Math 482: Linear Programming

Mikhail Lavrov

Homework #10
Spring 2020

Due Monday, May 4

1. In chess, a queen is a piece that can move any number of spaces horizontally, vertically, or
diagonally.
The “eight queens” puzzle is to place eight queens on an 8 × 8 chessboard so that they do
not attack each other. That is, no two queens can be placed in the same rank, the same file,
or the same diagonal. (To be clear, diagonals are lines with slope 1 or −1.)
Write an integer linear program that generalizes this puzzle. For an arbitrary n, your program
should find the maximum number of queens that can be placed on an n × n chessboard so
that they do not attack each other.
Since the number of variables and constraints will depend on n, it’s fine if you just include
one constraint of each type, and explain how it generalizes.
(Hint: for each 1 ≤ i ≤ n and 1 ≤ j ≤ n, have a variable xij telling you if there’s a queen on
square (i, j).)
2. Solve the integer linear program below using the branch-and-bound method.
maximize

2x + y

subject to

−x + y ≤ 0

x,y∈Z

6x + 2y ≤ 21
x, y ≥ 0
(Note: in some subproblems, you may be able to solve an LP by looking at it, without using
the simplex algorithm. If you do, that’s fine. But I do want you to write down, at each step
of the branch-and-bound method, which LP you solve, what the optimal solution is, and what
its objective value is.)
3. Solve the integer linear program from problem 2 again, this time using fractional cuts.
4. Suppose that, in the setting of the traveling salesman problem, we have n = 3k cities, and
instead of trying to find a single tour of all of them, we want to find k “triangle tours”, each
visiting 3 different cities, with the minimum total cost.
Starting from the incomplete formulation of TSP, add constraints ensuring that the solution
x represents k triangle tours.
5. (Only 4-credit students need to do this problem.)
Suppose we are solving an integer linear program
maximize
n
x∈Z

cT x

subject to Ax ≤ b
x≥0

for which the branch-and-bound algorithm is going to take too long to find the optimal answer
(call this unknown optimal answer x∗ ). However, we’re willing to settle for an approximate
solution. Specifically, we want a 2-approximation: a feasible (integer) solution x ∈ Zn such
that cT x ≥ 12 cT x∗ . (Assume that c ≥ 0, so that none of these objective values are negative.)
Describe a modification of the branch-and-bound algorithm that finds a 2-approximation (and
branches less often as a result).
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