
Math 535 General topology. Fall 2019. Igor Mineyev
Homework, topics, and fun.

Below, “∗” means “turn in”, “no ∗” means “do not turn in, but know how to solve”. If a text
is in yellow color, the homework is still at a preliminary stage and might be modified later, but
feel free to start working on it. The problems marked “for extra fun” are some interesting
related problems; they will not affect your grade for the course, but should be good sources of
inspiration. I will also include an incomplete list of topics.

Topics: A metric, a topology T , a topological space, notation ∪F , a basis for a topology,
open set, the topology generated by a basis (two definitions), metric ❀ topology, comparing
topologies, a sufficient criterion for a basis of T , comparing bases, a subbasis, subbasis ❀ basis
❀ topology, the subspace topology, 2-sphere, a basis for the subspace topology, ...
Homework 1. Due Friday, September 6.

(1*) Prove that every topology on X is a basis for itself. (There are two statements here.)
(2) Part 13, Basis for a topology, p. 83: # 1, 3, 4*, 5*, 8a*.
(3) Part 16, The subspace topology, p. 91: # 1*, 3.

Topics: The topology of disjoint union, 2-sphere, the quotient topology (without using conti-
nuity), building new topological spaces, disk Dn, gluing and equivalence relations, an informal
definition of a cell complex, projective plane, closed sets, saturated sets, homeomorphism, con-
tinuous function, continuity in terms of bases, other definitions of homeomorphism, continuity
of constant function, of composition, ...
Homework 2. Due Friday, September 13.

(1*) Consider a disjoint union of topological spaces, Z :=
⊔

i∈I Zi, with the disjoint union
topology.

Prove that a subset U ⊆ Z is open in Z if and only if for any i ∈ I, U ∩ Zi is open
in Zi. And also if and only if for any i ∈ I, U ∩ Zi is open in Z.

Prove that a subset V ⊆ Z is closed in Z if and only if for any i ∈ I, V ∩Zi is closed
in Zi. And also if and only if for any i ∈ I, V ∩ Zi is closed in Z.

(2*) Suppose Z :=
⊔

i∈I Zi is a disjoint union as in (1) and f : Z ։ Y is a surjective function.
Put the quotient topology on Y .

Prove that a subset U ⊆ Y is open in Y if and only if for all i ∈ I, f−1(U) ∩ Zi is
open in Zi. And also if and only if for all i ∈ I, f−1(U) ∩ Zi is open in Z.

Prove that a subset V ⊆ Y is closed in Y if and only if for all i ∈ I, f−1(V ) ∩ Zi is
closed in Zi. And also if and only if for all i ∈ I, f−1(V ) ∩ Zi is closed in Z.

(3*) What does this say about the open/closed subsets of a cell complex? State and justify.
(4*) Given a topological space X and a surjective function f : X ։ Y , prove that the

quotient topology on Y is the largest (= finest, strongest) topology on Y with respect
to which f is continuous.

(5*) Give two definitions of the projective plane and prove that they give homeomorphic
topological spaces.

(6) Let A be a subset of R and f : A → R be a function. Give several (at least four)
equivalent definitions of continuity of f . Prove that they are indeed equivalent.

Topics: Continuity of restriction, standard simplex ∆n, an informal definition of a simplicial
complex, product topology on X × Y , continuity of projections, continuity of functions into
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product X × Y , the general cartesian product, product topology (=Tychonoff topology) in
terms of subbasis and in terms of basis, comparison of box topology with product topology, co-
ordinate functions, continuity of functions into arbitrary products (see hw), Hausdorff topology,
characterizations of continuity in terms of neighborhoods, in terms of closed sets, the closure
of a subset A ⊆ X , ...
For extra fun.

• Can the projective plane be viewed as a cell complex? What is the minimal number
of cells in a cell complex like this? Can the projective plane be viewed as a simplicial
complex? What is the minimal number of simplices needed? What other interesting
properties of the projective plane can you discover?

• Define the 3-dimensional analog of the projective plane (called the 3-dimensional pro-
jective space) in two ways and investigate what properties it has.

• Let Bn denote the n-dimensional (open) ball, with the standard topology.
– Prove that B0 and B1 are not homeomorphic.
– Prove that B1 and B2 are not homeomorphic.
– Prove that B2 and B3 are not homeomorphic.

Homework 3. Due Friday, September 20.

(1) Let Xi be a topological space for each i ∈ I. Prove that the product topology on
∏

iXi

is the smallest (=coarsest, weakest) topology with respect to which all the projections
πj :

∏
iXi → Xj are continuous.

(2) Prove the following universal property for the cartesian product of sets: given a set Y ,
an indexed family of sets {Xi | i ∈ I}, and a family of functions {ϕi : Y → Xi | i ∈ I},
then there exists a unique function ϕ : Y →

∏
iXi that makes the following diagram

commute for each j ∈ I, i.e. πj ◦ ϕ = ϕj .

Y

ϕj

��

ϕ

##❋
❋

❋

❋

❋

Xj

∏
iXiπj

oo

(3) Prove the following universal property for the cartesian product of topological spaces:
given a topological space Y , an indexed family of topological spaces {Xi | i ∈ I}, and
a family of continuous functions {ϕi : Y → Xi | i ∈ I}, then there exists a unique
continuous function ϕ : Y →

∏
iXi that makes the above diagram commute for each

j ∈ I, i.e. πj ◦ ϕ = ϕj.
(4*) Let Y be a topological space,

∏
iXi be a product of topological spaces, and f : Y →∏

iXi be any function. Prove the following statement in two ways: f is continuous
if and only if each of its coordinate functions, fi, is continuous. One way: directly.
Another way: using the universal property.

(5) Part 18, Continuous functions, p. 111: # 1*(prove the “if and only if” statement), 3,
4*, 5, 11*, 12*.

(6) Part 19, Product topology, p. 118: # 1, 2, 3, 4, 10*.

For extra fun.

• Suppose {Xi | i ∈ I} is an indexed family of sets, and each Xi is non-empty. Is
∏

iXi

empty or not? For example, is
∏

i∈N R empty or not? How can one be absolutely sure
about the answer?
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• Let Xi be a topological space for each i ∈ I. Prove that the disjoint union topology on⊔
iXi is the largest (=finest, strongest) topology with respect to which all the inclusions

ιj : Xj →
⊔

iXi are continuous.
• Look at the diagram

Y

Xj

ϕj

OO

ιj
//
⊔

iXi

ϕ
bb❋
❋

❋

❋

❋

Formulate the universal property for disjoint unions of sets, and then for disjoint unions
of topological spaces. Prove these universal properties.

• Prove in two ways that a function f :
⊔

iXi → Y is continuous if and only if the
restriction of f to each Xi is continuous.

Topics: The characterization of closed sets in terms of closure, a characterization of closure
in terms of neighborhoods, monotonicity of closure, interior, limit point, characterization of
continuity in terms of closure, general definition of a norm, norms on R

n (without proof), metrics
on R

n, ℓ1, ℓ2, ℓ∞, harmonic series, metric induced by a norm, metric topology, metrizable space,
continuity of functions between metric spaces, relations between metric topologies, Lipschitz
equivalence, sequence, ...
Homework 4. Due Friday, September 27.

(1) Part 17, Closed sets and limit points, p. 100: # 2(see also Lemma 16.2), 3, 4, 6*, 7, 8,
9, 11, 13*.

(2) Prove that each norm on a vector space indeed induces a metric.
(3*) Denote ℓ1 := ℓ1(N,R), ℓ2 := ℓ2(N,R). Put the ℓ1-topology on ℓ1 and the ℓ2-topology

on ℓ2. Is the inclusion ℓ1 →֒ ℓ2 continuous? Justify the answer.
(4*) Put two topologies on ℓ1: the ℓ1-topology and the subspace topology induced from the

ℓ2-topology on ℓ2. Do these topologies on ℓ1 coincide? Is any one smaller than the
other? Justify the answers.

(5) A map f : X → Y between topological spaces is called open if the image of any open set
in X is open in Y . Is the projection πj :

∏
i∈I Xi → Xj open? Is the inclusion ℓ1 →֒ ℓ2

open? Justify the answers.
(6) Part 20, The metric topology, p. 126: # 1, 3*.
(7*) Prove that each of the norms (ℓ1, ℓ2, ℓ∞) that we defined on R

n induces the standard
topology on R

n.

For extra fun.

• Prove that the ℓ2-norm on R
n and on ℓ2 is indeed a norm. Therefore it indeed gives

rise to a metric. (See exercises 9 and 10, p. 128.) In this class, we will assume this fact
without proof.

• Prove that the ℓ∞-norm on R
n and on ℓ∞ is indeed a norm.

• For what p ∈ [0,∞] is the ℓp-norm on R
n and on ℓp indeed a norm?

Topics: Convergence of a sequence, continuity in terms of sequences, closure in terms of
sequences, basis at a point, first-countable spaces, second-countable spaces, a graph that is
not first-countable (without proof for now), uniform convergence, uniform limit of continuous
functions, connected space, path-connected space, convex subsets of R, intermediate value
theorem for X → R ...
Homework 5. Due Friday, October 4.
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(0) Know the proof of the uniform limit theorem (Theorem 21.6, p.132) that was sketched
in class.

(1) Part 21, The metric topology (continued), p. 133: # 1, 6, 8*.
(2) Part 23, Connected spaces, p. 152: # 1, 2, 5*.
(3*) Let X be a topological space, Y be a set, and f : X → Y be a surjective function such

that for each y ∈ Y , the subspace f−1(y) of X is connected. Put the quotient topology
on Y . Prove that X is connected if and only if Y is connected.

(4) Prove that Rn is path-connected.
(5) Part 24, Connected subspaces of the real line, p. 157: # 1, 10*.

For extra fun.

• Look up the definition of a net in a topological space. Define convergence of a net.
• Prove that continuity of a function can be equivalently restated in terms of nets.
• Let A be a subset of a topological space X . Prove that the closure of A in X can be
equivalently defined in terms of nets.

• Prove that a cell complex is connected if and only if it is path connected.

Topics: Continuous images of connected spaces, unions of connected spaces, closure of a con-
nected subset, connected component, components are connected and closed, path-component,
locally connected space, locally path-connected space, relation between connected components
and path components, open cover (not covering), compact space ...
Homework. To know before the midterm exam, October 12.

(1) Part 25, Connectedness and local connectedness, p. 162: # 4. (Hint: Compare this
with # 10 on p. 158 in the previous homework.)

(2) Prove that [0, 1] is compact. (See Corollary 27.2.) Explain why this does not follow
from Theorem 27.3.

(3) Part 26, Compact spaces, p. 170: # 1, 3, 4, 5, 6.
(4) Let Y be a topological space and X ⊆ Y with the subspace topology. Consider the

definition of compactness for X given in class, using covers of X by subsets of X that
are open in X . Give another definition of compactness for X using covers of X by
subsets of Y that are open in Y . Prove that the two definitions are equivalent.

Topics: Compact spaces, examples, local compactness, subspaces and compactness, conti-
nuity and compactness, compactness of finite products, compact subspaces of Rn, sequential
compactness, the extreme value theorem for X → R, ...
Homework 6. Due Friday, October 18.

(1*) Let X be a topological space and f1, . . . , fn : X → R be continuous functions. Show
that the sum f1 + . . . + fn : X → R is continuous. (We will use this for existence of
Lebesgue number.)

(2) Part 27, Compact subspaces of the real line, p. 177: # 2*.
(3) Prove that compactness and sequential compactness are equivalent for metrizable spaces.

(See notes from the class and the proof of Theorem 28.2, page 179.)
(4) Part 28, Limit point compactness, p. 181: # 6*. The map in this exercise is better

called an isometric embedding. The word isometry should be reserved for an isometric
embedding which is bijective. In this terminology, the exercise then is asking to prove
that any isometric embedding of a compact metric space into itself is automatically an
isometry.
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(5) Prove that for a topological space X , X is locally compact Hausdorff if and only if it
admits a one-point compactification. (See Theorem 29.1, p. 183.)

(6) Part 29, Local compactness, p. 186: # 1*, 3*.

Topics: Uniform continuity, a Lebesgue number (two versions), Lipschitz map, Lebesgue
lemma, an equivalent definition of local compactness for Hausdorff spaces (different from above
homework, without proof), a graph that is not locally compact and not first-countable, com-
pactification (not necessarily proper), one-point compactification, equivalence of compactness
and sequential compactness for metrizable spaces, ...
Homework 7. Due Friday, October 25.

(1) Part 29, Local compactness, p. 186: # 5, 6*, 8.
(2*) Let X be the infinite graph defined in class, obtained by gluing a point to one endpoint

of each closed interval I1, I2, . . ., with the quotient topology. Let c be the cone point
of X . Let B be the family of all subsets U ⊆ X that can be obtained in the following
way. Pick a sequence r1, r2, . . . of real numbers in (0, 1). Let U be the image of the
union of the subintervals [0, r1) ⊆ I1, [0, r2) ⊆ I2, . . . under the quotient map. Prove
that B is a basis at c (with respect to the topology on X).

(3*) Generalize the statement of (2) to the case of an arbitrary infinite family of intervals
{Ij | j ∈ J}, and prove it.

(4*) Prove that the graph X in (2) and in (3) is Hausdorff.

For extra fun.

(1) Give an equivalent restatement of compactness in terms of nets (for an arbitrary topo-
logical space). Prove that it is indeed equivalent.

(2) Prove that the two definitions of local compactness for Hausdorff topological spaces are
equivalent.

Topics: Images of compact sets, continuous bijective functions from compact spaces, closed-set
formulation of compactness, partial order, total order, p.o.set, chain, upper bound, maximal
element, Zorn’s lemma, the Tychonoff theorem, T1, ...
Homework 8. Due Friday, November 1.

(1) Check that one can always translate between ≤ and <, as follows.
– Give the definition of a partial order ≤ on a set A, as in class.
– Give the definition of a total order ≤ on A (= linear order = simple order), as in
class.

– Give the definition of a strict partial order < on a set A, as in the book.
– Give the definition of a strict total order < on A (= strict linear order = strict
simple order), as in the book.

– If a partial order ≤ is given, use it to define a strict partial order <. Prove that
indeed, < is a strict partial order.

– If a total order ≤ is given, use it to define a strict total order <. Prove that indeed,
< is a strict total order.

– If a strict partial order < is given, use it to define a partial order ≤. Prove that
indeed, ≤ is a partial order.

– If a strict total order < is given, use it to define a total order ≤. Prove that indeed,
≤ is a total order.

(2) Learn the proof of the Tychonoff theorem (Theorem 37.3, p. 234) and the preceding
lemmas 37.1 and 37.2.
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(3) Part 38, The Stone-Čech compactification, p.241: # 4*, 6*.
(4*) Suppose f : [0, 1] → [0, 1] × [0, 1] is any continuous, surjective function. (That is,

a Peano curve. Such functions do exist, but the proof is not obvious.) Prove that f is
not injective.

For extra fun.

• Construct a nice compactification (1) of the plane, (2) of the group of integers, (3) of a
given infinite tree, (4) of a free group, (5) of the hyperbolic plane, (6) of a hyperbolic
group.

• Prove that the Stone-Čech compactification exists (for appropriate topological spaces).
Prove that it is unique up to a homeomorphism.

• Restate the definition of the Stone–Čech compactification as a universal property; see
the link below.
Reader beware: There are two different definitions of completely regular in the liter-
ature. Wikipedia defines it without requiring that points are closed. Consequently,
what Wikipedia calls a Tychonoff space (that is, a space that is “Wikipedia-completely-
regular” and Hausdorff) is the same as what the textbook calls completely regular.
(Prove this equivalence.)

• It is interesting that, in the case when X is discrete, one can construct the Stone–Čech
compactification purely “algebraically”, using ultrafilters. See the same link below.

https://en.wikipedia.org/wiki/Stone%E2%80%93%C4%8Cech_compactification

Topics: Regular, normal, completely regular, relation to compact and locally compact, the
Stone-Čech compactification, isometric embedding, Cauchy sequence, convergence of Cauchy
sequences, complete metric space, completeness of Rn, completion, existence of completion (two
proofs), uniqueness of completion (hw), compact metric spaces are complete, ...
Homework 9. Due Friday, November 8.

(1) Prove that any compact Hausdorff topological space is normal.
(2) Part 44, Complete metric spaces, p. 270: # 1*, 2*, 9*, 10*.

For extra fun.

• Prove that there exists a continuous function f : [0, 1] → [0, 1] × [0, 1], i.e. a path in
the square [0, 1]× [0, 1], whose image is the whole square, i.e. f([0, 1]) = [0, 1]× [0, 1].
The Peano curve is a classical example of such a curve. Completeness is essential for
the proof. (See Theorem 44.1, p. 272.)

Topics: Completeness of Y J =
∏

j∈J Y (wrt d̄∞), completeness of B(X, Y ) (wrt d∞ or d̄∞),

completeness of C(X, Y ) (wrt d̄∞), topology of pointwise convergence, topology of compact
convergence, topology of uniform convergence, Tpoint ⊆ Tcomp.conv. ⊆ Tunif. (not the other way
round), compact-open topology, its relation to compact convergence on C(X, Y ), ...
Homework. To know before Exam 2, Friday, November 16.

(1) Part 46, Pointwise and compact convergence, p.288: #1, 2, 4.

Homework 10. Due Wednesday, December 4.

(1*) LetX be a topological space and Y be a metric space. Prove that the space of continuous
functions C(X, Y ) with the topology of compact convergence is Hausdorff.

(2) Let X , Y , and Z be sets. Define a bijection between the sets of functions

ZX×Y = {all functions X × Y → Z} and (ZX)Y = {all functions Y → ZX}

https://en.wikipedia.org/wiki/Stone%E2%80%93%C4%8Cech_compactification
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and prove that it is indeed a bijection.
(3) Know the statements:

Arzelà-Ascoli theorem 1. Let X be a topological space and (Y, d) be a metric space.
Put the compact convergence topology on C(X, Y ) and let F ⊆ C(X, Y ) be a subfamily.
(a) If F is equicontinuous (under d) and pointwise relatively compact, then F is rela-

tively compact in C(X, Y ).
(b) The converse holds if X is locally compact Hausdorff.
Arzelà-Ascoli theorem 2. Let X be a Hausdorff, σ-compact topological space, and
(Y, d) be a metric space. Put the compact convergence topology on C(X, Y ) and let
(fn) be a sequence in C(X, Y ), which (viewed as a family of functions) is equicontinuous
and pointwise relatively compact. Then there is a subsequence of (fn) that converges
in C(X, Y ).

(Note that the compact convergence topology on C(X, Y ) is the same as the compact-
open topology.)

(4*) Prove that the Arzelà-Ascoli theorem 1 implies the Arzelà-Ascoli theorem 2, for any
metric space Y . [This is more general than exercise 4, p. 293. Hint: Prove that C(X, Y )
is first-countable. Then check that, for any first-countable Hausdorff topological space,
compactness implies sequential compactness. (We did this in class for metric spaces.
The converse does not hold in general. But it does hold for metric spaces, as we showed
in class.) Here “Hausdorff” can be weakened to “T1”.]

(5) Part 47, Ascoli’s theorem, p. 292: #2*, 4.

Topics: Relatively compact subset, pointwise relatively compact family of functions, equicon-
tinuous family of functions, σ-compact (two different definitions), the Arzelà-Ascoli theorem 1
and 2 (without proof), manifold, surface, homotopy between maps, path homotopy, fundamen-
tal group, simply-connected space, change of basepoint, ...
For extra fun.

• Prove the Arzelà-Ascoli theorem 1.
• Prove that the solid torus is homeomorphic to the product S1 × D2, and that it is a
3-manifold with boundary. What is the boundary of the solid torus?

• Let α : S1 → S3 be an unknot, that is, a knot in S3 “without self-crossings”. Let N be
a regular open neighborhood of its image α(S1) in S3, so that N is homeomorphic to
the solid torus with its boundary removed. First show that the difference S3 \ N is a
3-manifold with boundary. After that, can you give a more specific description of this
manifold?

• What is the fundamental group of the circle S1? Prove the answer.
• What is the fundamental group of the projective plane RP2? Prove the answer.
• Define a metric on the open disk in such a way that all the angels in Escher’s picture have
the same size and are isometric to each other. (This is called the hyperbolic plane, H2.)
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• Describe the full groupG of symmetries of the above picture (that is, isometries mapping
angels to angels) by explicitly describing its generators. What is the quotient space
G\H2, that is, the space of G-orbits (equipped with the quotient topology)?

• Describe a maximal subgroup H of G with the property that each nontrivial element
h ∈ H does not fix any point in H

2. What is the quotient space H\H2? What is the
fundamental group of this quotient space?

Homework. Not to turn.

(1) What is the fundamental group of the plane R2? What is the fundamental group of the
2-dimensional sphere, S2? Give a rigorous proof for the answers.

(2) Let ϕ : (X, x0) → (Y, y0) and ψ : (X, x0) → (Y, y0) be continuous maps of pairs such
that there is a homotopy H between ϕ and ψ such that H(x0, t) = y0 for all t ∈ [0, 1].
Prove that the induced homomorphisms ϕ∗, ψ∗ : π1(X, x0) → π1(Y, y0) coincide.

(3) Let ϕ : (X, x0) → (Y, y0) and ψ : (Y, y0) → (Z, z0) be continuous maps of pairs. Prove
that ψ∗ ◦ ϕ∗ = (ψ ◦ ϕ)∗.

(4) What is the fundamental group of Rn \ {0} for n ≥ 3? Justify the answer.

Topics: The homomorphism induced by a continuous map of pairs, examples of fundamental
groups (some with proof, some without proof), distinguishing topological spaces using funda-
mental groups, knot, link, surface, ...
Possible topics (if time allows): Covering (space), universal covering (space), retract, re-
traction, deformation retract, deformation retraction, ...
For extra fun.

• Prove that π1(S
1) ∼= Z.

• Prove rigorously that the sphere S2 is not homeomorphic to the torus S1 × S1.
• What is the fundamental group of R \ {0}?
• What is the fundamental group of R2 \ {0}?
• Let ϕ : X → Y and ψ : X → Y be continuous maps, x0 ∈ X , y0 ∈ Y , ϕ(x0) = ψ(x0) =
y0, and there is a homotopy between ϕ and ψ. Prove that the induced homomorphisms
ϕ∗, ψ∗ : π1(X, x0) → π1(Y, y0) in general can be different. How does this differ from
exercise (1)? Are ϕ∗ and ψ∗ related in any way at all?

• Classify all closed surfaces, i.e. describe them all and up to a homeomorphism.
• Establish a “relation” between the fundamental group of a cell complex X and the
universal covering of X .

• Construct your favorite cell complex, then describe its fundamental group (in algebraic
terms).


