
Math 416 Some Summary Facts from the Semester

Topics by Week:
(1) Vectors, vector spaces, subspaces, fields.
(2) Linear combinations, systems of linear equations, using matrices to encode and solve systems

of linear equations.
(3) Row-echelon form, Gaussian elimination, solution spaces to systems of linear equations,

linear dependence and independence.
(4) Basis of a vector space (or a subspace), dimension of a vector space.
(5) Linear transformations. The Dimension Theorem.
(6) Encoding linear transformations in matrices. Adding and multiplying matrices.
(7) Isomorphisms. Invertible linear transformations and invertible matrices. Rank of a matrix

or linear transformation. Coordinate changes.
(8) Determinants. Properties of the determinant, characterization of the determinant by its

properties.
(9) Elementary matrices and determinants. Geometry of determinants.
(10) Eigenvectors and eigenvalues of a linear transformation. Characteristic polynomial. Diago-

nalization.
(11) Criteria for diagonalization. Markov chains.
(12) Inner products, orthogonality, the Gram-Schmidt algorithm.
(13) Orthogonal complements. Orthogonal projection. The adjoint of a linear transformation.
(14) Normal and self-adjoint operators and diagonalization of them (the Spectral Theorem for

Normal Operators, the Spectral Theorem for Self-Adjoint Operators).
(15) Non-diagonalizable operators: Jordan canonical form, singular value decomposition (SVD).

Quadratic forms, the Hessian, and the Second Derivative Test.

Some Terms You Should Know:
Vector space. Field (of scalars: just review the axioms and know some examples). Subspace of

a vector space. Linear combination of a set of vectors. Span of a set of vectors. System of linear
equations. Homogeneous and inhomogeneous systems of linear equations. Coefficient matrix of a
system; vector of constants; augmented matrix of a system. Elementary row operations. Reduced
row-echelon form. Gaussian elimination (also called Gauss-Jordan elimination or row reduction).
Pivot columns, pivot variables, free variables. Consistent and inconsistent systems of equations.
Linearly dependent and linearly independent set of vectors. Null space of a matrix. Nullity of a
matrix. Rank of a matrix. Basis of a subspace. Linear transformation. The linear transformation
LA : Rn → Rm of an m× n matrix A. The matrix [T ]γβ of a linear transformation T : V →W with
respect to bases β of V and γ ofW . Linear operator. Isomorphism. Invertible linear transformation,
invertible n × n matrix; inverse matrix. Change-of-basis matrix [IV ]

γ
β . Determinant of an n × n

matrix. Multi-linear function V × V × ... × V → R. Alternating function V × V × ... × V → R.
Elementary column operation. Elementary matrix. Eigenvector of a linear operator; eigenvalue of a
linear operator. Eigenspace of a linear operator (for a given eigenvalue). Characteristic polynomial
of an n × n matrix or a linear operator (on a finite-dimensional vector space). Similar matrices.
Diagonalizable matrix. Markov chain; transition matrix; probability vector; regular transition ma-
trix. Inner product. Inner product space. Standard inner product on Rn. Orthogonal vectors.
Length of a vector in an inner product space. Orthogonal set of vectors; orthonormal set of vectors.
Orthonormal basis of an inner product space. Gram-Schmidt algorithm. Orthogonal complement
of a subspace W ⊆ V in a vector space V with inner product 〈−,−〉. Orthogonal projection onto
a subspace. Linear regression/least-squares approximation. Formula projW = A(AtA)−1At for the
orthogonal projection. Adjoint T ∗ : W → V of a linear transformation T : V → W of vector
spaces with inner products. Normal operator on an inner product space. Self-adjoint operator on an
inner product space. Spectral Theorem for Normal Operators. Spectral Theorem for Self-Adjoint
Operators. Jordan Canonical Form. Singular Value Decomposition (and how to compute it).

Some Things You Should Be Able to Do:
Define “vector space.” Find the coefficient matrix, vector of constants, augmented matrix of a

system of linear equations; find the system of linear equations with a given augmented matrix. Find
a matrix in RREF that is row-equivalent to a given matrix. Determine whether a system of linear
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equations with coefficients in R has no solutions, one solution, or infinitely many solutions. Solve a
system of linear equations. Parameterize the null space of a matrix. Find a basis for the null space
of a matrix. Find a basis for the range/column space of a matrix. Compute the rank and nullity of
a matrix. State the Dimension Theorem. Determine whether a given set with given operations is or
is not a vector space. Determine whether a given subset of a vector space is or is not a subspace.
Given a finite set of vectors, find a linearly independent subset with the same span. Define “linear
transformation.” Determine whether a given function T : V → W , where V and W are vector
spaces, is a linear transformation. Find the matrix of a linear transformation with respect to given
bases of the domain and target vector spaces. Find the coordinate vector [v]β of a given vector v in
a vector space V with respect to a given basis β of V . Compute a change-of-basis matrix. Compute
the determinant of an n×n matrix. Compute the inverse of a 2×2 and of a 3×3 matrix. Determine
whether an n × n matrix is invertible. Compute the characteristic polynomial of an n × n matrix.
Find the eigenvalues of an n× n matrix. Compute the eigenspaces, for each eigenvalue, of an n× n
matrix. Apply criteria that imply that a given matrix can be diagonalized, and, criteria that imply
it cannot be. Determine the transition matrix of a Markov chain; describe the long-time behavior
of a Markov chain with regular transition matrix. Apply the Gram-Schmidt algorithm to turn a
linearly independent set of vectors into an orthonormal set of vectors. Compute the matrix of the
orthogonal projection onto a subspace of Rn. Find a polynomial of a given degree that provides a
“curve of closest fit” to a collection of points in the plane. Given a subspace W ⊆ Rn and a vector
v ∈ Rn, find the vector inW closest to v. Determine whether a given linear transformation is normal
or self-adjoint. State the Spectral Theorem for Normal Operators on a complex inner product space.
State the Spectral Theorem for Self-Adjoint Operators on a real or complex inner product space.
Explain what it means for a matrix to have a Singular Value Decomposition.


