
ASYMPTOTICS OF RADIATION FIELDS IN

ASYMPTOTICALLY MINKOWSKI SPACES
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We consider an n-dimensional Lorentzian manifold (X, g) endowed with an end
structure modeled on the radial compactification of Minkowski space R× Rn. For
a solution of the wave equation �w = f ∈ C∞c (X◦), we show the existence of the
Friedlander radiation field R+[w](s, y) given by an appropriate rescaling of w to
the face obtained by blowing up the boundary at infinity of the forward light cone.
In Minkowski space (t, x) ∈ R1+3, this amounts to introducing new coordinates
s = t−|x| and y = x/|x|. The function R+ measures the radiation pattern seen by
an observer far from an interaction region; in the case of static metrics, it is known
to be an explicit realization of the Lax-Phillips translation representation.

Under a non-trapping assumption on the light rays, our main theorem concerns
the asymptotics of the radiation field as s, the “time-delay” parameter, tends to-
ward infinity, and more generally the multiple asymptotics of the solution near the
forward light cone.

Theorem. If (X, g) is a Lorentzian scattering metric and w is a tempered solution
of �gw = f ∈ C∞c (X◦) vanishing in a neighborhood of the intersection backwards
light cone and infinity, then the radiation field of w has an asymptotic expansion
of the following form as s→∞:

R+[w](s, y) ∼
∑
j

∑
κ≤mj

ajκs
−iσj (log s)κ

The exponents iσj in the expansion are the resonances of an asymptotically
hyperbolic problem on the intersection of the interior of the forward light cone with
infinity. In particular, the resonance-free strip for the “resolvent” for this problem
leads to an overall decay rate for the radiation field.

The theorem is proved by reducing to a mixed elliptic and hyperbolic problem
on the boundary via the Mellin transform, and then showing that the operator
on the boundary is Fredholm with a meromorphic inverse on appropriate function
spaces. Inverting the Mellin transform yields an expansion whose coefficients are
then shown to be classical conormal distributions with expansions in powers of v.
Performing the radiation field blow-up then produces an expansion in decreasing
powers of s.
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