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Homework #10

Spring 2018 Due Friday, April 27

1. Find the flaw in the following “proof” of the Four-Color Theorem. If possible, give a specific
example of a case the proof does not consider.

Proof. It suffices to show that every maximal planar graph can be colored using
four colors. Every other planar graph G can be extended to a maximal planar graph
G′ by adding edges; if we prove that we can always color G′ using four colors, the
proof would extend to a coloring of G.

We proceed by induction on n, the number of vertices. For n = 4, the only maximal
planar graph is K4, which is clearly 4-colorable.

Assume that the theorem holds for graphs with n vertices. Take an n-vertex max-
imal planar graph G, and add a new vertex v to it to get an (n + 1)-vertex graph
G′, connected to whichever vertices we like as long as G′ is also planar. We know
that any plane embedding of G must be a triangulation: all its faces are triangles.
(If not, we could have added more edges to G.) Therefore in any plane embedding
of G′, v must end up in a triangular face of G, and therefore v can have at most 3
neighbors without destroying planarity: the vertices of G.

Color G′ by first coloring G with four colors (this is possible by the induction hy-
pothesis). In the worst case, all of v’s neighbors are given different colors; however,
since v has at most 3 neighbors, there is still another color left to use for v. There-
fore we can color all of G′ with four colors. This completes the induction step,
proving the Four-Color Theorem.

2. For a chess piece Q, the Q-graph is the graph whose vertices are the squares of the chess
board and the two squares are adjacent if Q can move from one of them to the other in one
move. Find the chromatic number of the Q-graph when Q is (a) the king, (b) a rook, (c) a
bishop, (d) a knight.

3. Let G be a graph with a vertex cut {x, y} separating G into two components G1 and G2,
and let Hi be the subgraph of G induced by V (Gi) ∪ {x, y} for i = 1, 2. Prove that χ(G) ≤
max{χ(H1), χ(H2)}+ 1, and give an example where equality holds.

4. Prove that if G is a color-critical graph and H is the Mycielskian of G, then H is also
color-critical.

5. (4-credit students only) Given graphs G,H define G � H to be the graph with vertex set
{(x, y) : x ∈ V (G), y ∈ V (H)} and edges between (x, y), (x′, y′) if either x = x′ and yy′ ∈
E(H), or xx′ ∈ E(G) and y = y′.

Prove that an n-vertex graph G is k-colorable if and only if G�Kk has an independent set
of size n.


