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1 A different approach to lines of best fit

In a linear algebra class, or maybe in Math 484, you learn about finding lines of best fit through a set
of points {(x1, y1), (x2, y2), . . . , (xn, yn)}. The standard method of doing so finds a line y = ax + b
that minimizes the sum of squared errors:

[y1 − (ax1 + b)]2 + [y2 − (ax2 + b)]2 + · · ·+ [yn − (axn + b)]2.

There is a very nice formula for doing this which extends to solving a bunch of other problems and
everything is great.

A natural question to ask is: why do we minimize the sum of squares of the errors? Why not
instead minimize just the sum of the errors: the function

|y1 − (ax1 + b)|+ |y2 − (ax2 + b)|+ · · ·+ |yn − (axn + b)|.

One of the answers to that is “the sum of squares is the correct function to minimize if we assume
that the data has a linear relationship with normally distributed noise”. In other words, sometimes
the sum of absolute errors is actually not what we care about.

Another answer is “minimizing the sum of the errors is too hard”. This is kind of true: there’s not
a nice formula. But we can express this problem as a linear program!

Just the problem

minimize
a,b∈R

n∑
i=1

|axi + b− yi|

is not a linear program as stated. But if we pull out each individual error term, writing the problem
as

minimize
a,b∈R,w∈Rn

n∑
i=1

wi

subject to w1 = |ax1 + b− y1|
w2 = |ax2 + b− y2|
. . .

wn = |axn + b− yn|

then we get closer.

1This document comes from the Math 482 course webpage: https://faculty.math.illinois.edu/~mlavrov/

courses/482-fall-2019.html
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The constraint wi = |axi + b− yi| is not a linear constraint, but the constraint wi ≥ |axi + b− yi|
is: it’s a combination of two constraints{

wi ≥ axi + b− yi

wi ≥ −(axi + b− yi)

Since we’re going to be minimizing the sum w1 + · · ·+ wn, phrasing this as a ≥ constraint rather
than a = constraint is equivalent. This gives us a linear program:

minimize
a,b∈R,w∈Rn

n∑
i=1

wi

subject to w1 − ax1 − b ≥ −y1
w1 + ax1 + b ≥ y1

. . .

wn − axn − b ≥ −yn
wn + axn + b ≥ yn

Although it doesn’t matter for the linear program, we can freely require that w1, w2, . . . , wn ≥ 0,
because absolute values will in fact always be nonnegative. (Why might we want to do this? Well,
if we’re using the simplex method, we prefer having nonnegative variables.) The variables a and b
definitely have to be unrestricted. (So if we solve this linear program using the simplex method,
our first step should be to write a as a+ − a− and b as b+ − b−, where a+, a−, b+, b− ≥ 0.)

There’s a third popular approach to finding a line of best fit: rather than minimizing the sum of
absolute errors, we maximize the largest absolute error: the expression

max
1≤i≤n

{
|y1 − (ax1 + b)|, |y2 − (ax2 + b)|, . . . , |yn − (axn + b)|

}
.

The nice thing about this error model is that the number of variables is reduced: we get

minimize
a,b,w∈R

w

subject to w − ax1 − b ≥ −y1
w + ax1 + b ≥ y1

. . .

w − axn − b ≥ −yn
w + axn + b ≥ yn

which has only three variables, regardless of the number of points.

2 Finding the innermost point

Let’s say we have a polygon (or, in higher dimensions, a polyhedron) defined by

S = {x ∈ Rn : Ax ≤ b}.
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To avoid some problems later on, let’s say that all of these constraints are necessary: for every
constraint, there will be some points that satisfy all the other constraints, but not that one.

We want to find the innermost point of this polygon: the point x ∈ S maximizing the distance to
the closest point y /∈ S.

Let’s think about a single edge of the polyhedron first. Suppose that the boundary of the constraint
is the line

{y ∈ Rn : a · y = b}.

The point x is not on this line: instead, it’s on the parallel line

{y ∈ Rn : a · y = a · x}.

How far apart are these two parallel lines? (For example, how far apart are lines x + y = 1 and
x + y = 2?) Two factors affect the distance:

• Obviously, the bigger the difference b− a · x, the bigger the distance between the lines.

• But that’s not the only factor. You can rewrite the lines as (2a)·y = 2b and (2a)·y = 2(a·x),
changing the difference by a factor of 2, but obviously not changing the difference.

Rewriting the equations this way also doubles the length ‖a‖, so the distance between the
lines is inversely proportional to ‖a‖.

The formula for the distance actually is
b− a · x
‖a‖

.

If we normalize the rows of the system Ax ≤ b so that all their norms are 1, then b−Ax gives us
the vector of distances from x to the edges of the polyhedron.

To find the innermost point x, we can solve the problem

maximize
x∈Rn,d∈R

d

subject to 1d ≤ b−Ax

which has the effect of setting d to the smallest of the distances in the vector b−Ax.
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