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Bipartite matching and total unimodularity

Last time, we wrote down a linear program for the bipartite matching problem. Given a bipartite
graph (X, Y, E), the linear program is
X
maximize
xij
x∈R|E|

i,j:(i,j)∈E

X

subject to

xij ≤ 1 for each i ∈ X

j:(i,j)∈E

X

xij ≤ 1

for each j ∈ Y

i:(i,j)∈E

x≥0
Define the incidence matrix of the graph be the (|X| + |Y |) × |E| matrix A whose rows correspond
to vertices (of either type), whose columns correspond to edges, and where an entry Av,e is 1 if
vertex v is an endpoint of edge e, and 0 otherwise. (We sometimes say that “v is incident to e”.) In
terms of this matrix A, the constraints in the linear program for bipartite matching can be written
as Ax ≤ 1. Here is an example:
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In order to be sure that this linear program will give us meaningful answers, we want to check that
the constraint matrix is totally unimodular: that every square submatrix of A has determinant −1,
0, or 1. Then we know, by the theorem that we proved last time, that every basic feasible solution
(and therefore the optimal solution we’ll find by the simplex method) will have integer values for
every variable.
Theorem 1.1. The incidence matrix of a bipartite graph is always totally unimodular.
Proof. We prove that k × k submatrices of the incidence matrix will always have determinant −1,
0, or 1 by induction on k.
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When k = 1, we’ll definitely always get either 0 or 1, because a 1 × 1 determinant
 
 is just the value
of the only entry of the 1 × 1 matrix, and all 1 × 1 submatrices are either 0 or 1 .
For larger matrices, we consider three possibilities. Here they are, in increasing order of complexity:
First, the submatrix could have a column with only zeroes in it. For example, for the graph above,
the submatrix consisting of rows 2, 3, 4 and the first three columns (corresponding to the edges
(1, 3), (1, 4), and (1, 5)) is


0 0 0
1 0 0
0 1 0
In this case, the determinant always 0. (One way to see this is to use expansion by minors along
the all-zero column.)
Second, the submatrix could have a column with only a single 1 in it. For example, from the graph
above, the submatrix consisting of the first two rows and the first two columns is


1 1
0 0
In this case, expansion by minors along that column reduces the problem of a k × k determinant
to a (k − 1) × (k − 1) determinant, up to a ±1 factor depending on the position of the lonely 1. By
induction, the (k − 1) × (k − 1) determinant is −1, 0, or 1, and therefore so is the k × k determinant.
Finally, all columns of the submatrix could have two 1s in them. (But no more than two, because
each column of the original matrix corresponds to an edge (i, j), and only has two 1s: in the ith
and in the j th positions.) This is true of the entire 5 × 5 matrix in the example.
In this case, let B be the submatrix. Let u ∈ Rk be the vector such that ui = 1 if the ith row of
B corresponds to a vertex in X, and ui = −1 otherwise. Then multiplying uT B will give a vector
whose components are ui + uj for every edge (i, j) whose column ended up in B. But every edge
(i, j) has one endpoint in X and one in Y ; therefore ui + uj = 1 + (−1) = 0, and uT B = 0T . This
means the rows of B are linearly dependent, and therefore det(B) = 0.
We get −1, 0, or 1 in all three cases, and by induction, this happens for submatrices of all sizes.
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Vertex covers

When we get a linear program from thinking about some general problem, it is always a good idea
to think about the dual of that linear program, and see if it also has an interpretation.

2.1

Duals of combinatorial problems

As a brief aside: taking duals of linear programs can be trickier in this section of the class, where
our linear programs are so complicated.
Remember that we have a dual variable for each primal constraint, and a dual constraint for each
primal variable. Keep this pairing of variables and constraints in mind at all times. The following
rule tells you what the dual constraints are:
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• If xi is a primal variable and uj is a dual variable, the coefficient of uj in the ith dual constraint
(the one paired with xi ) is equal to the coefficient of xi in the j th primal constraint (the one
paired with uj ).
• In particular: variable uj appears in the ith dual constraint if and only if variable xi appeared
in the j th primal constraint.

2.2

The dual of the bipartite matching problem

In the case of the bipartite matching linear program, the dual is a minimization problem with
variables u1 , u2 , . . . , un+m : one for each vertex of X or Y . We get a constraint for each edge of
the graph, because in the primal program, we had a variable for each edge. Putting everything
together, we get
X
minimize
ui
u∈Rn+m

i∈X∪Y

subject to ui + uj ≥ 1 for each (i, j) ∈ E
u≥0
Let’s interpret the vector u as describing a set of vertices S, with i ∈ S when ui = 1, and i ∈
/ S
when ui = 0. Then the objective function, which adds up all the variables ui , is just |S|. The
constraints ui + uj ≥ 1 for each edge (i, j) ask that for every edge, one of its endpoints should be
included in S.
So the combinatorial interpretation of this dual is that we’re looking for the smallest set of vertices
possible that “cover” every edge (they include at least one endpoint of every edge). Such a set is
called a vertex cover.
Even without thinking about linear programs, we can observe a dual relationship between the
bipartite matching problem and the vertex cover problem: the size of any matching is at most the
number of vertices in any vertex cover. Here’s why: suppose that S is a vertex cover, and M is a
matching. Then each edge of M must include at least one vertex of S (because every edge includes
at least one vertex of S) and no two edges of M can use the same vertex of S (because no two edges
of M share an endpoint). So there can be no more edges in M than there are vertices in S.
This is a sort of “weak duality” statement that we can deduce just from combinatorics. However,
more is true:
Theorem 2.1. In any bipartite graph, the number of edges in a maximum matching is equal to the
number of vertices in a minimum vertex cover.
Proof. This follows by putting together two linear programming results: strong duality, and total
unimodularity.
Because the incidence matrix is totally unimodular, we know that the combinatorial problems (a
maximum matching, a minimum vertex cover) are exactly equivalent to the optimal solutions to the
corresponding linear programs. Even though we only checked total unimodularity for the primal
program, it follows for free in the dual, because the dual’s constraint matrix is the transpose of the
primal’s constraint matrix.
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By strong duality, the optimal objective values of the primal and the dual are equal.
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Non-bipartite graphs

To prevent you from getting too complacent, here is what happens if a graph is not bipartite. (We
won’t spend too much time thinking about this case, precisely because it’s not easily approached
using linear programming.)
A general graph is simply a pair (V, E) where V is a set of vertices and E is a set of edges: pairs
{v, w} ⊆ V . We just forget about sorting the vertices into two types, so we lose the “bipartite”
qualification; a matching in the graph is still a set of edges sharing no endpoints, and a vertex cover
is still a set of vertices covering all the edges.
Our proof that the incidence matrix of a bipartite graph is totally unimodular really did use the
bipartiteness: in the last step, the vector u we constructed would not be possible to find if the
graph were not bipartite. So we might be worried that not everything will continue to work for
graphs that aren’t bipartite.
In fact, there are some simple examples where things do not continue to work well. For example,
take the graph below:
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In this graph,
• The maximum matching contains 2 edges. For example, we could take edges {a, b} and {c, d}.
Three edges would have to share at least one endpoint, because there are not 6 vertices in
the graph.
• The linear program for the maximum matching has objective value 2.5 > 2. This is achieved
by setting xab = xbc = xcd = xde = xae = 21 . The constraints are that at every vertex, the
variables for the edges meeting there add up to at most 1, and this is true here.
• The linear program for the minimum vertex cover also has objective value 2.5 (which we
expected from strong duality). This is achieved by setting ua = ub = uc = ud = ue = 21 . The
constraints are that for every edge, the variables for its endpoints add up to at least 1, and
this is true here.
• The minimum vertex cover contains 3 vertices. (Two vertices could cover at most 4 of the 5
edges, since every vertex covers at most 2.) One such vertex cover is {a, c, d}.
Just as before, the matching problem and the vertex cover problem are weakly dual in graphs:
a minimum vertex cover gives an upper bound on the size of a maximum matching. But as this
example shows, there is no equivalent of strong duality: the answers to the two problems may be
different, when the graph is not bipartite.
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