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Abstract
We generalize a result of Paulin on the Gromov boundary of hyperbolic groups to the Morse
boundary of proper, maximal hierarchically hyperbolic spaces admitting cocompact group actions by isometries. Namely we show that if the Morse boundaries of two such spaces each
contain at least three points, then the spaces are quasi-isometric if and only if there exists a
2–stable, quasi-möbius homeomorphism between their Morse boundaries. Our result extends
a recent result of Charney–Murray, who prove such a classification for CAT(0) groups, and is
new for mapping class groups and the fundamental groups of 3–manifolds without Nil or Sol
components.
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Introduction

The Gromov boundary has proved a profitable tool in the study of the coarse geometry of hyperbolic groups. Every quasi-isometry between hyperbolic groups extends to a homeomorphism
between the Gromov boundaries of the groups, and so it is natural to ask if the homeomorphism
type of the boundary determines the quasi-isometry type of the group. In general, this is not
the case as examples of non-quasi-isometric groups with homeomorphic Gromov boundary are
given in [Bou97], [BP02], and [Pan89]. However, Paulin [Pau96] defined a cross-ratio on the
Gromov boundary and proved that if the boundary homeomorphism is also quasi-möbius with
respect to this cross-ratio, then it is necessarily induced by a quasi-isometry between the groups.
In an effort to generalize the Gromov boundary to a broader class of spaces, Cordes [Cor15]
introduced a boundary for proper geodesic metric spaces called the Morse boundary. The Morse
boundary captures the asymptotics of the “hyperbolic-like” directions in the space and agrees
with the Gromov boundary when the space is hyperbolic. Cordes proved that the Morse boundary is a quasi-isometry invariant in the same sense as the Gromov boundary—any quasi-isometry
between proper geodesic metric spaces induces a homeomorphism of their Morse boundaries (see
Proposition 2.5). In light of this, Charney and Murray [CM17] established a Morse boundary
version of Paulin’s theorem for CAT(0) groups. The main result of our paper provides an analogous result for hierarchically hyperbolic groups, a class containing mapping class groups of finite
type surfaces and right-angled Artin groups.
Main Theorem. Suppose G and H are hierarchically hyperbolic groups whose Morse boundaries
have at least three points. A homeomorphism between the Morse boundaries of G and H is
induced by a quasi-isometry if and only if it and its inverse are 2–stable and quasi-möbius.
In fact, we will show that the above theorem holds for any proper geodesic metric spaces
admitting cocompact group actions by isometries and satisfying the small cross-ratio property,
a technical condition introduced in Section 3.5. This allows us to extend the Main Theorem to
include the fundamental groups of 3–manifolds without Nil or Sol components.
Paulin’s proof hinged upon the observation that to each triple of distinct points a, b, and c in
the Gromov boundary of a hyperbolic space, there is an associated uniformly bounded diameter
set of points, thought of as the coarse center of an ideal triangle with vertices a, b, and c. Thus
given a homeomorphism between the boundaries of two hyperbolic spaces, a map can be built
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between the spaces by sending centers to centers, and Paulin shows the quasi-möbius condition
is sufficient to ensure this map is a quasi-isometry. The approach in [CM17] is very similar in
spirit and substance to that of Paulin. Our approach follows the overall strategy of [CM17] very
closely; however Charney and Murray are able to take advantage of the fact that in CAT(0)
spaces, Morse geodesics are strongly contracting. This is the point where our paper diverges.
In general, Morse geodesics are not strongly contracting [ACGH17], and the bulk of our paper
is devoted to overcoming this obstacle. An advantage of our work is that all of our preliminary
results hold for any finitely generated group. So if one could demonstrate that every finitely
generated group has the small cross-ratio property, then one could immediately extend our Main
Theorem to all finitely generated groups (see Theorems 4.1,4.3, and 4.4).
In Section 2 we will collect the required background we will need about coarse geometry,
the Morse boundary, and hierarchically hyperbolic spaces. In Section 3 we will uncover some
basic facts about infinite Morse geodesics and ideal Morse triangles, which are reminiscent of
the properties of infinite geodesics and ideal triangles in a hyperbolic space. This will allow us
to both define a cross-ratio on the Morse boundary and to associate sets of bounded diameter
to triples of distinct boundary points. In Section 4 we will show that every quasi-isometry
between proper geodesic metric spaces induces a 2–stable, quasi-möbius homeomorphism of
Morse boundaries (Theorem 4.1) and that the converse is also true for spaces that are Morse
centered and have the small cross-ratio property (Theorems 4.3 and 4.4). In Section 5 we
prove that many hierarchically hyperbolic spaces, including all hierarchically hyperbolic groups,
have the small cross-ratio property (Proposition 5.5), thus proving the Main Theorem from the
introduction.
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assistance with hierarchically hyperbolic spaces. The authors are also very grateful for the
support and guidance of their advisors, Chris Leininger and Jason Behrstock. The second
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2.1

Background and definitions
Coarse geometry

Throughout this paper X and Y will denote geodesic metric spaces, with distance functions
dX and dY respectively. When X is understood, we write d instead of dX . Additionally, given
λ,ε

λ ≥ 1 and ε ≥ 0, we will let A  B denote λ1 A − ε ≤ B ≤ λA + ε.
We are primarily interested in studying the large scale or coarse geometry of geodesic metric
spaces. We say a function f : X → Y is a (λ, ε)−quasi-isometric embedding if
λ,ε

dX (x, y)  dY (f (x), f (y))

for all x, y ∈ X.

If there exists a map fˆ: Y → X and a constant D ≥ 0 such that dX (fˆ ◦ f (x), x) ≤ D for all
x ∈ X and dY (f ◦ fˆ(y), y) ≤ D for all y ∈ Y , then we say that fˆ is a quasi-inverse of f . If f
is a quasi-isometric embedding that has a quasi-inverse, then we say f is a quasi-isometry and
that (X, dX ) and (Y, dY ) are quasi-isometric.
From the point of view of quasi-isometries, there is little distinction between a point and
a set of uniformly bounded diameter. Thus it is often convenient to utilize coarse maps. A
coarse map is a function f : X → 2Y such that f (x) 6= ∅ and the diameter of f (x) is uniformly
bounded for all x ∈ X. We will let f −1 (y) denote the set {x ∈ X : y ∈ f (x)}. A coarse map
f : X → 2Y induces a (non-canonical) function f : X → Y , by defining f (x) to be any choice of
point in f (x).
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A (λ, ε)–quasi-geodesic α in X is a (λ, ε)–quasi-isometric embedding of a closed interval
I ⊆ R into X. If I is compact, we say α is a finite quasi-geodesic; otherwise, α is an infinite
quasi-geodesic. If I has only one finite endpoint, then we say α is a quasi-geodesic ray.

2.2

Gromov boundary of hyperbolic spaces

A central and fruitful class of spaces studied in coarse geometry are the hyperbolic spaces
introduced by Gromov [Gro87, Gro93].
Let X be a geodesic metric space and δ ≥ 0. A geodesic triangle in X is δ–slim if each
side is contained in the δ–neighborhood of the union of the of the other two sides. We say X is
δ–hyperbolic if every triangle in X is δ–slim.
If X is δ–hyperbolic, then there exists a quasi-isometry invariant boundary of X, called
the Gromov boundary of X, denoted by ∂G X. To define ∂G X, we need the notion of Gromov
product. For x, y, p ∈ X, the Gromov product of x and y at p is
(x, y)p =

1
(d(x, p) + d(y, p) − d(x, y)).
2

We now define ∂G X to be the collection of equivalence classes of sequences (xn ) in X with
the property that lim inf (xn , xm )p = ∞ for some (any) p ∈ X, where two such sequences (xn )
n,m→∞

and (ym ) are equivalent if lim inf (xn , ym )p = ∞ for some (any) p ∈ X.
n,m→∞

2.3

Morse boundary

In [Cor15], Cordes introduced the Morse boundary for proper geodesic metric spaces. Cordes’
work generalized both the Gromov boundary of hyperbolic spaces and the contracting boundary of CAT(0) spaces introduced by Charney and Sultan [CS15]. We will now recall Cordes’
construction of the Morse boundary and several of the results in [Cor15].
Let N : [1, ∞) × [0, ∞) → [0, ∞) be a function. A quasi-geodesic γ is N –Morse if every
(λ, ε)–quasi-geodesic with endpoints on γ is contained in the N (λ, ε)–neighborhood of γ. We
call N a Morse gauge for γ.
Let X be a proper geodesic metric space. We say that two quasi-geodesic rays α and β in X
are asymptotic if the Hausdorff distance between the images of α and β, denoted by dHaus (α, β),
is finite. Choose a basepoint p ∈ X and define ∂v Xp to be the set of equivalence classes of
geodesic rays based at p, where two rays are equivalent if they are asymptotic. We topologize
∂v Xp by declaring a subset B of ∂v Xp to be closed if and only if the following statement is true.
Suppose (bn ) is a sequence in B, (βn ) is a sequence of rays satisfying [βn ] = bn , and b ∈ ∂v Xp .
If every subsequence of (βn ) contains a subsequence that converges uniformly on compact sets
to a ray in b, then b is in B.
Define M to be the collection of all Morse gauges for geodesic rays based at p. For each
N ∈ M, define
∂ N Xp = {[α] ∈ ∂v Xp : α is equivalent to an N –Morse geodesic ray based at p}.
Observe that because ∂ N Xp is a subset of ∂v Xp , we can equip it with the subspace topology,
which we denote by TvN . Cordes formulated a topology for ∂ N Xp slightly differently; however,
using Lemma 3.8 and the following lemma, it is a short exercise to verify that the two topologies
are indeed the same. (Our description of the topology allows us to prove Lemma 2.2 with ease.)
Lemma 2.1 ([Cor15] Lemma 2.10). Let X be a geodesic space, and let {γi : [0, ∞) → X} be a
sequence of N –Morse geodesic rays that converge uniformly on compact sets to a geodesic ray
γ. Then γ is N –Morse.
There is a natural partial order on M. We define N ≤ N 0 if N (λ, ε) ≤ N 0 (λ, ε) for all
0
(λ, ε) ∈ [1, ∞) × [0, ∞). Observe that for N ≤ N 0 , the inclusion ∂ N Xp → ∂ N Xp is continuous.

3

As in [Cor15], we define the Morse boundary of X to be
∂M Xp = lim ∂ N Xp ,
−→
M

equipped with the direct limit topology. That is, ∂M Xp =

S

∂ N Xp and is given the finest

N ∈M

topology so that for each Morse gauge N , the inclusion ∂ N Xp → ∂M Xp is continuous.
The subspace topology on ∂ N Xp as a subset of ∂M Xp may be coarser than TvN . Thus, given
a sequence (an ) in ∂ N Xp and a ∈ ∂M Xp such that an → a in ∂M Xp , it is not immediately clear
that an → a in (∂ N Xp , TvN ). However, this turns out to be true.
Lemma 2.2. Let (an ) be a sequence converging to a in ∂M Xp . Suppose there exists a gauge N
such that each an ∈ ∂ N Xp . Then an → a in (∂ N Xp , TvN ).
Proof. The universal property of direct limits implies that the inclusion ∂M Xp → ∂v Xp is
continuous. Assume an → a in ∂M Xp . Continuity implies that an → a in ∂v Xp . Lemmas 2.1
and 3.8 imply that ∂ N Xp is a closed subset of ∂v Xp . Thus, it must be that a ∈ ∂ N Xp . So, by
definition of the subspace topology, an → a in (∂ N Xp , TvN ) as desired.
We now recall several propositions of Cordes, the first of which will be useful for determining
convergence in (∂ N Xp , TvN ).
Proposition 2.3 ([Cor15] Lemma 3.1). There exists an increasing function η : M → [0, ∞)
with unbounded image such that for every N –Morse geodesic ray γ based at p, the collection
{Vn (γ)} is a fundamental system of neighborhoods of [γ] in (∂ N Xp , TvN ), where
Vn (γ) = {[α] ∈ ∂ N Xp : d(α(t), γ(t)) ≤ η(N ) for all t ≤ n}.
In particular, the space (∂ N Xp , TvN ) is Hausdorff for each Morse gauge N .
For any pair of points a, b ∈ ∂M Xp , a bi-infinite quasi-geodesic γ in X from a to b is one with
the property that γ restricted to (−∞, 0] is asymptotic to a representative of a and γ restricted
to [0, ∞) is asymptotic to a representative of b.
Proposition 2.4 ([Cor15] Proposition 3.11). Let X be a proper geodesic space and a, b ∈ ∂ N Xp .
There exists a bi-infinite Morse geodesic from a to b, whose gauge depends only on N .
Proposition 2.5 ([Cor15] Proposition 3.7). Let f : X → Y be a (λ, ε)–quasi-isometry of proper
geodesic spaces. Then for each N –Morse geodesic ray γ based at p ∈ X, f (γ) stays bounded
distance from an N 0 –Morse geodesic ray based at f (p), say f (γ), where N 0 depends only on
N, λ, and ε. This allows us to build a homeomorphism f∗ : ∂M Xp → ∂M Yf (p) by defining
f∗ ([γ]) = [f (γ)].
Proposition 2.5 shows that changing the basepoint p to p0 produces a homeomorphic boundary via a canonical homeomorphism induced by the quasi-isometry sending p to p0 and fixing all
other points. Thus, throughout the remainder of this paper, ∂X will denote the Morse boundary ∂M Xp . If X is hyperbolic, then there exists a Morse gauge N such that every geodesic is
N –Morse. It is then readily seen that the Gromov and Morse boundaries are homeomorphic,
and thus we will also use ∂X to denote ∂G X.

2.4

Hierarchically hyperbolic spaces and groups

Introduced by Behrstock, Hagen, and Sisto in [BHS17] and revised in [BHS15], hierarchically
hyperbolic spaces generalize the Masur–Minsky hierarchy machinery for the mapping class group
[MM99, MM00]. The definition of a hierarchically hyperbolic space is quite involved and since
we will not need the full breath of the definition, we recall only the relevant facts and features
we will need for Section 5.2. We direct the curious reader to [BHS15] for the complete definition
and to [Sis17] for a survey of the current state of the theory.
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Let X be a geodesic metric space. A hierarchically hyperbolic space (HHS) structure on
X begins with a partially ordered index set S with a unique maximal element, which we will
always denote by S. For each U ∈ S, there exists a hyperbolic space CU and a uniformly
coarsely Lipschitz projection map πU : X → CU . Additionally, many axioms govern how S,
{CU }U ∈S , and {πU }U ∈S are related. When X is equipped with an HHS structure, we call X a
hierarchically hyperbolic space (HHS), and we often write (X , S) to indicate that X is equipped
with a particular HHS structure with index set S.
A finitely generated group G is a hierarchically hyperbolic group (HHG) if G admits a proper,
cobounded, uniform quasi-action on some HHS (X , S), and G acts on S with finitely many orbits
by order preserving automorphisms. Additionally, the quasi-action must preserve some aspects
of the HHS structure. If G is an HHG, by virtue of its quasi-action on (X , S), there exists a
quasi-isometry f : G → X , where G is equipped with the word metric with respect to any finite
generating set. We can thus put an HHS structure on G using the index set S, hyperbolic
spaces {CU }U ∈S , and projection maps {πU ◦ f }U ∈S .
Example 2.6. The following admit HHS structures: mapping class groups and Teichmüller
spaces (with either the Weil-Petersson or Teichmüller metric) of finite type surfaces [MM99],
[MM00], [Bro03], [Beh06], [Raf07], [BKMM12], [Dur16], [EMR17], CAT(0) cubical groups [HS16],
right-angled Artin and Coxeter groups [BHS17], fundamental groups of 3-manifolds without Nil
or Sol components in their prime decomposition [BHS15], and the non-separating curve graph
[Vok17]. Further, mapping class groups and CAT(0) cubical groups are HHGs.
In [ABD17], Abbott, Behrstock, and Durham introduced almost HHS structures, a slight
weakening of the HHS axioms. Almost HHS structures maintain nearly all of the features of an
HHS structure including the partially ordered index set S with a unique maximal element S
and the associated hyperbolic spaces and projection maps for each U ∈ S.
The crux of HHS theory is that the coarse geometry of X can be recovered from the geometry
of the associated spaces (whose geometry is in turn elucidated by hyperbolicity). This philosophy
is displayed most predominately by the following hallmark theorem.
Theorem 2.7 ([BHS15] Theorem 4.5, [ABD17] Thoerem 7.2 ). Let (X , S) be an almost HHS.
For each σ sufficiently large, there exist A ≥ 1 and B ≥ 0 such that
A,B

dX (x, y) 

X

[dCU (πU (x), πU (y))]σ

for all x, y ∈ X ,

U ∈S

where [M ]σ = M if M ≥ σ and 0 otherwise.

2.5

Morse quasi-geodesics in hierarchically hyperbolic spaces

In [ABD17], for HHSs satisfying the bounded domain dichotomy, a characterization of Morse
quasi-geodesics is given in terms of their projections to the associated hyperbolic spaces. The
bounded domain dichotomy, defined in [ABD17], is a technical condition satisfied by many HHSs
including those from Example 2.6. As pointed out in [ABD17], all HHGs satisfy the bounded
domain dichotomy.
Theorem 2.8 ([ABD17] Theorem 6.2, 7.2). Let X be a geodesic metric space that admits an
HHS structure with the bounded domain dichotomy. Then there exists an almost HHS structure
S for X such that for every quasi-geodesic γ in X the following are equivalent:
1. γ is N –Morse.
2. There exists B such that diamCU (πU (γ)) ≤ B for all U ∈ S − {S}.
3. πS ◦ γ is an (L, L)–quasi-geodesic.
Further N, B, and L determine each other.
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We shall call any almost HHS where conditions (1)–(3) of Theorem 2.8 are equivalent a
maximal almost HHS. Observe that if (X , S) is a maximal almost HHS, we can build an injective
map
π S : ∂X → ∂CS via [γ] 7→ (πS (γ(n)))n∈N .

3
3.1

Preliminaries
Properties of Morse geodesics

Throughout this section, X will denote a geodesic metric space. We begin by recalling a few
standard facts about Morse geodesics.
Lemma 3.1. If α is an N –Morse quasi-geodesic and β is a quasi-geodesic such that
dHaus (α, β) ≤ D, then β is N 0 –Morse, where N 0 depends only on N and D.
Lemma 3.2. For each Morse gauge N , there exists N 0 , depending only on N, such that if α is
an N –Morse geodesic in X and β is a subgeodesic of α, then β is N 0 –Morse.
Proof. Let γ : [a, b] → X be a (λ, ε)–quasi-geodesic with γ(a) and γ(b) on β. First we prove
the case when γ is continuous. Let D = N (λ, ε), and suppose γ is not contained in the D–
neighborhood of β. Continuity of γ ensures that there exists c ∈ [a, b] such that γ(c) is within
D of each component of α − β. If α − β has two components, this implies that the length of β
is bounded above by 2D, and thus the length of γ is no more than 2Dλ + ε, which guarantees
that γ ⊆ N2Dλ+ε (β). A similar argument shows that if α − β has just one component, then γ
is contained in a uniform (in terms of N, λ, and ε) neighborhood of β.
If γ is not continuous, then there exists a continuous (λ, 2λ+2ε)–quasi-geodesic γ 0 : [a, b] → X
with the same endpoints as γ satisfying dHaus (γ, γ 0 ) ≤ λ + ε (see [BH99] III.H Lemma 1.11).
Thus repeating the above argument with γ 0 produces D0 depending only on N , λ, and ε such
that γ ⊆ ND0 (β). Hence there exists an N 0 depending only on N such that β is N 0 –Morse.
Convention 3.3. In light of Lemma 3.2, for the remainder of this paper when we say a geodesic
is N –Morse, we will always assume that N was taken large enough so that all subgeodesics are
also N –Morse.
In [Cor15] Section 2, Cordes outlines many properties of Morse geodesics, showing that Morse
geodesics behave like geodesics in hyperbolic spaces. The following two lemmas are based on
[Cor15] Section 2, but reformulated to fit our needs.
Lemma 3.4. Let α be a (λ, ε)–quasi-geodesic in X and x ∈ X. If x0 is a point on α closest
to x and γ is the concatenation of a geodesic connecting x to x0 and a subsegment of α with
endpoint x0 , then γ is a (2λ + 1, ε)–quasi-geodesic.
Proof. An exercise nearly identical to the proof of Lemma 2.2 in [Cor15].
Lemma 3.5. Let α be an N –Morse geodesic ray in X. If β is a (λ, ε)–quasi-geodesic ray such
that α and β have the same initial point and dHaus (α, β) < ∞, then there exists D, depending
only on N , λ, and ε, such that β ⊆ ND (α).
Proof. Let p be the shared initial point of α and β and q be a point on β. Since dHaus (α, β) < ∞,
there must exist a point x on α and x0 on β such that x0 is a closest point to x on β and q is
on the subsegment of β between p and x0 . Let β 0 be the concatenation of the subsegment of β
between p and x0 with a geodesic from x to x0 . By Lemma 3.4, β 0 is a (2λ + 1, ε)–quasi-geodesic,
and thus q ∈ β 0 ⊆ NN (2λ+1,ε) (α). Hence we have β ⊆ NN (2λ+1,ε) (α).
Corollary 3.6. Let α be an N –Morse geodesic ray in X and β : [0, ∞) → X a (λ, ε)–quasigeodesic ray asymptotic to α. There exists t0 ≥ 0 such that β[t0 , ∞) ⊆ ND (α), where D depends
only on N , λ, and ε.
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Proof. Pick any point p on α and let p0 be a point on β closest to p. Let β 0 be the concatenation
of a geodesic from p to p0 and the infinite component of β[0, ∞) − {p0 }. Lemmas 3.4 and 3.5
provide a constant D depending only on N , λ, and ε such that β 0 ⊆ ND (α).
We shall also require the following result of Cordes [Cor15].
Lemma 3.7 ([Cor15] Lemma 2.1, 2.2, 2.3). Let X be a geodesic metric space.
(1) If α is a finite N –Morse geodesic in X and β is a (λ, ε)–quasi-geodesic with the same
endpoints as α, then there exists a constant D and a Morse gauge N 0 both depending only
on N , λ, and ε such that dHaus (α, β) ≤ D and β is N 0 –Morse.
(2) If T is a finite geodesic triangle in X with all sides N –Morse, then T is δN –slim, where
δN depends only on N .
(3) If T is a finite geodesic triangle in X such that two sides of T are N –Morse, then there
exists an N 0 depending only on N such that the third side of T is N 0 –Morse.
In the remainder of the paper, we will be working primarily with infinite Morse geodesics,
and we therefore need to generalize parts (1) and (3) of Lemma 3.7 to the infinite case. Our
strategy is to utilize Corollary 3.6 to pass from infinite geodesics to finite geodesics and then
appeal to Lemma 3.7.
Lemma 3.8. Let α be an N –Morse infinite geodesic and β a (λ, ε)–quasi-geodesic such that
dHaus (α, β) < ∞. If α and β are rays, assume their initial points are the same. Then there exist
a constant D and a gauge N 0 both depending only on N , λ, and ε such that dHaus (α, β) ≤ D
and β is N 0 –Morse.
Proof. By Lemma 3.1, once we bound the Hausdorff distance between α and β by a constant
depending only on N, λ, and ε, we are done. In the ray case, Lemma 3.5 provides a constant
D depending on N, λ, and ε such that β ⊆ ND (α). If it is not the case that α ⊆ ND (β), then
α is only disjoint from ND (β) on intervals of finite length; thus we can apply Lemma 3.7 part
(1) to show that there exists D0 depending only on N, λ, and ε such that α ⊆ ND0 (β). In the
bi-infinite case, we get the same conclusion by reducing to the ray case as follows: select a point
p on α and concatenate a geodesic from p to a closest point p0 on β with a subray of β with
initial point p0 . Observe that by Lemma 3.4, this is a (2λ + 1, ε)–quasi-geodesic with basepoint
on α.
Corollary 3.9. Suppose X is proper. For each Morse gauge N , there exists N 0 such that for
all a, b ∈ ∂X if there is an N –Morse geodesic from a to b, then every geodesic from a to b is
N 0 –Morse.
Lemma 3.10. Let T be a geodesic triangle (possibly with some infinite sides). For each N,
there exists N 0 such that if two sides of T are N –Morse, then the third side of T is N 0 –Morse.
Proof. Let α1 , α2 , and α3 denote the sides of T , where α1 and α2 are N –Morse. Let β be a
(λ, ε)–quasi-geodesic with endpoints on α3 . By Corollary 3.6, we can find x1 and x2 on α3 such
that each xi is within D of αi , where D is a constant determined by N . Moreover, we can
choose x1 and x2 so that the endpoints of β lie between x1 and x2 on α3 . Similarly, there exists
x0 on α1 such that x0 is within D of α2 .
Let γ1 be a geodesic from x0 to x1 , γ2 a geodesic from x0 to x2 , and γ3 the subsegment of
α3 connecting x1 and x2 (see Figure 1). Because the endpoints of γ1 (resp. γ2 ) are within D of
α1 (resp. α2 ), and N determines D, Lemma 3.7 part (1) says that γ1 and γ2 are Morse for some
gauge depending only on N . Therefore, by Lemma 3.7 part (3), γ3 is Morse for some gauge N 0
depending only on N . By construction, the endpoints of β lie on γ3 , and thus we have
β ⊆ NN 0 (λ,ε) (γ3 ) ⊆ NN 0 (λ,ε) (α3 ),
establishing that α3 is N 0 –Morse.
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x0
γ2

γ1
γ3

x2

x1
β

Figure 1: An ideal triangle with Morse sides can be truncated to a finite geodesic triangle. See
proof of Lemma 3.10.
Remark 3.11. For simplicity, we have stated the results in this section in terms of Morse
geodesics. However, if you replace “N –Morse geodesic” with “N –Morse (λ0 , ε0 )–quasi-geodesic”
in any of the results, the conclusions hold with the modification that the constant D or the
Morse gauge N 0 now also depends on λ0 and ε0 .

3.2

Triangle centers

In this section, we develop a coarse notion of center for ideal geodesic triangles with Morse
sides. Having a notion of triangle centers turns out to be the key ingredient to generalizing
Paulin’s notion of cross-ratio to non-hyperbolic spaces. Throughout this section, let X be a
proper geodesic metric space with |∂X| ≥ 3.
For n ≥ 2 and Morse gauge N , let ∂X (n,N ) denote the collection of tuples of n pairwise
distinct points in ∂X such that every geodesic between any pair in the tuple is N –Morse. If
∂X (3,N ) 6= ∅, then for K > 0 define
: ∂X (3,N ) → 2X
mN,K
X

by

(a, b, c) 7→ {x ∈ X : x is within K of all sides of some geodesic triangle with vertices a, b, c}.
We call each point in the set mN,K
X (a, b, c) a K–center of (a, b, c).
The goal of this section is to show for sufficiently large K that mN,K
X (a, b, c) is non-empty for
all (a, b, c) ∈ ∂X (3,N ) (Lemma 3.12) and has uniformly bounded diameter in X (Lemma 3.13).
First, we present some notation and terminology.
Given a triangle T with vertices a, b, and c, we will often write T (a, b, c) in place of T to
emphasize the vertices of T . We let T (a, b) denote the oriented side of T from a to b, and
similarly denote the other sides of T . A K–internal triple of a triangle T is a set of three points,
one on each side of T , that are pairwise at most distance K apart.
Lemma 3.12. There exists a constant KN such that every geodesic triangle in X with all sides
N –Morse has a KN –internal triple. Thus, for all K ≥ KN , the map mN,K
sends every tuple to
X
a non-empty set.
Proof. Let T be a geodesic triangle with N –Morse sides that are denoted by α1 , α2 and α3 . By
Corollary 3.6, we can find x1 and x2 on α3 such that each xi is within D of αi , where D is
a constant determined by N . Similarly, there exists x0 on α1 such that x0 is within D of α2 .
Let γ1 be a geodesic from x0 to x1 , γ2 a geodesic from x0 to x2 , and γ3 the subsegment of α3
connecting x1 and x2 . Because the endpoints of γ1 (resp. γ2 ) are within D of α1 (resp. α2 ), and
N determines D, Lemma 3.7 part (1) says that γ1 and γ2 are Morse with gauge depending only
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on N . Thus there exists an N 0 , depending only on N , such that γ1 ∪ γ2 ∪ γ3 is a finite geodesic
triangle with N 0 –Morse sides. Hence, by Lemma 3.7 part (2), there exists δN 0 depending only
on N 0 such that the geodesic triangle γ1 ∪ γ2 ∪ γ3 is δN 0 –slim. This allows us to select pi on γi
so that d(pi , pj ) ≤ 4δN 0 for all pairs i, j (see [BH99] III.H, Proposition 1.17). Because for all i,
the endpoints of γi are each within D of the N –Morse geodesic αi , there exists qi on αi such
that d(qi , pi ) ≤ N (1, 4D). Combining all of this, for all pairs i, j we find
d(qi , qj ) ≤ d(qi , pi ) + d(pi , pj ) + d(pj , qj ) ≤ 4δN 0 + 2N (1, 4D).
Therefore, if we let KN = 4δN 0 + 2N (1, 4D), then {q1 , q2 , q3 } has the desired property.
Lemma 3.13. For all N and K, there exists a constant M , depending only on N and K, such
that for all (a, b, c) ∈ ∂X (3,N )
diam(mN,K
X (a, b, c)) ≤ M.
Proof. Without any loss of generality, we can assume K ≥ KN , where KN is the constant from
Lemma 3.12. Choose (a, b, c) ∈ ∂X (3,N ) and a geodesic triangle T (a, b, c). Let {iac , iab , ibc }
denote a KN –internal triple of T . By Lemma 3.8, it is enough to show that the diameter of
S = {x ∈ X : x is within K of each side of T }
is bounded above by a constant depending only on N and K. To show diam(S) is bounded, we
will prove that the distance from each point x ∈ S to some point in {iac , iab , ibc } is bounded
above by a constant depending only on K and N .
Let p and q denote points on T (a, b) and T (a, c) respectively satisfying
d(x, p) ≤ K

and

d(x, q) ≤ K.

(1)

By permuting the labels a, b, c if needed, we may assume that p comes before iab on T (a, b) and
that q comes after iac on T (a, c). Now the concatenation of a geodesic from iab to iac with the
segment of T (a, b) from a to iab is a (1, 2KN )–quasi-geodesic. By Lemma 3.5, there exists a
constant D determined by N and a point p0 before iac on T (a, c) such that
d(p0 , p) ≤ D.

(2)

Combining Inequalities (1) and (2), we have
d(p0 , q) ≤ d(p0 , p) + d(p, x) + d(x, q) ≤ D + 2K.

(3)

Because iac is between p0 and q on the geodesic T (a, c), Inequalities (1) and (3) imply that
d(x, iac ) ≤ d(x, p) + d(p, p0 ) + d(p0 , iac ) ≤ 3K + 2D,
completing the proof.

3.3

Morse center spaces

Our main results will apply to Morse center spaces. We say that a proper geodesic metric space
X is an N –Morse center space if there exists K such that
[
X=
mN,K
X (a, b, c).
(a,b,c)∈∂X (3,N )

That is, an N –Morse center space is one where every point in X is a K–center of some ideal
geodesic triangle with N –Morse sides. We say that X is a Morse center space if it is an N –Morse
center space for some gauge N .
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By Proposition 2.4, if |∂X| ≥ 3, then for some gauge N , there exists an ideal geodesic
triangle T with each side N –Morse. If X also admits a cocompact group action by isometries,
then every point in X will be uniformly close to each side of some translate of T , and thus X is
a Morse center space. In particular, every finitely generated group equipped with a word metric
is a Morse center space as long as its Morse boundary has at least three points.

3.4

Cross-ratios and quasi-möbius and 2–stable maps

Let X and Y be proper geodesic metric spaces and N a Morse gauge. For (a, b, c, d) ∈ ∂X (4,N ) ,
define its N –cross-ratio to be
N
N
[a, b, c, d]N = diam(mN,K
(a, b, c) ∪ mN,K
(a, d, c)),
X
X

where KN is the constant in Lemma 3.12. This definition of cross-ratio generalizes both the
cross-ratio for CAT(0) spaces (see [CM17] Lemma 3.7) and hyperbolic spaces [Pau96] (see Section
5.1).
A map h : ∂X → ∂Y is 2–stable if for every N , there exists an N 0 such that
0

h(∂X (2,N ) ) ⊆ ∂Y (2,N ) .
We say that a 2–stable map h : ∂X → ∂Y is quasi-möbius if for every pair of Morse gauges
0
N and N 0 satisfying h(∂X (2,N ) ) ⊆ ∂Y (2,N ) , there exists a continuous increasing function
ψ : [0, ∞) → [0, ∞) such that for all (a, b, c, d) ∈ ∂X (4,N ) we have
[h(a), h(b), h(c), h(d)]N 0 ≤ ψ([a, b, c, d]N ).
Remark 3.14. Let p, p0 ∈ X be two choices of basepoint and φ : ∂Xp0 → ∂Xp the canonical
(2,N )
(2,N )
, a homeomorphism h : ∂Xp → ∂Y is 2–stable
homeomorphism. Because φ(∂Xp0 ) = ∂Xp
if and only if h ◦ φ is. Further observe that because the sets of K–centers for (a, b, c) and
(φ(a), φ(b), φ(c)) are identical, the N –cross-ratio is basepoint independent. Thus, h is quasimöbius if and only if h ◦ φ is.

3.5

Homeomorphisms that preserve distance between centers

In this section, we will show that in spaces with the small cross-ratio property (Definition
3.15 below), 2–stable, quasi-möbius boundary homeomorphisms increase the distances between
K–centers a controlled amount (Lemma 3.17). Our approach is a generalization of the one taken
in [CM17], and just as in the CAT(0) setting, this is the critical step in being able to build a
quasi-isometry from a quasi-möbius boundary homeomorphism. In this section, let X and Y be
proper geodesic metric spaces.
Definition 3.15. We say that X has the small cross-ratio property if for each Morse gauge N ,
there exists C > 0 such that for any (a, b, c, d) ∈ ∂X (4,N ) at least one of [a, b, c, d]N , [a, c, b, d]N ,
or [b, a, c, d]N is less than C.
If [a, b, c, d]N < C, the KN –centers of (a, b, c) and (a, d, c) are C–close, and we call the
move from (a, b, c) to (a, d, c) a small flip. If X has the small cross-ratio property, then given
(a, b, c, d) ∈ ∂X (4,N ) , we can always use a small flip to move from the tuple (a, b, c) to one of
(a, d, c), (a, b, d), or (b, d, c). Examples of spaces with the small cross-ratio property include
hyperbolic spaces (Corollary 5.2, Lemma 5.4), CAT(0) spaces ([CM17] Lemma 4.1), and hierarchically hyperbolic groups (Proposition 5.5).
Lemma 3.17 below is the generalization of [CM17] Proposition 4.2 to all proper metric spaces.
While stated in terms of CAT(0) spaces, the core of the argument presented by Charney-Murray
does not utilize the CAT(0) hypothesis. After proving the following technical lemma, we will
be able to follow their proof verbatim.
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Lemma 3.16. Let (a, b, c), (u, v, w) ∈ ∂X (3,N ) and L ≥ 0 and K ≥ KN . If
N,K
diam(mN,K
X (a, b, c) ∪ mX (u, v, w)) ≤ L,

then there exists N 0 depending only on N , L, and K such that any geodesic with both endpoints
in {a, b, c, u, v, w} is N 0 –Morse.
Proof. Without loss of generality, it suffices to just check for any geodesic between a and u. Fix
N,K
x ∈ mN,K
X (a, b, c) and y ∈ mX (u, v, w). Choose an N –Morse geodesic α between a and b so
that there is a point x0 on α within K of x. Let α0 be the N –Morse subgeodesic of α from x0 to
a. Now choose an N –Morse geodesic β between u and v so that there is a point y 0 on β within
K of y.
Let β 0 be the concatenation of a geodesic between y 0 and x0 with any geodesic ray from x0
to u. By the triangle inequality, dX (x0 , y 0 ) ≤ 2K + L, so β 0 is a (1, 2(2K + L))–quasi-geodesic.
Thus Lemma 3.8 tells us that there exists a Morse gauge N 0 ≥ N, depending only on N , K,
and L, such that the subray of β 0 from x0 to u is N 0 –Morse. Because α (and thus α0 ) is also
N 0 –Morse, any geodesic from a to u is the third side of a triangle with two N 0 –Morse sides and
hence N 00 –Morse by Lemma 3.10, where N 00 depends only on N , K, and L.
To be self-contained, we now present the Charney-Murray proof of Lemma 3.17.
Lemma 3.17. Suppose X has the small cross-ratio property and h : ∂X → ∂Y is a 2–stable,
quasi-möbius homeomorphism. Suppose h(∂X (3,N ) ) ⊆ ∂Y (3,Nh ) for some Morse gauges N and
Nh . Then for any L ≥ 0 and K ≥ KN , there exists a constant B, depending on N, Nh , K, and
L only, such that for any (a, b, c), (u, v, w) ∈ ∂X (3,N ) if
N,K
diamX (mN,K
X (a, b, c) ∪ mX (u, v, w)) ≤ L,

(4)

then
h ,K
h ,K
diamY (mN
(h(a), h(b), h(c)) ∪ mN
(h(u), h(v), h(w))) ≤ B.
Y
Y
h ,K
h ,K
Proof. If either mN
(h(a), h(b), h(c)) or mN
(h(u), h(v), h(w)) is empty, then we are done
Y
Y
by Lemma 3.13. Suppose both are non-empty. By Lemma 3.16, there exists N 0 depending only
on N , K, and L such that N ≤ N 0 and any geodesic with both endpoints in {a, b, c, u, v, w}
0
,K
is N 0 –Morse. Note that mN
(a, b, c) = mN,K
X
X (a, b, c) because every geodesic between a pair
N 0 ,K
of a, b, c is N –Morse. Similarly, mX (u, v, w) = mN,K
X (u, v, w). So Lemma 3.13 together with
assumption (4) implies that there exists L0 depending only on L and N 0 (and thus only on L, K,
and N ) such that
N 0 ,K
N 0 ,K
diamX (mX N 0 (a, b, c) ∪ mX N 0 (u, v, w)) ≤ L0 .
(5)

Let C be the constant given by the small cross-ratio property for N 0 , and for convenience, let
0
[a, b, c, d] = [a, b, c, d]N 0 . We will obtain a sequence of tuples V1 , . . . , V5 ∈ ∂X (3,N ) such that:
• Each Vi has entries in {a, b, c, u, v, w}.
• V1 = (a, b, c) and V5 = (u, v, w).
• For 1 ≤ i ≤ 4, Vi and Vi+1 share two entries and the diameter of the union of the
KN 0 –centers of Vi and Vi+1 is bounded by a constant depending only on L, K, and N.
Let V1 = (a, b, c) and V5 = (u, v, w). Because X has the small cross-ratio property, at
least one of [a, b, c, u], [a, c, b, u], or [b, a, c, u] is smaller than C. Without loss of generality, we
can assume [a, b, c, u] is small, and we can perform a small flip from (a, b, c) to (a, u, c). Let
V2 = (a, u, c). There are two cases for V3 and V4 .
Case 1: If [a, u, c, w] or [a, u, c, v] is at least C, then we can perform a small flip from (a, u, c)
onto one of (a, u, w), (w, u, c), (a, u, v), or (v, u, c). In this case we let V3 be the tuple from the
list above separated from (a, u, c) by a small flip and define V4 = (u, v, w).
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Case 2: If both [a, u, c, w] and [a, u, c, v] are smaller than C, we can perform small flips from
(a, u, c) onto both (a, w, c) and (a, v, c). Applying the small cross-ratio property to (u, v, w, a),
we define V4 to be the tuple in the list (u, a, w), (u, v, a), (a, v, w) that differs from (u, v, w) by
a small flip. We now define V3 to be whichever of (a, w, c) or (a, v, c) shares two entries with V4 .
N 0 ,K
N 0 ,K
In either case, diam(mX N 0 (Vi ) ∪ mX N 0 (Vi+1 )) < C for i = 1, 2, 4. This together with
Inequality (5) and the triangle inequality implies that the diameter of the set of KN 0 –centers of
Vi and Vi+1 is at most B 0 = L0 + 3C for all 1 ≤ i ≤ 4.
We now apply h to our sequence of tuples. Because h is 2–stable, there exists a gauge N 00
0
00
such that h(∂X (2,N ) ) ⊆ ∂Y (2,N ) . Because h is quasi-möbius, for 1 ≤ i ≤ 4, the diameter of
the set of KN 00 –centers of h(Vi ) and h(Vi+1 ) is bounded by a constant depending only on B 0 .
Thus, by the triangle inequality, the diameter of the set of KN 00 –centers of h(V1 ) and h(V5 )
is bounded by a constant determined by B 0 . If K ≤ KN 00 , this completes the proof of the
lemma. Otherwise, K > KN 00 , and we can apply Lemma 3.13 to bound the diameter of the set
of K–centers of h(V1 ) and h(V5 ) by a constant depending only on K, B 0 , and Nh , and thus only
on K, L, N, and Nh as desired.

4

Main Theorems

4.1

Quasi-isometries induce quasi-möbius, 2–stable homeomorpshisms

Theorem 4.1. Let f : X → Y be a quasi-isometry between proper geodesic metric spaces. Then
the induced homeomorphism f∗ : ∂X → ∂Y and its inverse are 2–stable and quasi-möbius.
Proof. Let f : X → Y be a (λ, ε)–quasi-isometry and f∗ : ∂X → ∂Y the homeomorphism
induced by f (see Proposition 2.5). Because f∗−1 will be induced by the correct choice of quasiinverse for f , it is sufficient to only check the theorem for f∗ . To see f∗ is 2–stable, consider
(a, b) ∈ ∂X (2,N ) and let α be an N –Morse geodesic between a and b. Pick y on f (α). By
Proposition 2.5, there exist two N 0 –Morse geodesic rays based at y, one with endpoint f∗ (a)
and the other with endpoint f∗ (b), where N 0 depends only on N, λ, and ε. Thus, by Lemma
3.10, there exists an N 00 depending only on N, λ, and ε such that any geodesic with endpoints
f∗ (a) and f∗ (b) is N 00 –Morse, establishing that f∗ is 2–stable.
0
To see f∗ is quasi-möbius, let N and N 0 be Morse gauges such that f∗ (∂X (2,N ) ) ⊆ ∂Y (2,N )
and consider (a, b, c, d) ∈ ∂X (4,N ) .
Choose ideal geodesic triangles T (a, b, c) and T (a, c, d) in X and T (f∗ (a), f∗ (b), f∗ (c)) and
T (f∗ (a), f∗ (c), f∗ (d)) in Y . By Lemma 3.8, there exists a constant D, depending on λ, ε, and
N 0 only, such that each side of the quasi-geodesic triangle f (T (a, b, c)) is contained in the
D–neighborhood of the corresponding side of T (f∗ (a), f∗ (b), f∗ (c)). Similarly, for f (T (a, c, d)).
Thus, if x and y are within KN of each side of T (a, b, c) and T (a, c, d), respectively, then f (x)
and f (y) are within λKN + ε + D of each side of T (f∗ (a), f∗ (b), f∗ (c)) and T (f∗ (a), f∗ (c), f∗ (d))
respectively.
Now define K = max{λKN + ε + D, KN 0 } and recall that Lemma 3.13 bounds the diameter
0
of the image of a tuple under mYN ,K by a constant M depending only on N 0 and K, and thus
only on N, N 0 , λ, and ε. Thus,
[f∗ (a), f∗ (b), f∗ (c), f∗ (d)]N 0 ≤ diam(mN
Y

0

,K

(f∗ (a), f∗ (b), f∗ (c)) ∪ mN
Y

0

,K

(f∗ (a), f∗ (c), f∗ (d)))
(6)

≤ d(f (x), f (y)) + 2M ≤ λ[a, b, c, d]N + ε + 2M.

Remark 4.2. The above proof also shows that being a Morse center space is a quasi-isometry
invariant among proper geodesic metric spaces.
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4.2

Quasi-möbius, 2–stable homeomorphisms induce quasi-isometries

Throughout this section, X and Y will denote proper geodesic Morse center spaces with basepoints p ∈ X and r ∈ Y . We assume there exists a 2–stable homeomorphism h : ∂M Xp → ∂M Yr .
We will show that, under some additional assumptions, h is induced by a quasi-isometry, which
we now construct.
Under our assumptions, there must exist a Morse gauge N and a constant K0 such that for
all K ≥ K0
[
[
X=
mN,K
mN,K
(V ).
X (V ) and Y =
Y
V ∈∂X (3,N )

V ∈∂Y (3,N )
(3,N )

(3,Nh )

Furthermore, because h is 2–stable, h(∂X
) ⊆ ∂Y
for some Morse gauge Nh ≥ N .
For K ≥ max{K0 , KNh }, we define a map fK : X → Y by sending p to r, and for each point
x ∈ X − {p}, we choose an ideal triangle Tx so that x is a K–center of Tx and the vertex tuple
(a, b, c) of Tx is in ∂X (3,N ) . We then define fK (x) to be a choice of K–center of (h(a), h(b), h(c)).
We will now show that, under additional assumptions which we describe, fK is a quasi-isometry
and that the induced map fK ∗ : ∂M Xp → ∂M Yr agrees with h.
Theorem 4.3. Let X and Y be proper Morse center spaces with the small cross-ratio property.
If h : ∂X → ∂Y is a 2–stable, quasi-möbius homeomorphism with 2–stable and quasi-möbius
inverse, then fK : X → Y is a quasi-isometry for K sufficiently large.
Proof. The following argument is very similar to the proof in the CAT(0) setting presented in
Theorem 4.4 of [CM17].
Because both h and h−1 are 2–stable, there exist Morse gauges N 0 and N 00 (both greater
than N ) such that
h−1 (∂Y (3,Nh ) ) ⊆ ∂X (3,N

0

)

0

00

and h(∂X (3,N ) ) ⊆ ∂Y (3,N ) .

Choose K ≥ max{K0 , KN , KNh , KN 0 , KN 00 } and define maps g : X → 2Y and ĝ : Y → 2X by:
−1
h ,K
g(x) = mN
◦ h ◦ (mN,K
(x)
Y
X )

and ĝ(y) = mN
X

0

,K

h ,K −1
◦ h−1 ◦ (mN
) (y).
Y

Lemmas 3.12, 3.13, and 3.17 imply that g and ĝ are well defined coarse maps. We further
assume K is large enough so that q ∈ g(p). Observe that fK is a choice of induced function for
g. Thus showing that fK is a quasi-isometry is equivalent to showing the following:
(1) There exist constants A ≥ 1 and B ≥ 0 such that dY (g(x), g(x0 )) ≤ AdX (x, x0 ) + B and
dX (ĝ(y), ĝ(y 0 )) ≤ AdY (y, y 0 ) + B for all x, x0 ∈ X and y, y 0 ∈ Y .
(2) ĝ ◦ g and g ◦ ĝ are bounded distance away from the identity.
Proof of (1): Let x, x0 ∈ X. Select a sequence of points x = x0 , x1 , . . . , xn = x0 along a
geodesic connecting x and x0 so that dX (xi , xi+1 ) = 1 for 0 ≤ i ≤ n − 2 and dX (xn−1 , xn ) ≤ 1.
Let M be the constant from Lemma 3.13 bounding the images of mN,K
X , and let B be the
constant from Lemma 3.17 corresponding to L = 2M + 1. Then for 0 ≤ i ≤ n − 1 we have
dY (g(xi ), g(xi+1 )) ≤ B, and thus
dY (g(x), g(x0 )) ≤ Bn ≤ B(dX (x, x0 ) + 1).
Because Lemma 3.17 also applies to h−1 , the proof of (1) is completed by an analogous argument
for ĝ.
h ,K
−1
Proof of (2): Let x ∈ X and (a, b, c) ∈ (mN,K
(x). Then mN
(h(a), h(b), h(c)) ⊆ g(x),
X )
Y
implying that
0
,K
x ∈ mN
(a, b, c) ⊆ ĝ(g(x)).
(7)
X

Thus because ĝ and g are coarse maps, (7) implies that ĝ ◦ g is bounded distance from the
identity. For the g ◦ ĝ case, define
g̃ = mN
Y

00

,K

◦ h ◦ (mN
X
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0

,K −1

)

.

By an argument analogous to the ĝ ◦ g case above, we have that y ∈ g̃(ĝ(y)) for all y ∈ Y . Thus
we only need to uniformly bound the distance between g(x) and g̃(x) for all x ∈ X. To do so,
0
00
observe that ∂X (3,N ) ⊆ ∂X (3,N ) and ∂Y (3,Nh ) ⊆ ∂Y (3,N ) . Thus, g(x) ⊆ g̃(x). This completes
the proof of (2) and thus establishes that fK is a quasi-isometry.
Theorem 4.4. Let X and Y be proper Morse center spaces with the small cross-ratio property.
Suppose h : ∂X → ∂Y is 2–stable and quasi-möbius with 2–stable and quasi-möbius inverse.
Then for all K sufficiently large, h is induced by fK : X → Y .
Proof. Let K be large enough so that Theorem 4.3 implies fK : X → Y is a quasi-isometry, and
let f = fK . Choose a point q ∈ ∂X and a geodesic ray γ based at p representing q. To prove h
and the boundary map f∗ induced by f are the same map, we must show f∗ (q) = h(q).
Choose a sequence of points (xn ) on γ satisfying lim d(p, xn ) = ∞. Let an , bn , and cn
n→∞

denote the vertices of the triangle Txn with K–center xn used to define f (xn ). To proceed, we
require the following claims.
0

Claim 1: There exists a Morse gauge N 0 such that an , bn , cn ∈ ∂ N X for all n. Furthermore,
at least two of (an ), (bn ), and (cn ) converge to q in ∂X.
Claim 2: At least two of (h(an )), (h(bn )), and (h(cn )) converge to f∗ (q) in ∂Y .
For now, assume Claims 1 and 2 hold. Then without loss of generality, we may assume (an )
converges to q in ∂X and (h(an )) converges to f∗ (q) in ∂Y . The continuity of h implies that
(h(an )) converges to h(q) in ∂Y . We would like to conclude that h(q) = f∗ (q), but it is unknown
if ∂Y is Hausdorff. To finish we therefore need the following argument.
There exists a Morse gauge N 00 such that
0

00

h(∂ N X) ⊆ ∂ N Y.

(8)

00

Together with Claim 1, this implies that h(an ) is in ∂ N Y for all n. We can now apply Lemma 2.2
00
00
00
00
to conclude that h(an ) converges to both h(q) and f∗ (q) in (∂ N Y, TvN ). Because (∂ N Y, TvN )
is Hausdorff (Proposition 2.3), f∗ (q) = h(q), as desired. It remains to prove Claims 1 and 2.
Proof of Claim 1: Choose a geodesic triangle T (p, an , xn ) so that the edge from p to xn is a
subpath of γ. Because xn is a K–center of Txn , concatenating T (xn , an ) with a geodesic from
xn to a nearest point on Txn (an , cn ) yields a (1, 2K)–quasi-geodesic. Thus by Lemma 3.8, for
some D depending only on N and K, we have
T (xn , an ) ⊆ ND (Txn (an , cn )),

(9)

and T (xn , an ) is Morse for some gauge determined by N and K. It then follows from Lemma
3.10 that each side of T (p, an , xn ) is N 0 –Morse for some gauge N 0 depending only on N , K, and
0
0
the gauge of γ. So, q, an ∈ ∂ N X, and by similar arguments bn , cn ∈ ∂ N X. Thus the first part
of Claim 1 is proved.
Suppose the second half of Claim 1 is false. Without loss of generality, we may assume that
(an ) and (bn ) do not converge to q in ∂X.
Let {ipxn , ipan , ixn an } be a KN 0 –internal triple for T (p, xn , an ), where KN 0 is the constant
determined by N 0 from Lemma 3.12. To simplify notation, we let αn denote T (p, an ). The
concatenation of the segment of αn from p to ipan with a geodesic segment from ipan to ipxn is
a (1, 2KN 0 )–quasi-geodesic. So because γ is N 0 –Morse, we have that
d(αn (t), γ) ≤ N 0 (1, 2KN 0 ) for all 0 ≤ t ≤ d(p, ipan ),
which implies that
d(αn (t), γ(t)) ≤ 2N 0 (1, 2KN 0 ) for all 0 ≤ t ≤ d(p, ipan ).
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(10)

Because (an ) does not converge to q in ∂X, it does not converge to q in (∂ N X, TvN ) for any
Morse gauge N . Thus, Inequality (10) and Proposition 2.3 imply that there exists a constant L
such that after passing to a subsequence we have that d(p, ipan ) ≤ L for all n. Combining this
with (9), we find that for all n
d(p, Txn (an , cn )) ≤ d(p, ipan ) + d(ipan , ixn an ) + d(ixn an , Txn (an , cn )) ≤ L + KN 0 + D.
We can repeat the above argument replacing cn with bn to conclude that, after passing to a
subsequence, d(p, Txn (an , bn )) ≤ L + KN 0 + D for all n. Furthermore, because (bn ) does not converge to q in ∂X, a similar argument shows that after passing to a subsequence, d(p, Txn (bn , cn ))
is also bounded above by L + KN 0 + D for all n.
So after passing to a subsequence, both p and xn are (L+KN 0 +D+K)–centers of (an , bn , cn )
for every n. But this cannot be the case because lim d(p, xn ) = ∞, contradicting Lemma 3.13,
n→∞

which says center sets have bounded diameter. Therefore, at least two of (an ), (bn ), and (cn )
converge to q in ∂X, completing the proof of Claim 1.
00
Proof of Claim 2: The points h(an ), h(bn ), and h(cn ) are in ∂ N Y for all n by (8). By definition
of f∗ , the quasi-geodesic f (γ) stays bounded distance from a Morse geodesic ray γ based at
f (p) representing f∗ (q). Thus, for each n, there exists a point f (xn ) on γ that is a uniformly
bounded distance from f (xn ). Because f is a quasi-isometry and because lim d(p, xn ) = ∞,
n→∞

we have lim d(f (p), f (xn )) = ∞. Moreover, by the definition of f , each f (xn ) is a K–center
n→∞

of (h(an ), h(bn ), h(cn )), which implies that there exists a constant K 0 (independent of n) such
that f (xn ) is a K 0 –center of (h(an ), h(bn ), h(cn )).
We can now apply an argument like that used to prove Claim 1 to see that at least two of
(h(an )), (h(bn )), and (h(cn )) converge to f∗ (q) in ∂Y .

5

Applying main results to HHSs

The goal of this section is to show that Theorems 4.3 and 4.4 apply to maximal almost HHSs.
In Section 5.1, we generalize results about Paulin’s cross-ratio to non-proper hyperbolic spaces.
Then in Section 5.2, we use these results to show that maximal almost HHSs have the small
cross-ratio property, thus achieving the goal.

5.1

Paulin’s cross-ratio for hyperbolic spaces

Let X be a δ–hyperbolic metric space. Paulin defined the cross-ratio of a tuple of four distinct
points (a, b, c, d) in ∂X to be
[a, b, c, d] = sup

1
lim inf (d(an , dn ) + d(bn , cn ) − d(an , bn ) − d(cn , dn )),
2 n→∞

where the supremum is taken over all sequences (an ), (bn ), (cn ), (dn ) in X representing a, b, c,
and d, respectively. At first glance, our definition of cross-ratio may seem drastically different
from Paulin’s original definition. However, the following proposition of Paulin demonstrates
that the definitions are in coarse agreement when X is a proper hyperbolic space.
N,K
In what follows, to simplify notation, mK
X (a, b, c) will denote mX (a, b, c), where N is the
uniform Morse gauge for geodesics in X that depends only on δ.
Proposition 5.1 ([Pau96] Lemma 4.2). Let X be a proper δ–hyperbolic space. There exists
K0 > 0 depending only on δ such that for any K ≥ K0 , there exists a constant Q > 0 such that
for any distinct points a, b, c, d ∈ ∂X
1,Q

K
|[a, b, c, d]|  diam(mK
X (a, b, c) ∪ mX (a, d, c)).

Using Proposition 5.1, Paulin [Pau96] proves that proper hyperbolic spaces have the small
cross-ratio property.
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Corollary 5.2 ([Pau96] Lemma 4.2). Let X be a proper δ–hyperbolic space. There exists
C > 0 such that for any distinct points a, b, c, d ∈ ∂X, at least one of |[a, b, c, d]|, |[a, c, b, d]|, or
|[b, a, c, d]| is less than C.
In Section 5.2, we will prove that maximal almost hierarchically hyperbolic spaces have the
small cross-ratio property. To do so we would like to apply Corollary 5.2 to the hyperbolic
space CS corresponding to the maximal element in the HHS strcture; however, CS may not
be proper. For the sake of Corollary 5.2, the major difference between proper and non-proper
hyperbolic spaces is that in the latter case, the boundary is not visual (i.e., if X is a non-proper
δ–hyperbolic space, then there does not have to exist a bi-infinite geodesic between every pair of
boundary points). Fortunately, in the non-proper case, there does exist a (1, 20δ)–quasi-geodesic
between every pair of boundary points [KB02]. Thus we can modify the definition of mK
X slightly
and for distinct points a, b, c ∈ ∂X define


x is within K of all sides of some (1, 20δ)–
:
m̂K
(a,
b,
c)
=
.
x∈X
X
quasi-geodesic triangle with vertices a, b, c
Since all (1, 20δ)–quasi-geodesics in a hyperbolic space are uniformly Morse, nearly identical
arguments to Lemmas 3.12 and 3.13 yield the following result.
Lemma 5.3. There exists K0 depending only on δ such that for all K ≥ K0 , the set m̂K
X (a, b, c)
is non-empty with diameter bounded in terms of δ and K for all distinct points a, b, c ∈ ∂X.
We now recover Proposition 5.1 and Corollary 5.2 for non-proper hyperbolic spaces using an
argument similar to the one given by Paulin.
Lemma 5.4. Let X be a (not necessarily proper) δ–hyperbolic space and a, b, c, d ∈ ∂X be
distinct points. Then
(1) There exists K0 > 0 depending only on δ such that for any K ≥ K0 , there exists Q > 0
1,Q

K
such that |[a, b, c, d]|  diam(m̂K
X (a, b, c) ∪ m̂X (a, d, c)).

(2) There exists C > 0 depending only on δ, such that at least one of |[a, b, c, d]|, |[a, c, b, d]|,
or |[b, a, c, d]| is less than C.
Proof. In this proof only, we extend the map mK
X to include interior points by defining


v is within K of all sides of some geodesic triK
mX (x, y, z) =
v∈X :
angle with vertices x, y, z
for all distinct points x, y, z ∈ X. After replacing bi-infinite geodesics with (1, 20δ)–quasigeodesics, Paulin’s proofs of Proposition 5.1 and Corollary 5.2 will work as written to prove (1)
and (2) if we can prove the following claim:
Claim: Let (an ), (bn ), (cn ), and (dn ) be sequences in X representing a, b, c, d ∈ ∂X respectively.
There exists K0 > 0 depending only on δ such that for each K ≥ K0
K
diam(mK
X (an , bn , cn ) ∪ m̂X (a, b, c))

is bounded by a constant depending only on K and δ, for all but a finite number of n.
Proof of Claim: Let T (a, b, c) be a (1, 20δ)–quasi-geodesic triangle with vertices a, b, and c.
There exists K depending only on δ such that T has a K–internal triple, which we denote by
{iab , iac , ibc }.
Let a0n and b0n denote the closest point projection of an and bn respectively onto T (a, b).
Because (an ) and (bn ) converge to distinct points in ∂X, by taking n sufficiently large, we may
assume that iab is between a0n and b0n on T (a, b) (see Figure 2). Let ψ be the concatenation of
a geodesic from an to a0n , the subsegment of T (a, b) from a0n to b0n , and a geodesic from b0n and
bn . By taking n to be sufficiently large, we can guarantee that b0n is closer to bn than any point
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a
a0n
an
iab

iac

b0n
bn

cn

b

c
ibc

Figure 2: Centers of finite triangles approximate centers of ideal triangles. See proof of
Lemma 5.4.
on the geodesic from an to a0n . We can then apply Lemma 3.4 twice to conclude that ψ is a
(7, 20δ)–quasi-geodesic. Thus, for any choice of geodesic triangle T (an , bn , cn ) we have
d(iab , T (an , bn )) ≤ N (7, 20δ).

(11)

Similarly, for all n sufficiently large, we have
d(iac , T (an , cn )) ≤ N (7, 20δ) and d(ibc , T (bn , cn )) ≤ N (7, 20δ).

(12)

Choose K ≥ K + 2N (7, 20δ). Because diam{iab , ibc , iac } ≤ K, Inequalities (11) and (12) and
the triangle inequality imply that iab ∈ mK
X (an , bn , cn ). It is a classical fact about hyperbolic
(a
,
b
,
c
) is bounded by a constant depending only on K
spaces that the diameter of mX
n
n
n
K
and δ, and by Lemma 5.3, the same is true of m̂K
X (a, b, c). This together with the fact that
K
(a
,
b
,
c
) ∪ m̂K
(a,
b,
c)
implies
that
diam(m
iab ∈ m̂K
n
n
n
X (a, b, c)) is bounded by a constant
X
X
depending only on K and δ, completing the proof of the claim.

5.2

Maximal almost HHSs have the small cross-ratio property

Throughout this section, (X , S) will denote a maximal almost HHS, and CS will denote the
hyperbolic space corresponding to the unique maximal element S ∈ S. In this section, we prove
that X has the small cross-ratio property and thus Theorems 4.3 and 4.4 apply to X as long as
it is a Morse centered space.
Proposition 5.5. If X is a proper geodesic metric space that can be equipped with a maximal
almost HHS structure, then for each Morse gauge N , there exists a constant C such that for
any (a, b, c, d) ∈ ∂X (4,N ) at least one of [a, b, c, d]N , [a, c, b, d]N , or [b, a, c, d]N is less than C.
Paulin showed that proper hyperbolic spaces have the small cross-ratio property (Corollary
5.2), and we have generalized this result to non-proper hyperbolic spaces (Lemma 5.4). While
X is not necessarily hyperbolic, Theorem 2.8 gives us an injection π S from the Morse boundary
of X to the Gromov boundary of CS. Thus our strategy for proving Proposition 5.5 is to relate
the notion of cross-ratio in ∂X we defined in Section 3.4 to Paulin’s definition of cross-ratio in
CS and then apply Lemma 5.4.
For (a, b, c, d) ∈ ∂X (4,N ) , define
[a, b, c, d]S = [π S (a), π S (b), π S (c), π S (d)],
where the right hand side denotes Paulin’s cross-ratio. We will show that |[a, b, c, d]S | is coarsely
equal to our cross-ratio [a, b, c, d]N .
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Proposition 5.6. Let (X , S) be a maximal almost HHS. For every Morse gauge N , there exists
Q depending only on N and the almost HHS structure such that
Q,Q

[a, b, c, d]N  |[a, b, c, d]S | for all (a, b, c, d) ∈ ∂X (4,N ) .
Proof. For simplicity of notation, in this proof define
dU (x, x0 ) = dCU (πU (x), πU (x0 ))

for x, x0 ∈ X and U ∈ S.

Let δ denote the hyperbolicity constant of CS. Pick a Morse gauge N and (a, b, c, d) ∈
N
N
∂X (4,N ) . Select x1 ∈ mN,K
(a, b, c) and x2 ∈ mN,K
(a, c, d). We will argue that
X
X
[a, b, c, d]N  dX (x1 , x2 )  dS (x1 , x2 )  |[a, b, c, d]S |,

(13)

where the constants associated to each  depend only on N and the almost HHS structure on
X.
N
By Lemma 3.13, the image of a tuple under mN,K
has diameter uniformly bounded by a
X
constant depending only on N . Thus, the first coarse equality in Equation (13) holds.
To prove the second coarse equality in Equation (13), we will show that there exists B
depending only on N such that dU (x1 , x2 ) ≤ B for all U ∈ S − {S} and then invoke Theorem
2.7 with σ > B. Let γ be an N –Morse geodesic in X from a to c. By Theorem 2.8, there exists
B 0 depending only on N such that diam(πU (γ)) ≤ B 0 for all U ∈ S − {S}. This together with
Lemma 3.8 and the fact that the projection maps {πU : U ∈ S} are uniformly coarsely Lipschitz
implies that
dU (x1 , x2 ) ≤ dU (x1 , γ) + diam(πU (γ)) + dU (x2 , γ) ≺ 2KN + B 0 ,
completing the proof of the second coarse equality of Equation (13).
To prove the final coarse equality in Equation (13), let T be a triangle in X with vertices
a, b, and c such that x1 is within KN of each side of T . Because X is a maximal almost HHS,
πS (T ) is an (L, L)–quasi-geodesic triangle for some L determined by N . Because πS is coarsely
Lipschitz, the distance between πS (x1 ) and each side of πS (T ) is bounded above by a constant
determined by N . By Lemma 3.8 and Remark 3.11, the distance between each side of πS (T ) and
any (1, 20δ)–quasi-geodesics between its endpoints in ∂CS is bounded by a constant determined
by N and δ. Thus, πS (x1 ) ∈ m̂P
CS (a, b, c) for some P depending only on δ and N . Similarly,
(a,
b,
c).
The
last
coarse equality now follows from Lemma 5.3 and Lemma 5.4
πS (x2 ) ∈ m̂P
CS
part (1).
Proposition 5.5 is now proved by combining Proposition 5.6 and Lemma 5.4 part (2). Thus
we have the following corollary to Theorems 4.3 and 4.4.
Corollary 5.7. Let X and Y be proper geodesic Morse center spaces that can be equipped with
maximal almost HHS structures. Then a homeomorphism ∂X → ∂Y is induced by a quasiisometry if and only if it and its inverse are 2–stable and quasi-möbius.
Since every HHG with at least three points in its Morse boundary satisfies the hypotheses of
Corollary 5.7, we recover the Main Theorem from the introduction as a special case of Corollary
5.7. More broadly, Theorems 4.3 and 4.4 apply to any maximal almost HHS that has at least
three points in its Morse boundary and admits a cocompact group action.
We conclude by noting a direct application of our results. If (X , S) is an HHS and Y is a
metric space with a quasi-isometry f : Y → X , then we can put an HHS structure on Y using
the index set S, hyperbolic spaces {CU }U ∈S , and projection maps {πU ◦f }U ∈S . Thus Theorem
4.3 and Proposition 5.5 provided the following.
Corollary 5.8. Let X and Y be proper, geodesic, Morse center spaces with the small crossratio property. Suppose there exists a homeomorphism h : ∂X → ∂Y such that h and h−1 are
quasi-möbuis and 2–stable. If X admits an HHS structure, then Y also admits an HHS structure.
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