmF ′w/Fv
◦ det)⊗ St;

- for any v|p in F , if a ≥ 1 is such that π
Iw1(va)
v 6= 0, then for any w|v in F ′, we have (π′w)Iw1(wa) 6= 0;

- π′ is a χ-good lift of ρ.

Proof. For ease of notation, we will throughout denote the base change of a character by the same letter,
in particular again write ψ and γv for ψ ◦ NmF ′/F and γv ◦ NmF ′w/Fv

, respectively. For each v|p in F , let

av ≥ 1 be minimal such that π
Iw1(vav )
v 6= 0.

Let F1/F be a p-split allowable base change such that, letting π1 denote the base change of π to F1, if v
is a finite place of F1 with v - p at which (π1)v is ramified, then (π1)v is an unramified twist of the Steinberg
representation, and such that the number of places above Σ in F1 is even. Let Σ1 denote the set of places
of F1 above Σ. Let Q1 denote the set of places v in F1 such that (π1)v is ramified and v /∈ Σ1 ∪ {v|p}.

Choose a finite place w0 /∈ Σ1∪Q∪{v|p}, and let Nw0 be the order of GL2(kw0). Choose a p-split allowable
base change F2/F1, split at w0, such that for any finite place v above Q1, the order of the p-subgroup of
k×v is divisible by the p-part of 2p(4Nw0

). Let Σ2 denote the set of places of F2 above Σ1 and similarly for
Q2. Let π2 denote the base change of π1 to F2. Because F2/F is split completely at places above p in F ,
for any v|p in F and w|v in Fw, we have (π2)w ∼= πv as GL2(Fw) ∼= GL2(Fv) representations; in particular,

(π2)
Iw1(wav )
w 6= 0.

Let D denote the quaternion algebra over F2 ramified at all archimedean places and all places in Σ2, and
split elsewhere. Fix a maximal order OD of D and isomorphisms (OD)v ∼= M2×2(OFv ) for every split v. Let
U denote the open subgroup of (D ⊗F2 A∞F2

)× such that

- Uv = GL2(OF2,v
) for v /∈ Σ2 ∪Q2 ∪ {w|p};

- Uv = D×v for v ∈ Σ2;
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- Uv = Iw(v) for v ∈ Q2;
- Uw = Iw1(wav ) for w|p.

By our choice of F2, if V denotes the open compact subgroup of GL2(A∞F2
) given by Vv = Uv for v /∈ Σ2

and Vv = Iw(v) for v ∈ Σ2, then πV2 6= 0. Let κ denote the weight of π2. Via the Jaquet-Langlands-Shimizu
correspondence, π2 is generated by a Hecke eigenform in Sno

κ,ψ(U,O) (enlarging O if necessary).

Define an open subgroup U ′ of (D ⊗F2
A∞F2

)× be letting U ′v = Uv for v /∈ Q2, and for v ∈ Q2 we set

U ′v =

{(
a b
c d

)
∈ Iw(v) : a = d mod mv

}
.

By 2.1.4, we can take a non-trivial character χ :
∏
v∈Q2

k×v → O× of p-power order, and of order divisible by

4 if p = 2, such that when viewed as a character of U(A∞F2
)×, with kernel containing U ′(A∞F2

)×, it is trivial

on (U(A∞F2
)× ∩ t−1D×t)/F× for any t ∈ (D ⊗F2

A∞F2
)×.

Viewing Wκ(O)⊗OO(χ) as a representation of U(A∞F )×, we let Sκ⊗χ,ψ(U,O) denote the space of functions

f : D×\(D ⊗F A∞F2
)× −→Wκ(O)⊗O O(χ)

such that f(xu) = u−1f(x) for all x ∈ U and f(zx) = ψ(z)f(z) for all z ∈ (A∞F2
)×. Fixing a set of

representatives {t} for the double cosets D×\(D⊗F2
A∞F2

)×/U(A∞F2
)×, we have an isomorphism of O-modules

Sκ⊗χ,ψ(U,O) ∼=
⊕
{t}

Wκ(O)(χ)(U(A∞F2
)×∩t−1D×t)/F×2 .

Since χ is trivial on each of the (U(A∞F2
)× ∩ t−1D×t)/F×2 , and χ is of p-power order, Sκ⊗χ,ψ(U,O) and

Sκ,ψ(U,O) have the same O-rank and the same image in Sκ,ψ(U,F). The isomorphism

(48) Sκ,ψ(U,O)⊗O F ∼= Sκ⊗χ,ψ(U,O)⊗O F

then implies the existence of a nearly ordinary maximal ideal m in the Hecke subalgebra of End(Sκ⊗χ,ψ(U,O)),
with ρm

∼= ρ. Note that the nearly ordinary condition is preserved since Q does not containing any places
above p, so the isomorphism (48) is equivariant for T$v for each v|p, and for 〈y〉no for each y ∈ (OF ′⊗ZZp)×.

Choose a Hecke eigenform in Sκ⊗χ,ψ(U,O)m, and π′2 denotes the cuspidal automorphic representation of
GL2(AF2

) obtained from it via the Jacquet-Langlands-Shimizu correspdonance. Then we have

- the central character of π′2 is ψC ◦NmF2/F ;
- for any archimdean place v of F and w|v in F2, (π′2)w ∼= πv as (gl2,O(2))-modules;
- for any finite place w /∈ Σ2 ∪Q2 and not above p, (π′2)w is unramified;
- for any v ∈ Σ2, (π′2)v ∼= (γv ◦ det)⊗ St;
- for any v ∈ Q2, (π′2)v is a ramified principal series;
- π′2 is p-nearly ordinary;

- for each v|p, (π′2)
Iw1(v)
v 6= 0;

- π′2 is a χ-good lift of ρ|GF2
.

We can then find another p-split allowable base change F ′/F2, such that the characters defining the principal
series representations (π′2)v, for v ∈ Q2, become unramified. Letting π′ denote the base change of π′2 to F ′

gives the result. �

Lemma 5.1.6. Assume p = 2. Let D be a quaternion algebra with centre F , ramified at all archimedean
places and at a nonempty set Σ of finite places not containing any places above p. Fix a maximal order OD
of D. Fix an algebraic weight κ, a continuous character ψ : F×\(A∞F )× → O×, and an open subgroup U of
(D ⊗F A∞F )× such that

- Uv ⊆ GL2(OFv ) for v at which D is split;
- Uv = D×v for each v ∈ Σ,
- Uv ⊇ Iw(v) for each v|p,
- the action of U ∩ (A∞F )× on Wκ(O) is given by ψ−1,
- (U(A∞F )× ∩ t−1D×t)/F× = 1 for each t ∈ (D ⊗F A∞F )×.

Let U ′ denote the maximal compact subgroup of U . Let m be a maximal ideal of Tno
κ,ψ(U ′,O) and let f ∈

Sno
κ,ψ(U ′,O)m be an eigenform such that for each v ∈ Σ, the action of D×v on f is via γv ◦ νD, with γv :

F×v → O× an unramified character and νD the reduced norm of D.



MODULARITY OF NEARLY ORDINARY 2-ADIC RESIDUALLY DIHEDRAL GALOIS REPRESENTATIONS 81

For each v ∈ Σ let γ′v : F×v → O× be either γv or −γv. There is a Hecke eigenform f ′ ∈ Sno
κ,ψ(U ′,O)m

such that D×v acts on f ′ via γ′v for each v ∈ Σ.

Proof. Let ∆ =
∏
v∈Σ F

×
v /(F

×
v )2O×Fv . The reduced norm defines an isomorphism

U(A∞F )×/U ′(A∞F )×
∼−→ ∆.

Fix coset representative {t} for D×\(D⊗F A∞F )×/U(A∞F )×. By 2.1.7, our assumptions on U implie that we
have an isomorphism of O[∆]-modules

Sκ,ψ(U ′(pa,a),O) ∼=
⊕
{t}

Wκ(O)⊗O O[∆],

and Sκ,ψ(U ′,O) is free over O[∆]. Since ∆ is a 2-group, O[∆] is a local ring and Sno
κ,ψ(U ′(pa,a),O)m is also

free over O[∆]. Since

E[∆] ∼=
∏

χ:∆→{±1}

E(χ)

we see that the O-rank of the submodule of Sno
κ,ψ(U ′,O)m consisting of elements on which D×v acts via γv

for all v ∈ Σ is equal to the O-rank of the submodule on which D×v acts via γ′v for all v ∈ Σ. �

Lemma 5.1.7. Let π be a p-nearly ordinary regular algebraic cuspidal automorphic representation of GL2(AF )
that is a χ-good lift of ρ, and let with ψC denote its central character. Let Σ be a finite set of finite places
not containing any above p such that for every v ∈ Σ, πv is unramified and ρ|Gv is an extension of γv by
γvεp, for some unramified character γv : Gv → O× with γ2

v = ψ|Gv .
Fix some finite place w0 not in Σ and not above p. There is a p-split allowable base change F ′/F and a

p-nearly ordinary regular algebraic cuspidal representation π′ of GL2(A′F ) such that

- the central character of π′ is ψC ◦NmF ′/F ;
- for any archimdean place v of F and w|v in F ′, π′w

∼= πv as (gl2,O(2))-modules;
- π is unramified outside the places above Σ, the places above p, and the places above w0;
- for any v ∈ Σ and w|v in F ′, π′w

∼= (γv ◦NmF ′w/Fv
◦ det)⊗ St;

- for any v|p in F and w|v in F ′, if a ≥ 1 is such that π
Iw1(va)
v 6= 0, then (π′w)Iw1(wa) 6= 0;

- π′ is a χ-good lift of ρ.

Proof. We prove this as in [K2, Lemma 3.5.3]. For ease of notation, we will throughout denote the base change
of a character by the same letter, in particular again write ψ and γv for ψ ◦NmF ′/F and γv for γv ◦NmF ′w/Fv

,
respectively. Also, given an algebraic weight κ = (k,w) for F we will again denote by κ = (k,w) the
algebraic weight for F ′ given by letting (kτ ′ , wτ ′) = (kτ , wτ ) if τ ′ : F ′ ↪→ R extends τ : F ↪→ R. For each

v|p, let av ≥ 1 be minimal such that π
Iw(vav )
v 6= 0.

By first performing a quadratic p-split allowable base change if necessary, we may assume that [F : Q] is
even. Let κ = (k,w) denote the weight of π, and ψ denote the O×-valued character of (A∞F )× corresponding
to the central character of π. Let D0 denote the quaternion algebra ramified at all archimedean places of F
and split at all finite places of F . Fix some finite place w0 /∈ Σ∪{v|p}. Let U be an open compact subgroup

of GL2(OF ⊗Z Ẑ) such that

- Uv = GL2(OFv ) for all finite places v - pw0 such that πv is unramified;
- Uv = Iw1(vav ) for each v|p;
- πU 6= 0;
- (U(A∞F )× ∩ t−1D×t)/F× = 1 for every t ∈ (D ⊗F A∞F )×.

The last condition can be ensured by taking Uw0
small enough. By the Jacquet-Langlands-Shimizu corre-

spondence, π is generated by some Tno
κ,ψ(U,O)-eigenform in Sno

κ,ψ(U,O) (enlarging O if necessary).

Take 2 ≤ k ≤ p+1 and w ∈ Z such that k+2w = kτ+2wτ for any τ ∈ I, and let κ0 = ((k, . . . , k), (w, . . . , w)).
We have a Hecke equivariant isomorphism, cf. 2.3.7,

Sno
κ,ψ(U,O)⊗O F ∼= Sno

κ0,ψ(U,O)⊗O F.

So, there is an eigenfunction f0 ∈ Sno
κ0,ψ

(U,O) that is a χ-good lift of ρ.

Write Σ = {v1, . . . , vr}. Choose a tower of quadratic extensions F = F0 ⊂ F1 ⊂ · · · ⊂ Fr, with each
Fi/Fi−1 a p-split allowable base change such that for any 1 ≤ j ≤ r, any w ∈ Fi−1 above vj splits in



82 PATRICK B. ALLEN

Fi if i = j and is inert in Fi otherwise. Let Di be the quaternion algebra with centre Fi, ramified at all
archimedean places and all places above v1, . . . , vi, and split elsewhere. Let ODi be a fixed maximal order
of Di. We will show, by induction, that there is an open subgroup Ui of (Di⊗Fi A∞Fi)

× and an eigenfunction
fi ∈ Sno

κ0,ψ
(Ui,O) such that

(a) for any 1 ≤ j ≤ i, if w|vj then (Ui)w = (Di)
×
w acting on Wκ0(O) by γ−1

vj ◦ νDi , with νDi the reduced
norm of Di;

(b) (Ui)w = Iw1(wav ) for any v|p in F and w|v in Fi;
(c) (Ui)w = GL2(OFi,w) for any finite w not above {v1, . . . , vi, w0} such that Uv = GL2(OFv );

(d) (Ui(A∞Fi)
× ∩ t−1D×i t)/F

×
i = 1 for any t ∈ (Di ⊗Fi A∞Fi)

×;
(e) fi is a χ-good lift of ρ.

Take 0 ≤ i < r, and denote by m the maximal ideal of Tno
κ0,ψ

(Ui,O) corresponding to fi. Since 2 ≤ k ≤
p + 1, there is a perfect pairing 〈 , 〉 on Wk(O), cf. [T2, §1], and thus a perfect pairing on Wκ0

(O), which
we also denote by 〈 , 〉. Fix a set of coset representatives {t} for D×i \(Di ⊗Fi A∞Fi)

×/U(A∞Fi)
×. Assumption

(c) allows us to define a perfect pairing on Sκ0,ψ(Ui,O) by

〈h1, h2〉i =
∑
{t}

〈h1(t), h2(t)〉ψ ◦ νDi(t)−1.

Define an open subgroup U ′i of (Di ⊗Fi A∞Fi)
× by letting (U ′i)w = (Ui)w if w is not above vi+1 and (U ′i)w =

Iw(w) if w is the unique place in Fi above vi+1. By our assumption on ρ|Gvi+1
, we see that

(T 2
vi+1
− (Nm(vi+1) + 1)2ψ($vi+1))Sκ0,ψ(Ui,O) ⊂ mSκ0,ψ(Ui,O).

Pulling back m to a maximal ideal of Tno
κ0,ψ

(U ′i ,O), [K2, Corollary 3.1.11] shows there is an eigenfunction

h ∈ Sno
κ0,ψ

(U ′i ,O) that is in the support of m and is w-new, for w the unique place of Fi above vi+1. If

(Di)
×
vi+1

does not act on h by γvi+1 ◦ νDi , then we must have p = 2 and (Di)
×
vi+1

acts on h via −γvi+1 ◦ νDi .
Applying 5.1.6 allows us to assume (Di)

×
vi+1

acts on h by γvi+1
◦ νDi . Considering the base change of h to

Fi+1 together with the Jacquet-Langlands-Shimizu correspondence then yields the desired fi+1, and with
Ui+1 an open subgroup of (Di+i ⊗Fi+1

A∞Fi+1
)× such that

- (Ui+1)w = (Di+1)×w for any 1 ≤ j ≤ i+ 1 and w|vj ;
- (Ui+1)w = Iw1(wav ) for any v|p in F and w|v in Fi+1;
- (Ui+1)w = GL2(OFi+1,w

) for any finite w not above {v1, . . . , vi+1, w0} such that Uv = GL2(OFv );

- for w|w0 in Fi+1, we take (Ui+1)w small enough so that (Ui+1(A∞Fi+1
)×∩ t−1D×i+1t)/F

×
i+1 = 1 for any

t ∈ (Di+1 ⊗Fi+1 A∞Fi+1
)×

Having obtained fr, we again use 2.3.7 to obtain a χ-good lift f ′r of ρ of level Ur and weight κ′, where
(kτ ′ , wτ ′) = (kτ , wτ ) for any τ ′ ∈ IFr extending τ ∈ I. Then, applying Jacquet-Langlands-Shimizu to f ′r
yields the result. �

We now group most of the above lemmas into one proposition.

Proposition 5.1.8. Let π be a p-nearly ordinary regular algebraic cuspidal automorphic representation of
GL2(AF ) that is a χ-good lift of ρ. Let κ = (k,w) be an algebraic weight and ψC : F×\A×F → C× a character

such that ψC(z) = z2−k−2w
∞ on some open subgroup of A×F . Let Σ be a finite set of finite places not containing

any places above p. For each v ∈ Σ, fix an unramified character γv : Fv → O× such that ρ|Gv is an extension
of γv by γvεp and such that γv($v)

2 = ψ($v). Fix a quadratic extension L/F .
There is an L-allowable base change F ′/F and a p-nearly ordinary cuspidal automorphic representation

π′ of GL2(AF ′) such that

- π has central character ψC ◦NmF ′/F ;
- if w is an archimedean place of F ′ that extends the embedding τ : F ↪→ R, then π′w is discrete series

of lowest weight kτ − 1 and central character zw 7→ sgn(zw)kτ |zw|2−kτ−2wτ ;
- if w is a finite place of F ′ with w - p and w not above any place in Σ, then πw is unramified;
- if w is a finite place of F ′ lying above some place in v ∈ Σ, then πw ∼= (γv,C ◦NmF ′w/Fv

◦ det)⊗ St;

- for any w|p, (π′w)Iw1(w) 6= 0;
- π′ is a χ-good lift of ρ.
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Proof. Note that if p is odd, the unramified characters γv are determined uniquely by ψ and ρ, but if p = 2,
then they are only determined up to sign. We first apply 5.1.4 to obtain π1 with the right weight and central

character, and such that (π1)
Iw1(w)
w 6= 0 for any w|p. We then apply 5.1.5 to obtain π2 that is unramified for

every v - p. We then apply 5.1.7 to obtain π3 such that π3 is our desired twist of Steinberg at each w above
v ∈ Σ. However, π3 may no longer be unramified at all places not above Σ and p. So, we apply 5.1.5 one
more time to get our desired π′. Note that when applying 5.1.5 this last time we can ensure that the places
above those in Σ remain the desired twist of Steinberg. �

5.2. Proof of the main theorem. We can now prove our main theorem.

Theorem 5.2.1. Let F be a totally real subfield of Q. Let JF denote the set of embeddings F ↪→ Q. Fix
embeddings Q ↪→ Q2 and Q ↪→ C. Via these embeddings we view JF as the set of embeddings {F ↪→ R} as
well as the set of embeddings {F ↪→ Q2}. For any v|2 in F , let JF,v ⊆ JF denote the subset of τ that give

rise to v. We identify JF,v with the set of embedding Fv ↪→ Q2.
Let

ρ : GF −→ GL2(Q2)

be a continuous representation unramified outside finitely many primes. Assume there is some (k,w) ∈ J2
F ,

with kτ ≥ 2 for each τ ∈ JF and w = kτ + 2wτ independent of τ , and such that

(1) det ρ = φεw−1
p , with φ a finite order character;

(2) for each v|2, ρ|Gv ∼=
(
∗ ∗

χv

)
such that viewing χv as a character of F×v via class field theory,

χv(y) =
∏
τ∈JF,v y

−wτ on some open subgroup of O×Fv ;

(3) for each choice of complex conjugation c, det ρ(c) = −1.

Let ρ : GF → GL2(F) denote the residual representation associated to ρ. We assume

(4) ρ is absolutely irreducible;
(5) if L/F is a CM extension such that ρ|GL is abelian, then there is some v|2 in F that does not split

in L;
(6) there is a 2-nearly ordinary regular algebraic cuspidal automorphic representation π0 of GL2(AF )

with ρπ0
∼= ρ.

Under these assumptions ρ is modular, i.e. there is a 2-nearly ordinary regular algebraic cuspidal auto-
morphic representation π of GL2(AF ) such that ρ ∼= ρπ.

Proof. First note that by solvable base change, it suffices to prove the theorem after replacing F with any
finite solvable totally real extension of F .

In the case that ρ|Gv is split for v|2, we fix χv as in (2). Recall that if the image of ρ is solvable, then
there is a unique quadratic extension L/F such that ρ|GL is abelian. Thus, there are three distinct cases:

(a) the image of ρ is non-solvable;
(b) there is a quadratic CM extension L/F such that ρ|GL is abelian;
(c) there is a quadratic non-CM extension L/F such that ρ|GL is abelian.

If we are in case (b), then we fix a v0|p satisfying (5). We can find a totally real solvable extension F ′/F of
even degree such that

- F ′/F is disjoint from the fixed field of ker ρ
- for any v|2 in F ′, we have [F ′v : Q2] ≥ 4;
- for any v|2 in F ′, the image of ρ|Gv has order two if v is above our fixed place v0, and is trivial

otherwise;

Now assume we are in case (c), i.e. that ρ is dihedral and L/F is not CM. Let r and s denote the number of
real and complex embeddings of L into C, respectively. By assumption, r ≥ 1. Let Lab

S denote the maximal
pro-p abelian extension of L unramified outside S. Let L−S denote the maximal sub-extension of Lab

S /L such

that the nontrivial element of Gal(L/F ) act on Gal(L−S /L) by −1. We distinguish two sub-cases depending
on whether or not L is contained in the 2-adic cyclotomic extension of F .

First assume that L/F is not contained in the 2-adic cyclotomic extension. Let Fn denote the totally
real subfield of the cyclotomic extension F (µ2n). Set Ln = FnL, and let rn and sn denote the number of
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real and complex embeddings of Ln into C, repsectively. Note that rn ≥ [Fn : F ]. The subgroup of O×Ln on
which Gal(Ln/Fn) acts via the nontrivial character has rank

rn + sn − [Fn : Q] =
rn
2
≥ [Fn : F ]

2
.

The weak Leopoldt conjecture is known to hold for the tower {Ln/L}n≥1, c.f. [NSW, Theorem 10.3.25].

Hence, letting O×Ln denote the closure of O×Ln in (OLn ⊗Z Z2)× and letting (O×Ln)1 denote its maximal pro-2
subgroup, there is a constant c such that

rankZO×Ln − rankZ2
(O×Ln)1 < c

for all n. Then, we have

rankZ2
Gal((Ln)−S /Ln) ≤ [Fn : Q]− [Fn : F ]

2
+ c

for all n. Be replacing F with Fn for n sufficiently large, we may assume that rankZ2Gal(L−S /L) < [F : Q]−3.
In the case that L/F is contained in the 2-adic cyclotomic extension, we use an idea of [S5]. Notice that,

if L0 denotes the maximal abelian subextension of L/Q, then L = L0F . Set F0 ∩ L0. Choose an odd prime
` such that Q(µ`∞) is disjoint from the fixed field of ker ρ. Let Mn denote the sub-extension of Q(µ`∞)/Q
of degree `n; in particular, Mn is totally real. Since L0/F0 is not CM, there is a subgroup of O×MnL0

of rank
at least `n − 1 on which Gal(MnL0/MnF0) acts via the nontrivial character. Since Leopoldt’s conjecture is
known for abelian extensions of Q, the closure of this subgroup has a maximal pro-2 subgroup of Z2-rank at
least `n − 1. The same is then true for MnL/MnF , and

rankZ2
Gal((MnL)−S /(MnL)) ≤ [MnF : Q]− `n + 1.

Be replacing F with MnF for n sufficiently large we may assume that rankZ2
Gal(L−S /L) < [F : Q]− 3.

Let Σ denote the set of finite places not above p at which ρ is ramified. Recall that an L-allowable base
change is an extension F ′/F such that

- F ′/F is finite of even degree, solvable and totally real

- F ′/F is disjoint from F
ker ρ

;
- if ρ|GL is abelian, and v|p in F does not split in L, then no w|v in F ′ splits in F ′L.

By replacing F with an L-allowable base change we may assume that [F : Q] and Σ are both even.
By replacing F with an L-allowable base change we may assume that for any v ∈ Σ, the local representation

ρ|Gv is an extension of γv by γvεp, for some unramified character γv. By further replacing F with an allowable
base change, 5.1.8 implies we may assume the same properties for ρπ0

, with the same characters γv for v ∈ Σ,
as well as that π0 has weight (k,w), and that det ρ = det ρπ0

. Moreover, because 5.1.8 allows us to assume

that (π0)
Iw1(v)
v 6= 0 for each v|2, writing

ρπ0
|Gv ∼=

(
∗ ∗

χ0
v

)
with χ0

v lifting χv, we have χ0
v(y) =

∏
τ∈JF,v y

−wτ for every y ∈ U1
v , the maximal pro-2 subgroup of O×F,v.

For each v|2, let φv denote the finite order character of U1
v given by φv(y) = χv(y)

∏
τ∈JF,v y

wτ . We want

a finite totally ramified extension F ′v/Fv of order a power of 2 such that φv ◦NmF ′v/Fv
is trivial. However, if v

does not split in L, we further require this extension is disjoint from Lv/Fv, where Lv denotes the completion
of L at the unique prime above v. We require this in order to ensure the resulting base change still satisfies
condition (5) of the theorem. If Lv/Fv is unramified, this is automatic. In the case that Lv/Fv is ramified,
there is a choice of uniformizer $v in Fv such that $v is not a norm from Lv. By class field theory, the
subgroup of F×v generated by the kernel of φv, the group of prime-to-2 roots of unity, and the element $v

then gives the desired extension. We fix such an F ′v/Fv for each v|p. Let F ′/F be a finite solvable, totally

real extension of even degree, disjoint from F
ker ρ

, such that for any v|2 in F and w|v in F ′, the completion
of F ′ at w is our fixed extension F ′v/Fv. Then, F ′/F is L-allowable, and replacing F with F ′, we can now
assume that for every v|2 in F and every y ∈ U1

v , we have χv(y) =
∏
τ∈JF,v y

−wτ .

Let E be a finite sub-extension of Q2/Q2 that contains the image of ρ and ρπ0 , and let O denote its
ring of integers. For each v|2, recall that Gab

v denotes the abelianization of Gv, I
ab
v denotes it inertia

subgroup, and Gab
v (2) and Iab

v (2) denote their respective maximal pro-2 quotients. Recall also, the notation
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Λ(Gv) = O[[Gab
v (2)]] for v|2, and Λ(G2) = ⊗̂v|2Λ(Gv). By our choice of base changes, for every v|2, the

restrictions of χv and χ0
v to the maximal pro-2 subgroup of Iab

v are equal. In particular, the restrictions of χv
and χ0

v to the 2-torsion subgroup of Gab
v are equal. Viewing χv and χ0

v as lifts of χv for each v|2, this implies
that the O-valued points of Λ(G2) determined by (χv)v|2 and (χ0

v)v|2 lie on the same irreducible component.
Let S = Σ ∪ {v|p} ∪ {v|∞}. Using the Jacquet-Langlands-Shimizu correspondence, the properties of π0

allow us to transfer π0 to a nearly ordinary eigenform f as in 4.1.2. The field F and residual representations

satisfy the assumptions of 4.1.1 as well as 4.4.3. Then letting R
ψ

F,S be the quotient of RF,S⊗̂Λ(Gp) as in 4.1.4,

we see that (ρ, (χv)v|2) defines a point of SpfR
ψ

F,S . By 4.4.3, the representation ρ arrises as a specialization of

the big modular Galois representation in 2.4.4 via anO-algebra homomorphicm Tψ(U)→ Q2 (for appropriate
U). By our assumptions on the determinant and local behaviour of ρ, the kernel of this specialization is
an arithmetic prime, and it factors through Tno

κ,ψ(U(pa,a),O) for some a ≥ 1 by 2.3.11. The theorem now
follows from the Jacquet-Langlands-Shimizu correspondence 2.1.10. �

Our theorem from the introduction is a result of 5.2.1 above together with 5.1.2.

5.3. An application to elliptic curves. We show how the main theorem implies the corollary from the
introduction and conclude by giving some examples of elliptic curves satisfying the assumptions of the
corollary from the introduction. For any finite place v of F , we normalize the valuation valv at v so that a
uniformizer has valuation 1.

5.3.1. Proof of the main corollary. Let E be an elliptic curve over F given by the the Weierstrass equation

y2 = x3 + ax+ b.

The curve E has 2-torsion defined over F if and only if x3+ax+b is reducible. Further, the GF -representation
E[2](Q) is absolutely irreducible if and only if the splitting field of x3 + ax + b is an S3-extension, which
happens if and only if x3 + ax+ b is irreducible and the discriminant

∆ = −16(4a3 + 27b2)

of the Weierstrass equation is not a square in F . If the action of GF on E[2](Q) is absolutely irreducible,

then the unique quadratic extension L/F for which the action of GL on E[2](Q) is abelian is F (
√

∆). Lastly,
E has multiplicative reduction at v|2 if and only if jE is non-integral at v, and has potentially ordinary
reduction if and only if jE is a unit at v, c.f. [S3, Chapter V, Exercise 5.7]. The corollary now follows from
the main theorem. �

Note that any elliptic curve satisfying our assumptions is not CM. If it were, then there would be a
quadratic CM extension L/F such that the representation ρE |GL is abelian. By the absolute irreducibility

of E[2](Q), we have L = F (
√

∆), and ∆ is totally negative. The reducibility of ρE |Gv for each v|2 then

implies that every v|2 splits in F (
√

∆), a contradiction.

5.3.2. An example. We give some examples of elliptic curves satisfying the assumptions of the corollary. Let
j0 ∈ F be any real number satisfying

(a) valv(j0) ≤ 0 for all v|2;
(b) there is some v - 6 such that valv(j0) = 1;
(c) j0 − 1728 is not a square in F ;
(d) either

- there is some σ : F ↪→ R such that σ(j0) > 1728, or
- there is some v|2 such that valv(j0) is odd.

Note that condition (c) can be ensured by assuming either that there is some real embedding σ such that
σ(j0) < 1728, or by assuming there is some finite place v such that valv(j0 − 1728) is odd.

We will show that any elliptic curve E over F with j(E) = j0 satisfies the conditions of the Corollary.
Note that if E and E′ are non-CM elliptic curves over F with the same j-invariant, then they are quadratic
twists of each other. Since a quadratic twist has no effect on 2-torsion, it suffices to show one elliptic curve
with j-invariant j0 satisfies the hypotheses of the corollary.

Let E0 be the elliptic curve over F given by the Weierstrass equation

y2 = x3 − 27j0
4(j0 − 1728)

x− 27j0
4(j0 − 1728)

.
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One computes that the j-invariant of this elliptic curve is equal to j0, and that the discriminant ∆ of the
cubic in the above Weierstrass equation is

∆ = −16

((
− 27j0

4(j0 − 1728)

)3

+ 27

(
− 27j0

4(j0 − 1728)

)2
)

=
26 · 312 · j2

0

(j0 − 1728)3
,

which is not a square in F since j0 − 1728 is not a square in F . Since there is some finite v - 6 such that

valv(j0) = 1, we have valv(j0 − 1728) = 0 and valv(− 27j
4(j0−1728) ) = 1. Then,

x3 − 27j0
4(j0 − 1728)

x− 27j0
4(j0 − 1728)

is irreducible by the Eisenstein criterion at v. Lastly, if there is a real embedding σ of F such that σ(j0) >
1728, we have

σ(∆) = σ

(
26 · 312 · j2

0

(j0 − 1728)3

)
> 0,

and ∆ is not totally negative. If there is some v|2 such that valv(j0) is odd, then since it is also less than
than or equal to zero, valv(j0 − 1728) = valv(j0). Then, j0 − 1728 is not a square in Fv, and neither is ∆.
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(4) 19 (1986), no. 3, 409-468.
[C2] H. Carayol, Formes modulaires et représentations galoisiennes à valeurs dans un anneau local complet, p-adic mon-
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