A remark on Bergman-Einstein metrics
Xiaojun Huang ∗ and Ming Xiao
Canonical metrics are important objects under study in Complex Analysis of Several Variables. Since Cheng-Yau proved in [CY] the existence of a complete Kähler-Einstein metric over
a bounded pseudoconvex domain in Cn with reasonably smooth boundary, it has become a
natural question to understand when the Cheng-Yau metric of a bounded pseudoconvex domain is precisely its canonical Bergman metric. Yau [Y] conjectured that this happens if and
only if the domain is a bounded homogeneous domain. As a special case of the Yau’s problem,
Cheng conjectured in 1979 [Ch] that if the Bergman metric of a smoothly bounded strictly
pseudoconvex domain is Kähler-Einstein, then the domain is biholomorphic to the ball.
In this note, we observe an affirmative solution to Cheng’s conjecture simply by putting
together known results scattered in the literature. (See the two dimensional results obtained
by Fu-Wong and Nemirovski-Shafikov [FW] [NS]).
Theorem 0.1. The Bergman metric of a smoothly bounded strictly pseudoconvex domain is
Kähler-Einstein if and only if the domain is biholomorphic to the ball.
Let Ω = {z ∈ Cn : ρ(z) > 0} be a strictly pseudoconvex domain with a smooth defining
function ρ. In [Fe1], Fefferman showed that the Bergman kernel function K(z) = K(z, z) of Ω
has the asymptotic expansion
K(z) =

φ(z)
ρn+1 (z)

+ ψ(z) log ρ(z),

where φ, ψ ∈ C ∞ (Ω) and φ|∂Ω 6= 0. In particular, if the boundary ∂Ω of Ω is spherical, then ψ
vanishes to infinite order at the boundary ∂Ω.
We first recall the notion of Fefferman defining functions or Fefferman approximate solutions.
Consider the following Monge-Ampére type equation introduced in [Fe2]:


1
u uβ
n
J(u) := (−1) det
= un+1 det((log )αβ ) = 1 in Ω,
uα uαβ
u
with u = 0 on bΩ. Fefferman proved that for any bounded strictly pseudoconvex domain Ω with
smooth boundary, there is a smooth defining function r of Ω such that J(r) = 1+O(rn+1 ), which
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is called a Fefferman approximate solution or a Fefferman defining function of Ω. Moreover,
if r1 , r2 are two Fefferman approximate solutions, then r1 − r2 = O(ρn+2 ), where ρ is a given
defining function of Ω.
We next recall the Moser normal form theory [CM] and the notion of Fefferman scalar
boundary invariants (cf. [Fe3], [G]): Let M ⊂ Cn be a real analytic strictly pseudoconvex hypersurface containing p ∈ Cn . Then there exists a coordinates system (z, w) := (z1 , ..., zn−1 , w)
such that in the new coordinates, p = 0 and M is defined near p by an equation of the form:
X
(1)
u = |z|2 +
Alαβ z α z β v l ,
|α|,|β|≤2,l≥0

where w = u + iv, α = (α1 , ..., αn ), β = (β1 , ..., βn ) are multiindices. Moreover, the coefficients
Alαβ ∈ C satisfies:
• Alαβ is symmetric with respect to permutation of the indices in α and β, respectively.
• Alαβ = Alβα .
• trAl22 = 0, tr2 Al23 = 0, tr3 Al33 = 0, where Alpq is the symmetric tensor [Alαβ ]|α|=p,|β|=q on
Cn−1 and the traces are the usual tensorial traces with respect to δij .
Here (1) is called a normal form of M at p. When M is merely smooth, the expansion is in
the formal sense. [Alαβ ] are called the normal form coefficients. Recall that a boundary scalar
invariant at p ↔ 0, or briefly an invariant of weight w ≥ 0, is a polynomial P in the normal
form coefficients [Alαβ ] of ∂Ω satisfying certain transformation laws. (See [Fe3] and [G] for more
details on this transformation law). Using a Fefferman defining function in the asymptotic
expansion of the Bergman kernel function:
K(z) =

φ(z)
rn+1 (z)

+ ψ(z) log r(z),

(2)

with φ, ψ ∈ C ∞ (Ω), φ|∂Ω 6= 0, then φ mod rn+1 , ψ mod r∞ are locally determined. Moreover,
if ∂Ω is in its normal form at p = 0 ∈ bΩ, then any Taylor coefficient at 0 of φ of order ≤ n,
and of ψ of any order is a universal polynomial in the normal form coefficients [Alαβ ]. (See
Boutet-Sjöstrand [BS] and a related argument in [Fe3].) In particular, we state the following
result from [C]. (See also [G]):
Proposition 0.2. ([C], [G]) Let Ω be as above and suppose that ∂Ω is in the Moser normal
form up to sufficiently high order. Let r be a Fefferman defining function, and let φ, ψ be as
φ− n!
in (2). Then φ|∂Ω = πn!n , φ = πn!n + O(r2 ) and P2 = r2πn |∂Ω defines an invariant of weight 2 at
0. Furthermore, if n = 2, then P2 = 0. If n ≥ 3, P2 = cn ||A022 ||2 for some universal constant
cn 6= 0.
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As mentioned earlier, Theorem 0.1 is known in the case of n = 2 in [FW] and [NS]. We next
assume that n ≥ 3.
Proof of Theorem 0.1: Recall the Fefferman asymptotic expansion:
K(z) =

φ(z)
φ + ρn+1 ψ log ρ
+
ψ(z)
log
ρ(z)
=
ρn+1 (z)
ρn+1

for z ∈ Ω

(3)

with φ, ψ ∈ C ∞ (Ω) and φ|∂Ω 6= 0, where ρ ∈ C ∞ (Ω) is a smooth defining function of Ω with
Ω = {z ∈ Cn : ρ(z) > 0}. Since K(z) > 0 for z ∈ Ω, we have
φ + ρn+1 ψ log ρ > 0 for z ∈ Ω.
Thus

ρ

1

(K)− n+1 (z) =

1

(φ + ρn+1 ψ log ρ) n+1

(4)
(5)

is well-defined in Ω.
Let Ω be a smoothly bounded strongly pseudoconvex domain. We notice that the KählerEinstein condition of the Bergman metric is equivalent to theh fact that log K(z)
is a Kähleri
1
− n+1
πn
= 1 for z ∈ Ω.
Einstein potential function of Ω. More precisely, we have J n! K(z)
1
−
n
(See [FW]). Let r0 (z) := πn! K n+1 . We hence have that r0 (z) > 0 and J(r0 ) = 1 in Ω. We
next recall the following computation from [FW]:
Let Ω = {z ∈ Cn : ρ > 0} be a bounded strongly pseudoconvex domain with a smooth
defining function ρ. If the Bergman metric of Ω is Kähler-Einstein, then the coefficient of the
logarithmic term in Fefferman’s expansion (3) vanishes to infinite order at bΩ, i.e., ψ = O(ρk )
for any k > 0.
As a consequence, φ + ρn+1 ψ log ρ extends smoothly to a neighborhood of Ω. Since φ|∂Ω 6= 0,
we have
φ + ρn+1 ψ log ρ > 0 for all z ∈ Ω.
Hence r0 extends smoothly to a neighborhood of Ω and it is then easy to conclude that r0 is a
Fefferman defining function of Ω. Then from the way r0 was constructed, it follows that
K(z) =

n! −(n+1)
r
.
πn 0

(6)

Comparing (6) with (2), we arrive at the conclusion that if we let r = r0 in (2), then φ ≡ πn!n .
Then it follows from Proposition 0.2 that P2 = cn ||A022 ||2 = 0 at p ∈ ∂Ω if ∂Ω is in the Moser
normal form up to sufficiently high order at p with A022 being the Chern-Moser-Weyl-tensor at
p. Consequently, A022 = 0 on ∂Ω, for cn 6= 0. That is, every boundary point of ∂Ω is a CR
umbilical point. By a classical result of Chern-Moser, ∂Ω is spherical. We then apply the same
argument in [NS1] to show Ω is the ball by using a uniformization theorem. To make it easier
for the reader, we sketch the proof here. Since ∂Ω is spherical, then Ω is a quotient of the
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unit ball by a discrete subgroup of Aut(Bn ). (When ∂Ω is algebraic, Ω is biholomorphic to the
ball by a result in [HJ]. The discussion of the general case is contained in [NS2].) We can thus
obtain a complete metric of constant holomorphic sectional curvature on D by descending the
standard metric on the ball. By a result of Cheng and Yau [CY], the complete Kähler-Einstein
metric on D is unique up to a constant. Thus the Bergman metric of D is proportional to the
quotient metric and hence has constant holomorphic sectional curvature. Hence it follows from
a well-know result due to Qi-Keng Lu[Lu] that Ω is biholomorphic to the unit ball.
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[Fe2] C. Fefferman, Monge-Ampére equations, the Bergman kernel, and the geometry of pseudoconvex domains, Ann. Math. 103 (1976), 395-416.
[Fe3] C. Fefferman, Parabolic invariants theory in complex analysis, Adv. in Math. 31 (1979),
131-262.
[FW] S. Fu and B. Wong, On strictly pseudoconvex domains with Kähler-Einstein Bergman
metrics, Math. Res. Lett. 4 (1977), 697-703.
[G] R. Graham, Scalar boundary invariants and the Bergman kernel, Springer Lecture Notes
in Math. vol. 1276, pp. 108-135.

4

[HJ] Xiaojun Huang and Shanyu Ji, Global holomorphic extension of a local map and a Riemann mapping theorem for algebraic domains, Mathematical Research Letters 5 (1989),
247-260.
[Lu] Q.-K. Lu On Kähler manifolds with constant curvature, Acta Math. Sinica 16 (1966),
269-281 (Chinese). (transl. in Chinese Math.-Acta 8 (1966), 283-298.)
[NS1] S. Nemirovski and R. Shafikov, Conjectures of Cheng and Ramadanov, Russian Mathematical Surveys, 61 (2006), 780.
[NS2] S. Nemirovski and R. Shafikov, Uniformization of strictly pseudoconvex domains, I, Izv.
Math. 69 (2005), 1189-1202.
[NS3] S. Nemirovski and R. Shafikov, Uniformization of strictly pseudoconvex domains, II, Izv.
Math. 69 (2005), 1203-1210.
[R] I. P. Ramadanov, A characterization of the balls in Cn by means of the Bergman kernel,
C. R. Acad. Bulgare Sci. 34 (1981), 927-929.
[Y] S.-T. Yau, Problem Section, Seminar on Differential geomtry (S.-T. Yau, eds.), Ann. of
Math. Studies, vol. 102, Princeton Univ. Press, 1982, pp. 669-706.
X. Huang, Department of Mathematics, Rutgers University, New Brunswick, NJ 08903,
USA. (huangx@math.rutgers.edu)
M. Xiao, Department of Mathematics, University of Illinois at Urbana-Champaign, 1409
W. Green Street Urbana, IL 61801, USA. (mingxiao@illinois.edu)

5

