
Math 412: Introduction to Graph Theory Mikhail Lavrov

Homework #8

Spring 2018 Due Friday, April 6

1. Given the network below, with label x/y denoting a flow of x and a total capacity of y along
an edge, find any augmenting path and use it to augment the flow as much as possible.
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2. Given the network in problem #1, before you have augmented it, express the flow as a sum
of a flow f0 with value 0, and flows f1, . . . , f11, such that each fi has value 1 and only uses
the edges of a single s, t-path.

3. In the bipartite graph below, convert the problem of finding a maximum matching into a
network flow problem. Use a maximum flow in the network to find a maximum matching in
the graph. Prove that the matching is maximum.
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4. Suppose that in a network G with source s and sink t, (S1, T1) and (S2, T2) are both minimum
s, t-cuts. Prove that (S1 ∩ S2, T1 ∪ T2) and (S1 ∪ S2, T1 ∩ T2) are also minimum s, t-cuts.

(Hint: it is easier to prove that both of these are minimum cuts than to deal with them one
at a time.)

5. (4-credit students only)

Suppose that G is a directed graph with a source vertex s and a sink vertex t with a capacity
(a positive number) cv attached to every vertex v other than s and t.

As before, a flow f assigns a nonnegative number f(e) to every edge e of G, with the constraint
that f+(v) = f−(v) for every vertex v other than s and t. However, instead of a cap on f(e),
there is a constraint that f+(v) ≤ cv for all vertices v other than s and t.

Show how to use network flows to find a maximum flow in a graph with vertex capacities.


