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Sum–Product Conjecture

On sums and products of integers

by

P. ERDÓS and E. SZEMERÉDI (Budapest)

Let 1 <a, < . . . <a, he a sequence of integers Consider the integers of the form

1

	

a; + aj , a;aj , 1 <= t <_ .j < n .

Studies in Pure Mathematics
To the Memory o/'Paul Turán

It is tempting to conjecture that for every E>0 there is an n , so that for every n > n :,
there are more than n' -' distinct integers of the form (1) . We are very far from being
able to prove this, but we prove the following weaker

Theorem 1 . Denote bt /(n) the largest integer so that for ecerv a _ a,,

	

.,a,! there
are at least,f(n) distinct integers of the,form (1) . Then

(2)

	

n",<f(n)<nzexp(-c, log n ; log log n) .

We expect that the upper bound in (2) may be close to the "truth" .
More generally we conjecture that for every k and n > n 11(k) there are more than n k

distinct integers of the form
k

a, + . . . + a, ,

	

1 1 `t ',
j=1

At the moment we do not see how to attack this plausible conjecture .
Denote now by gtn) the largest integer so that for every ;a, , . . , a„', there are at least

g(n) distinct integers of the form

h

(3)

	

` e;a ;,

	

II a; (e ;=0 or 1)
i=1

	

i=1

n

We conjecture that for n > n,(k), gin) > n k . Unfortunately we have not been able to
prove this and perhaps we overlook a simple idea . We prove
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Their Main Conjecture

Conjecture (Many Sums or Many Products)

Let 0 < δ < 1. Then for A ⊂ Z large enough, one has

|A + A|+ |AA| ≥ |A|1+δ.



Applications

I Number Theory

I Incidence Geometry

I Computer Science

I Compressed Image Sensing

I Finite Field Restriction Theory
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 ON SUMS AND PRODUCTS OF INTEGERS

 MELVYN B. NATHANSON

 (Communicated by William W. Adams)

 ABSTRACT. Erd6s and Szemeredi conjectured that if A is a set of k positive
 integers, then there must be at least k2-e integers that can be written as the
 sum or product of two elements of A. Erd6s and Szemeredi proved that this
 number must be at least ckl+6 for some 6 > 0 and k > ko. In this paper it is
 proved that the result holds for 6 = 1/31.

 1. A CONJECTURE OF ERDOS AND SZEMEREDI

 Let h > 2, and let A1, ... , Ah be finite sets of positive integers. We consider the
 sumset

 Al + + Ah = {al + + ah I ai E Ai for i =1, ...,h}
 and the product set

 Al...Ah={al...ahai EAifori=1...h}.

 If Ai = A for all i, we let

 hA= {al + +ah ai EA fori= 1,...,h}

 denote the h-fold sumset of A, and we let

 Ah= {a... ah ai EAfori= 1,... ,h}

 denote the h-fold product set of A. We let

 Eh(A) = hA U Ah

 denote the set of all integers that can be written as the sum or product of h elements
 of A.

 Clearly, if JAI = k, then

 IhAI? (k + h1)

 and

 lAhl?<(k+h-1)
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SUMS AND PRODUCTS FROM A

FINITE SET OF REAL NUMBERS

Kevin Ford
Dedicated to the memory of Paul Erdös

Abstract. If A is a finite set of positive integers, let Eh(A) denote the set of h-fold

sums and h-fold products of elements of A. This paper is concerned with the behavior

of the function fh(k), the minimum of |Eh(A)| taken over all A with |A| = k. Upper
and lower bounds for fh(k) are proved, improving bounds given by Erdös, Szemerédi,

and Nathanson. Moreover, the lower bound holds when we allow A to be a finite set

of arbitrary positive real numbers.

For finite sets of real numbers A and B, define

A+B = {a+ b : a ∈ A, b ∈ B}, AB = {ab : a ∈ A, b ∈ B}.

More generally, if h > 2 define

hA = {a1 + · · ·+ ah : ai ∈ A}, Ah = {a1 · · · ah : ai ∈ A}.

Erdös [E] conjectured that for any finite set A of positive integers,

(1) |Eh(A)| �ε |A|h−ε,

where
Eh(A) = hA ∪Ah.

In other words, no set A can have simultaneously few sums and few products.
Notice that trivially

(2) 1
2 (|hA|+ |Ah|) 6 |Eh(A)| 6 |hA|+ |Ah|.

Our chief interest here is the behavior of the function

fh(k) = min{|Eh(A)| : |A| = k,A ⊂ N}.

Erdös and Szemerédi [ES] proved the non-trivial bounds

(3) k1+δ � f2(k)� k2−c/ log2 k.

1991 Mathematics Subject Classification. Primary–11B75..

Key words and phrases. Sequences, sums and products..
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where c and δ are positive constants an logk x denotes the kth iterate of the loga-
rithm. Nathanson [N] showed that δ = 1/31 is admissible, and we note that the
argument works for any finite set of positive real numbers. No bounds for |Eh(A)|
for h > 3 have been published. However, for any a ∈ A, Ah contains ah−2p for each
p ∈ A2 and hA contains (h− 2)a+ s for each s ∈ 2A. Thus, by (2),

(4) |Eh(A)| > 1
2 (|hA|+ |Ah|) > 1

2 (|2A|+ |A2|) > 1
2 |E2(A)|.

We also have

|Eh(A)| 6 |hA|+ |Ah| 6 |A|h−2(|2A|+ |A2|) 6 2|A|h−2|E2(A)|.

In particular, if (1) fails for a particular h, it fails for all larger h.
When h = 2, (1) has been established for certain very special sets of positive

integers A. Nathanson and Tenenbaum [NT] proved (1) under the assumption
that |2A| 6 3|A| − 4 using Freiman’s structure theory of set addition (see [F]). As
noted by Nathanson and Jia [NJ], (1) can also be proved in the case where A is
contained in a “short” interval of length |A|o(log2 |A|) using the fact that log d(n) =
O(log n/ log2 n), where d(n) is the number of divisors of n.

In this note, we improve the lower bound for |E2(A)| using a refinement of
Nathanson’s argument [N].

Theorem 1. If A is a finite set of positive real numbers, then

|E2(A)| > 1
6 |A|1+1/15.

A slight modification of one part of the argument produces lower bounds for
|Eh(A)| for h > 3 which are superior to the bound obtained by combining (4) with
Theorem 1. However, the exponent only tends to 8/7 as h tends to infinity.

Theorem 2. If A is a finite set of positive real numbers, then

|Eh(A)| � |A|1+ h−1
7h+1 .

Lastly, we investigate how small the sets Eh(A) can be. Erdös and Szemerédi
proved the lower bound in (3) by taking A to be a set of sufficiently “smooth”
numbers (numbers without large prime factors). Using modern results concerning
the distribution of smooth numbers, we prove an analogous result for fh(k), where
the “constant” c grows rapidly with h.

Theorem 3. For each fixed h, we have

fh(k) 6 kh−ch/ log2 k+O((log3 k)/(log2 k)
2),

where ch = h(h− 1) log h.

The starting point for the proof of Theorems 1 and 2 is a lower bound on the
number of sums and products when B is contained in a dyadic interval. In this
case, Nathanson [N] showed that |E2(B)| � |B|16/15.
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On the number of sums and products

by

György Elekes (Budapest)

Dedicated to the memory of P. Erdős

In what follows A will always denote a finite subset of the non-zero reals,
and n the number of its elements. As usual, A+A and A · A stand for the
sets of all pairwise sums {a+a′ : a, a′ ∈ A} and products {a ·a′ : a, a′ ∈ A},
respectively. Also, |S| denotes the size of a set S.

The following problem was posed by Erdős and Szemerédi (see [5]):

For a given n, how small can one make |A+A| and |A · A| simultaneously?

In other words, defining

m(A) := max{|A+A|, |A · A|},
a lower estimate should be found for

g(n) := min
|A|=n

m(A).

R e m a r k. The philosophy behind the question is that either of |A+A|
or |A · A| is easy to minimize—just take an arithmetic or geometric (i.e.,
exponential) progression for A. However, in both of these examples, the
other set becomes very large.

In their above mentioned paper, Erdős and Szemerédi managed to prove
the existence of a small but positive constant c1 such that g(n) ≥ n1+c1 for
all n. (See also p. 107 of Erdős’ paper [3].) Later on, Nathanson and K. Ford
found the lower bounds n32/31 and n16/15, respectively [7].

The goal of this paper is to improve the exponent to 5/4.

Theorem 1. There is a positive absolute constant c such that , for every
n-element set A,

c · n5/4 ≤ max{|A+A|, |A · A|}.
1991 Mathematics Subject Classification: Primary 05D99, 11B75, 52C10; Secondary

11B25, 51A99, 51H10.
Partially supported by HU-NSF grants OTKA T014105, T014302 and T019367.
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1. A tool from geometry. In the proof we shall use a result of Sze-
merédi and Trotter (see [9]).

Proposition 1 (Szemerédi–Trotter Theorem). Let t and N be positive
integers with t2 ≤ N . Let , moreover , P be a set of N distinct points in the
plane and e1, . . . , eM some (also distinct) straight lines. If each of the ei
contains t or more points of P, then

M ≤ C · N
2

t3
.

(Here C is a huge absolute constant of Szemerédi and Trotter—improved
later to the more reasonable value of 3 by Clarkson et al . [2]. Recently, a
simple and very elegant proof was found by Székely [8].)

R e m a r k. The importance of the above assertion lies in the fact that
the exponent of t in the denominator is strictly larger than 2. (A bound of
M ≤

(
N
2

)
/
(
t
2

)
would be trivial by just double-counting the pairs of points.)

The first result in this direction was that of Beck [1], with an exponent 2.05
of t; this was later improved to t3 by Szemerédi and Trotter.

2. Proof of the Theorem. Denote the elements of A by a1, . . . , an,
and define the following n2 functions:

fj,k(x) := aj(x− ak) for 1 ≤ j, k ≤ n.
Lemma 2. For every j, k ≤ n, the function fj,k maps at least n elements

of A+A to some elements of A · A.

(Indeed, the image of ak + ai is aj · ai ∈ A · A, for every ai ∈ A.)

From a geometric point of view, the above lemma asserts that the graph
of each of the functions fj,k contains n or more points of P := (A + A) ×
(A·A). Put N = |P| = |(A+A)| · |(A·A)|. Then, by applying Proposition 1
to P and the fj,k (with M = n2 and t = n), we get

n2 ≤ C · N
2

n3 ,

i.e., N ≥ C−1/2n5/2—whence the Theorem follows immediately.
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Szemerédi–Trotter

Theorem
[Szemerédi–Trotter] Let P be a finite set of points and L be a
finite set of lines. Then the number of incidences between P and L
is bounded from above:

#{(p, `) ∈ P × L : p ∈ `} ≤ 4|P|2/3|L|2/3 + 4|P|+ |L|.

I Compare to the “trivial bound” of |P|1/2|L|+ |P|.



Szemerédi–Trotter Example

P = [u]× [v ], |P| = uv

L : y = mx + b m ≤ v/(2u), b ≤ v/2, |L| � v2

u
.

Then every line contains u points and so I (P, L)� u|L| � v2,
which is the same order of magnitude of |P|2/3|L|2/3.



Question

Characterize extremal structures in the Szemerédi–Trotter theorem
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Abstract

We prove that the sumset or the productset of any finite set of real numbers, A, is at least |A|4/3−ε ,
improving earlier bounds. Our main tool is a new upper bound on the multiplicative energy, E(A,A).
© 2009 Elsevier Inc. All rights reserved.

Keywords: Sum-product estimates

1. Introduction

The sumset of a finite set of an additive group, A, is defined by

A + A = {a + b: a, b ∈ A}.

The productset and ratioset are defined in a similar way,

AA = {ab: a, b ∈ A},

and

A/A = {a/b: a, b ∈ A}.

A famous conjecture of Erdős and Szemerédi [5] asserts that for any finite set of integers, M ,

✩ Research was supported by OTKA and NSERC grants and by a Sloan Fellowship.
E-mail address: solymosi@math.ubc.ca.

0001-8708/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.aim.2009.04.006



More Geometry
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Fig. 1.

Let D = {s: 2I � |sA ∩ A| < 2I+1}, and let s1 < s2 < · · · < sm denote the elements of D,

labeled in increasing order,

E(A)

�log|A|� �
∑
x

2I �|xA∩A|<2I+1

|xA ∩ A|2 < m22I+2. (2)

Each line lj : y = sj x, where 1 � j � m, is incident to at least 2I and less than 2I+1 points
of A × A. For easier counting we add an extra line to the set, lm+1, the vertical line through the
smallest element of A, denoted by a1. Line lm+1 has |A| points from A × A, however we are
considering only the orthogonal projections of the points of lm. (See Fig. 1.)

The sumset,1 (li ∩ A × A) + (lk ∩ A × A), 1 � j < k � m, has size |li ∩ A × A||lk ∩ A × A|,
which is between 22I and 22I+2. Also, the sumsets along consecutive line pairs are disjoint, i.e.

(
(li ∩ A × A) + (li+1 ∩ A × A)

) ∩ (
(lk ∩ A × A) + (lk+1 ∩ A × A)

) = ∅,

for any 1 � j < k � m.

The sums are elements of (A + A) × (A + A), so we have the following inequality,

m22I �
∣∣∣∣∣

m⋃
i=1

(li ∩ A × A) + (li+1 ∩ A × A)

∣∣∣∣∣ � |A + A|2.

The inequality above with inequality (2) proves the lemma. �
1 As customary, by the sum of two points on R2 we mean the point which is the sum of their position vectors.
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NEW RESULTS ON SUM–PRODUCTS IN R

S. V. KONYAGIN, I. D. SHKREDOV 1

Abstract.

We improve a previous sum–products estimates in R, namely, we obtain that

max {|A+A|, |AA|} ≫ |A| 43+c, where c any number less than 5
9813 . New lower

bounds for sums of sets with small the product set are found. Also we prove some

pure energy sum–products results, improving a result of Balog and Wooley, in

particular.

1 Introduction

Let A,B ⊂ R be finite sets. Define the sum set, the product set and quotient
set of A and B as

A+B := {a+ b : a ∈ A, b ∈ B} ,

AB := {ab : a ∈ A, b ∈ B} ,
and

A/B := {a/b : a ∈ A, b ∈ B, b 6= 0} ,
correspondingly. The Erdös–Szemerédi conjecture [2] says that for any ǫ > 0
one has

max {|A+ A|, |AA|} ≫ |A|2−ǫ .

Roughly speaking, it asserts that an arbitrary subset of real numbers (or
integers) cannot has good additive and multiplicative structure, simultane-
ously. Using some beautiful geometrical arguments Solymosi [9], proved the
following

1This work is supported by the Russian Science Foundation under a grant 14-50-00005.

1
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Higher Order energies

Recall the additive energy

E+(A) :=
∑
x

rA−A(x)2, rA−A(x) = #{(a, b) ∈ A2 : a− b = x}.

= #{(a, b, c , d) ∈ A4 : a + b = c + d}.
Konyagin and Shkredov introduced the study of the third order
energy

E+
3 (A) :=

∑
x

rA−A(x)3,

into the sum product problem
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1 On sumsets of convex sets

By

Tomasz Schoen∗ and Ilya D. Shkredov†

1 Introduction

Let A = {a1, . . . , an}, ai < ai+1 be a set of real numbers. We say that A is convex if

ai+1 − ai > ai − ai−1

for every i = 2, . . . , n−1. Hegyvári [6], answering a question of Erdős, proved that is A is convex
then

|A+A| ≫ |A| log |A|/ log log |A| .
This result was later improved by many authors. Konyagin [9] and Garaev [2] showed indepen-
dently that additive energy of a convex set is ≪ |A|5/2, which immediately implies that

|A±A| ≫ |A|3/2 .

Elekes, Nathanson and Ruzsa [1] proved that if A is convex then

|A+B| ≫ |A|3/2

for every n-element set B. Finally, Solymosi [15] generalized the above inequality, showing that
if A is a set with distinct consecutive differences i.e. ai+1 − ai = aj+1 − aj implies i = j then

|A+B| ≫ |A||B|1/2 (1)

for every set B. For further related results see [3], [4], [5], [7]. The aim of this note is to establish
the following theorem.

Theorem 1 Let A be a convex set. Then

|A−A| ≫ |A|8/5 log−2/5 |A| , |A+A| ≫ |A|14/9 log−2/3 |A| ,

and
|A+A|3|A−A|2 log2 |A| ≫ |A|8 .

∗The author is supported by MNSW grant N N201 543538.
†This work was supported by grant RFFI NN 06-01-00383, 11-01-00759 and grant Leading ScientificSchools N

8684.2010.1.
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Erdős Convex Set Conjecture

Definition (Convex sets)

We say a finite A = {a1 < . . . < an} ⊂ R is convex if

ai+1 − ai < ai+2 − ai+1, 1 ≤ i ≤ |A| − 2.

The points (i , ai ) lie on the graph of a convex function.

Conjecture (Convex sets have large sumsets)

Let ε > 0. Then for all A ⊂ R convex and large enough, one has

|A + A| ≥ |A|2−ε.



A Related Problem

Definition (Distinct Consecutive Differences)

We say a finite A = {a1 < . . . < an} ⊂ R has distinct consecutive
differences if

ai+1 − ai , 1 ≤ i ≤ |A| − 1,

are distinct.

Convex Sets have distinct consecutive difference

Conjecture

Let ε > 0. Then for all A ⊂ R with distinct consecutive differences
and large enough, one has

|A + A| ≥ |A|2−ε.

I Partial Progress due to Solymosi (|A|3/2)
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ON THE ENERGY VARIANT OF THE SUM-PRODUCT
CONJECTURE

MISHA RUDNEV, ILYA D. SHKREDOV, AND SOPHIE STEVENS

Abstract. We prove new exponents for the energy version of the Erdős-
Szemerédi sum-product conjecture, raised by Balog and Wooley. They match
the previously established milestone values for the standard formulation of the
question, both for general fields and the special case of real or complex num-
bers, and appear to be the best ones attainable within the currently available
technology. Further results are obtained about multiplicative energies of addi-
tive shifts and a strengthened energy version of the “few sums, many products"
inequality of Elekes and Ruzsa. The latter inequality enables us to obtain a
minor improvement of the state-of the art sum-product exponent over the reals
due to Konyagin and the second author, up to 4

3
+ 1

1509
. An application of

energy estimates to an instance of arithmetic growth in prime residue fields is
presented.

1. Preface

In this paper we show that the milestone results in the current sum-product theory
literature allow for a pure energy formulation involving both addition and mul-
tiplication. Previous inequalities of sum-product type involve either |A · A| and
|A+A|, or E+(A) and |A ·A|, or E∗(A) and |A+A|. The energy-energy formulation
was raised by Balog and Wooley [2]; its key feature being that the sum-product
conjecture cannot hold in its maximum strength in the energy formulation. Owing
to an example in [2], which we will shortly retell, the cardinality formulation as
Conjecture 1 below should be weakened to the energy version as Conjecture 2. The
latter suggests a somewhat uncomfortably-looking fractional exponent.

We advance largely on the technical level. The well-established tool in additive
combinatorics for passing from energy-type results to the existence of subsets with
the desired structure is the Balog-Szemerédi-Gowers theorem. This has been done,
in particular, by Balog and Wooley, as well as much earlier work on the relation
between geometric incidences and algebraic growth, such as [6], [13]. But for some-
one concerned with quantitative values of the resulting exponents, the use of the
Balog-Szemrerédi-Gowers theorem usually comes at a price.

It was first observed that the Balog-Szemerédi-Gowers theorem can be avoided by
Konyagin and the second author [17] who succeeded in significantly strengthening
the main estimate of [2]. But the final exponent in the resulting energy-energy
inequality in [17] has nonetheless stopped short of its cardinality-cardinality prede-
cessor due to Elekes [8].

2000 Mathematics Subject Classification. 68R05,11B75.
1
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A LOW-ENERGY DECOMPOSITION THEOREM

ANTAL BALOG∗ AND TREVOR D. WOOLEY

Abstract. We prove that any finite set of real numbers can be split into
two parts, one part being highly non-additive and the other highly non-
multiplicative.

1. Introduction

The Erdős-Szemerédi sum-product conjecture asserts that the additive struc-
ture of a finite set of real numbers should be essentially independent of its
multiplicative structure. Given finite sets of real numbers A and B, define the
sum set and product set by

A+B = {a+ b : (a, b) ∈ A×B} and A · B = {ab : (a, b) ∈ A× B}.
Then, on writing |S| for the cardinality of a set S, the conjecture of Erdős and
Szemerédi (see the introduction of [3]) asserts that for any ε > 0 and for any
sufficiently large finite set A ⊂ R, one should have

max{|A+ A|, |A · A|} > |A|2−ε.

The sharpest conclusion in this direction available in the published literature
is due to Solymosi [11, Corollary 2.2], and shows that

max{|A+ A|, |A · A|} > |A|4/3
2⌈log |A|⌉1/3 .

This result has recently been improved by Konyagin and Shkredov, to the
extent that the exponent 4

3
may now be replaced by 4

3
+ c, for any c < 1/20598

(see [5, Theorem 3] and the discussion concluding the latter paper).

As is well known, should the elements of A be controlled by additive struc-
ture, then |A+A| is small. Likewise, should A be controlled by multiplicative
structure, then |A ·A| is small. The Erdős-Szemerédi conjecture expresses the
belief that these two behaviours cannot be exhibited simultaneously.

A concrete measure of the additivity of a set is its additive energy

E+(A) = card{a ∈ A4 : a1 + a2 = a3 + a4}.
Similarly, the multiplicativity of a set is measured by its multiplicative energy

E×(A) = card{a ∈ A4 : a1a2 = a3a4}.
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Higher Order Energies

Conjecture (Main Conjecture on Higher Order Energies)

Let A ⊂ R be large enough. Suppose for any B that the number of
solutions to

a− b = a′ − b′ = a′′ − b′′, a, a′, a′′ ∈ A, b, b′, b′′ ∈ B

is at most d+(A)|A||B|2. Then there is an absolute C > 0 such
that

|A + A| ≥ |A|2d+(A)−1 log−C |A|.

I True for random subsets of [n]

I Would imply any δ < 1/2 for Sum–Product conjecture

I Would imply the Erdös convex sequence conjecture

I Partial progress due to Shkredov



A link to Rudin’s Conjecture

Conjecture (Sum–Product along Sparse Graphs)

Let ε > 0, A ⊂ Z finite, and G ⊂ A× A. Then

|A +G A||A−G A||A ·G A| ≥ cε|G |2−ε.

I Would imply that any progression of length N contains at
most N1/2+ε sqaures
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A special case

Let G be a matching. Can one provide a nontrivial lower bound for

|A +G A|+ |A ·G A|?



New Bounds

Theorem (S.)

Let A ⊂ R be finite and large and ε > 0. Then

|AA|+ |A + A| ≥ |A|4/3+5/5277−ε.

I Starting Point Solymosi’s argument

I Can improve unless A′ ⊂ A has additive structure for many
subsets |A′| ∼ |A|2/3

I Then by known sum–product theorems |A′A′| is large

I Can bootstrap this to conclude that |A + A| is large



Few Sums, Many Products

Elekes and Ruzsa proved for A ⊂ R large

|A + A|4|AA|2 ≥ |A|2−ε.

Suppose there are many solutions to

a

b
=

c

d
, a, b, c, d ∈ A.

If A has additive structure, we may efficiently a = x − y , etc. to
get that there are many solutions to

u − u′

v − v ′
=

w − w ′

t − t ′
, u, u′, v , v ′,w ,w ′, t, t ′ ∈ A.

Number of solutions is bounded by |A|6.
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Thank you


