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This extended abstract reports on the paper [17]. In order to formulate the
results, let (X, g) be an n-dimensional asymptotically hyperbolic manifold. Recall
first that (X, g) is conformally compact if X has a compactification X, which is
a compact manifold with boundary, which possesses a C∞ Riemannian metric ĝ
and a boundary definining function x such that g = x−2ĝ. Further, (X, g) is
asymptotically hyperbolic if in addition there is a product decomposition [0, ε2)x×
∂X of a neighborhood U of ∂X in X such that ĝ = dx2 + h, where h|x=0 is the
pullback of a symmetric 2-cotensor from ∂X. Note that this is a zeroth order
restriction on a conformally compact metric in terms of its boundary behavior.
Graham and Lee [6, Section 5] showed that for any asymptotically hyperbolic metric
there is another product decomposition [0, ε2)x×∂X of a neighborhood of ∂X with
respect to which ĝ = dx2+h, where h is the pull-back of a symmetric 2-cotensor from
∂X. Finally, following Guillarmou [7] (who also gave a more natural description),
we say that g is an even asymptotically hyperbolic metric if it is asymptotically
hyperbolic in the sense described above and is such that in the Graham-Lee form
the Taylor series of h at x = 0 is even, i.e. the coefficients of x2j+1, j a non-negative
integer, vanish. When considering even metrics, it is convenient to introduce Xeven,
which is the even version of X, and which is X as a topological manifold, but the
smooth structure is changed at ∂X, replacing the boundary defining function x by
µ = x2, so a neighborhood of ∂X in Xeven is identified with [0, ε)µ × ∂X.

We write ∆k for the Laplace-Beltrami operator on k-forms on the complete
Riemannian manifold (X, g). Thus, ∆k is an essentially self-adjoint unbounded
operator on L2(X; ΛkX, dg) with domain C∞c (X; ΛkX); indeed, it is a positive op-
erator. In particular, the resolvent (∆k − λ)−1 exists for λ ∈ C \ [0,∞). The result
of Mazzeo and Melrose [12] and Guillarmou [7] is that if (X, g) is even asymptot-
ically hyperbolic, then on functions (k = 0), replacing the spectral parameter by
σ where λ = σ2 + (n − 1)2/4, and regarding Imσ > 0 as the ‘physical half plane’,
R0(σ) = (∆0−σ2− (n− 1)2/4)−1, Imσ � 1, continues to C meromorphically with
finite rank poles. These proofs use the so-called 0-calculus of Mazzeo and Melrose
[12]. A different proof, inspired by Kerr-de Sitter analysis, was given by the author
in [15] and [16]; [15] and [16] also provided non-trapping high energy estimates

(1) ‖R0(σ)‖L(x−ıσ+(n−1)/2+2Hs−1

|σ|−1 (Xeven),x−ıσ+(n−1)/2Hs
|σ|−1 (Xeven)

≤ C|σ|−1.
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In terms of σ dependence, these are analogous to Euclidean non-trapping resolvent
estimates, and with a semiclassical rescaling, they amount to the analogues of real
principal type propagation results.

The main result here is

Theorem 1. Suppose (X, g) is an even asymptotically hyperbolic metric. Then the
operators

δd(∆k − σ2 − (n− 2k − 1)2/4)−1, dδ(∆k − σ2 − (n− 2k + 1)2/4)−1

have a meromorphic continuation from Imσ � 1 to C with finite rank poles. Fur-
ther, if the metric g is non-trapping, i.e. all geodesics approach ∂X as the parameter
along the curve tends to infinity, then non-trapping high energy estimates hold in
strips | Imσ| < C.

Here the high energy estimates for the second operator in the statement of the
theorem are related to those of the first operator via the Hodge star operator, so
here we only state the first ones as the underlying function spaces are simpler. The
estimate for the first operator is
(2)
‖δd(∆k − σ2 − (n− 2k − 1)2/4)−1‖L(Ys+1

δd ,X sδd)
≤ C|σ|, | Imσ| < C0, |Reσ| > R,

where the norms are on suitable (high-energy) Sobolev spaces, namely

X sδd = x−ıσ+(n−2k−1)/2Hs
|σ|−1(Xeven; ΛkXeven),

Ys+1
δd = x−ıσ+(n−2k−1)/2+2Hs+1

|σ|−1(Xeven; ΛkXeven).

Note that |σ|, rather than |σ|−1, appears on the right hand side of (2), as the oper-
ator δd should be replaced by (|σ|−1δ)(|σ|−1d) to become a semiclassical operator,
in which case the form |σ|−1 of (1) would be preserved. The Sobolev order of the
Y-space is also shifted by two as compared to (1) due to the appearance of the
second order operator δd.

The proof also yields so-called microlocally outgoing estimates in the sense of
the work of Datchev and the author, [2], and thus the result can be used in the
case of mild trapping, such as normally hyperbolic trapping, as described in [15,
Theorem 2.19], to obtain polynomial bounds for the resolvent (i.e. |σ|N on the right
hand side of (2) in place of |σ|).

Note that δd(∆k − σ2 − (n− 2k− 1)2/4)−1 is ∆k(∆k − σ2 − (n− 2k− 1)2/4)−1

on coclosed forms, while dδ(∆k−σ2− (n−2k+1)2/4)−1 is ∆k(∆k−σ2− (n−2k+
1)2/4)−1 on closed forms. In particular, ∆k(∆k−λ)−1 = Id +λ(∆k−λ)−1 extends
meromorphically with finite rank residues to the Riemann surface of the functions

λ 7→
√
λ− (n− 2k − 1)2/4, λ 7→

√
λ− (n− 2k + 1)2/4;

thus the same holds for (∆k−λ)−1 except that points on this Riemann surface that
lie over λ = 0 may be infinite rank poles. The latter does not occur on functions,
but was shown to occur on middle degree forms by Donnelly [3] on hyperbolic space.
Donnelly’s work was greatly extended by Mazzeo in [11] who studied the L2-Hodge
cohomology on general asymptotically hyperbolic spaces using the 0-calculus. It is
expected that more detailed analysis using the techniques developped in the proof
of the main theorem would also give a new way of describing precisely when these
infinite rank poles occur, but this is not the focus of the present work.
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An analogue of our main theorem for Dirac operators, without high energy es-
timates, is due to Guillarmou, Moroianu and Park [8], and was obtained via the 0-
calculus. For quotients of real hyperbolic space (as well as complex and quaternionic
hyperbolic spaces) Carron and Pedon [1] constructed the meromorphic continuation
of the resolvent using explicit formulae for exact hyperbolic space. Finally, in the
more general asymptotically hyperbolic setting, Kantor [10] showed the existence of
a meromorphic continuation other than in middle degrees relying on the 0-calculus
and Pedon’s explicit calculations, again without high energy estimates.

We finally sketch the method of proof. This relies on extending a modified
version of the operator ∆k to an extension X̃ of Xeven across ∂X. In the case of
functions, the operator that extends is

µ−1/2µıσ/2−(n+1)/4(∆0 − σ2 − (n− 1)2/4)µ−ıσ/2+(n+1)/4µ−1/2,

which is µ−1 times a σ-dependent conjugate of the spectral family ∆0 − σ2 − (n−
1)2/4. Note that the appearance of the conjugating factors explains the perhaps
strange weights in (1); for the extended problem the analysis takes place on standard
Sobolev spaces. A good approximation to the extended operator is 4µD2

µ−4σDµ+
∆h−4ıDµ (here h is the metric on ∂X); this is elliptic in µ > 0, hyperbolic in µ < 0
(with µ being the time variable), and has so-called radial points at N∗∂X \ o, i.e.
the Hamilton vector field of the principal symbol is a multiple of the generator of
dilations in the fibers of the cotangent bundle T ∗X̃\o. Such problems were analyzed
in [15] and [16] relying on microlocal elliptic and real principal type estimates, as
well as on complex absorption, such as in the work of Nonnenmacher-Zworski [14],
and on analysis at Lagrangian sets of radial points, which appear already in the work
of Melrose on asymptotically Euclidean scattering theory [13] and its semiclassical
version in joint work of the author with Zworski [18]; a more detailed treatment is
in the work [9] of Haber and the author.

In the differential form setting there is also an extension of a modification of ∆k,
but one needs to work with two copies of the form bundle ΛX̃ ⊕ ΛX̃, or in fixed
degree on ΛkX̃ ⊕ Λk−1X̃. Thus, one considers the system[

∆k − σ2 − (n− 2k − 1)2/4 2d
−2δ ∆k−1 − σ2 − (n− 2k + 3)2/4

]
.

The extension is obtained via a non-scalar conjugation and division by µ for this
system (after one moves to Xeven and its extension X̃). The extended operator
is then scalar in all relevant senses (real scalar principal symbol as well as scalar
subprincipal symbol at the radial set N∗∂X), so there are no significant changes

to the analysis. Composing this system with

[
δd 0
0 dδ

]
makes it diagonal, and on

coclosed forms the first component, while on closed forms the second component
can be used to obtain the resolvent composed with ∆k, resp. ∆k−1, on these forms,
as in the theorem. While here this extension appears ad hoc, in fact it is motivated
by considering a one-higher dimensional, asymptotically Minkowski type problem,
as described in detail in [17]. This motivation is related to the ambient metric
constructions of Fefferman and Graham [4, 5], though the focus there is on geometry
(Ricci flatness considerations), while here it is providing a motivation for an analytic
framework. Again, we refer to [17] for a full discussion.
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Serie):95–116, 1985. The mathematical heritage of Élie Cartan (Lyon, 1984).
[5] Charles Fefferman and C. Robin Graham. The ambient metric, volume 178 of Annals of

Mathematics Studies. Princeton University Press, Princeton, NJ, 2012.

[6] C. Robin Graham and John M. Lee. Einstein metrics with prescribed conformal infinity on
the ball. Adv. Math., 87(2):186–225, 1991.

[7] Colin Guillarmou. Meromorphic properties of the resolvent on asymptotically hyperbolic

manifolds. Duke Math. J., 129(1):1–37, 2005.
[8] Colin Guillarmou, Sergiu Moroianu, and Jinsung Park. Eta invariant and Selberg zeta func-

tion of odd type over convex co-compact hyperbolic manifolds. Adv. Math., 225(5):2464–2516,

2010.
[9] N. Haber and A. Vasy. Propagation of singularities around a Lagrangian submanifold of radial

points. Preprint, arxiv:1110.1419, 2011.

[10] Joshua M. Kantor. Eleven dimensional supergravity on edge manifolds. ProQuest LLC, Ann
Arbor, MI, 2009. Thesis (Ph.D.)–University of Washington.

[11] R. Mazzeo. The Hodge cohomology of a conformally compact metric. J. Diff. Geom., 28:309–
339, 1988.

[12] R. Mazzeo and R. B. Melrose. Meromorphic extension of the resolvent on complete spaces

with asymptotically constant negative curvature. J. Func. Anal., 75:260–310, 1987.
[13] R. B. Melrose. Spectral and scattering theory for the Laplacian on asymptotically Euclidian

spaces. Marcel Dekker, 1994.
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