
A General Fatou Lemma
Peter Loeb and Yeneng Sun

Abstract. A general Fatou Lemma is established for a sequence
of Gelfand integrable functions from a vector Loeb space to the
dual of a separable Banach space or, with a weaker assumption
on the sequence, a Banach lattice. A corollary sharpens previous
results in the �nite dimensional setting even for the case of scalar
measures. Counterexamples are presented to show that the results
obtained here are sharp in various aspects. Applications include
systematic generalizations of the distribution of correspondences
from the case of scalar Loeb spaces to the case of vector Loeb
spaces and a proof of the existence of a pure strategy equilibrium
in games with private and public information and with compact
metric action spaces.

1. Introduction

Fatou�s Lemma for a sequence of real-valued integrable functions
is a basic result in real analysis. Its �nite-dimensional generalizations
have also received considerable attention in the literature of mathe-
matics and economics; see, for example, [12], [13], [20], [26], [28] and
[31].

A main aim of this paper is to establish a general Fatou type re-
sult for a sequence of Gelfand integrable functions from a vector Loeb
measure space to the dual of a separable Banach lattice; such a result
fails when the Loeb measure space (�rst developed in [21]) is replaced
by other spaces such as a Lebesgue measure space. In particular, we
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consider a sequence fgng1n=1 of Gelfand integrable, non-negative func-
tions mapping a measurable space (
;A) supplied with countably many
Loeb measures �j, j 2 J , into a dual Banach lattice X. An additional
weak*-tightness condition on the sequence fgng1n=1 can be dropped if
X satis�es a �norm approximation property�. Forming a control mea-
sure �� from the measures �j, we show that if the Gelfand integralsR


gnd�j have a weak* limit aj 2 X as n goes to in�nity, then there

is a function g from (
;A) to X such that for ��-a.e. ! 2 
, g(!) is
a weak* limit point of fgn(!)g1n=1, and g is Gelfand �j-integrable withR


gd�j � aj for each j 2 J . If in addition the sequence fgng1n=1 satis-

�es a strong condition, that of uniform integrability, then one can claimR


gd�j = aj for each j 2 J without imposing a lattice structure on X.

These results will be stated in Theorem 2.4 below, part of which will
be generalized in Theorem 2.5 to a setting where the sequence fgng1n=1
has a uniformly integrable sequence of lower bounds.
One motivation of these results comes from game theory. The fun-

damental existence result of John Nash [25] is only shown for mixed
strategy equilibria in a game with �nitely many players, where play-
ers choose probability distributions over their actions. The proof of
Nash�s theorem is based on Kakutani�s Fixed Point Theorem for corre-
spondences [15]. A problem of great interest in game theory is �nding
conditions that will guarantee the existence of equilibria in pure strate-
gies (i.e., strategies taking values in the action spaces themselves) for
games with incomplete information. The example in [17], however,
constructs a simple game between two players with its independent
and di¤use information modeled by the product of two Lebesgue unit
intervals, but with no pure strategy equilibrium. In order to show the
existence of a pure strategy equilibrium in Theorem 4.1 for a general
�nite-player game with both public and private information, where
the players�private information spaces are modeled by Loeb spaces,
we also develop systematic generalizations of the distribution of corre-
spondences from the case of scalar Loeb spaces developed in [29] to the
case of vector Loeb spaces; for this we apply Theorem 2.4 to the special
case of a space of measures. The proof of Theorem 4.1 here uses the
in�nite dimensional Fixed Point Theorem of Fan [9] and Glicksberg
[11] for correspondences together with the properties of compactness,
convexity and preservation of upper semicontinuity of distribution of
correspondences shown in Section 3.
The paper is organized as follows. Section 2 presents the general

results of Fatou type, their simple consequences, and several coun-
terexamples showing that our Fatou type results are sharp in various
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aspects. The distribution theory of correspondences on vector Loeb
spaces is developed in Section 3. We show the existence of a pure
strategy equilibrium in games with private and public information and
with compact metric action spaces in Section 4. The proofs of Theo-
rems 2.4 and 2.5, which need some subtle arguments from nonstandard
analysis, are presented respectively in Sections 5 and 6. We refer the
reader to [23] for the basics of nonstandard analysis.

2. An In�nite Dimensional Fatou�s Lemma

Let 
 be a non-empty internal set, A0 an internal algebra on 
,
and A the �-algebra generated by A0. Let J be a �nite or countably
in�nite set, �0j, j 2 J , internal �nitely additive probability measures
on (
;A0), and �j, j 2 J , the corresponding Loeb probability measures
on (
;A).

Let �� be a Loeb probability measure on (
;A) so that for each
j 2 J , �j is absolutely continuous with respect to ��. For example, when
J is �nite with cardinality jJ j, one can set ��0(A) =

P
j2J

1
jJ j�0j(A) for

each A 2 A0. The Loeb measure of ��0 is simply �� =
P

j2J
1
jJ j�j. When

J is countably in�nite, it can be viewed as the set N of natural numbers.
Extending �0j, j 2 J , to an internal set �0j, j 2 �J , of internal prob-
ability measures on (
;A0), one sets ��0(A) =

P
j2�J

1
2j
�0j(A) for each

A 2 A0. In this case, the Loeb measure of ��0 is simply �� =
P

j2J
1
2j
�j.

When necessary, we will assume that A is complete with respect to ��.
We shall use the notation 1A for characteristic function of a set

A. The following de�nes the concept of uniform integrability and the
concept of tightness for a sequence of functions with respect to the
norm and weak* topologies of a Banach space.

Definition 2.1. Let fgng1n=1 be a sequence of functions from a
probability space (
;A; P ) to a Banach space X.
(1) The sequence fgng1n=1 is said to be uniformly P -norm-integrable

if for each n 2 N, kgnk is integrable on (
;A; P ), and

lim
k!1

sup
n

Z
kgnk�k

kgnkdP = 0:

(2) When X is the norm dual of a Banach space Y , the sequence
fgng1n=1 is said to be weak* P -tight, if for any " > 0, there exists a
weak* compact set K in X such that for all n 2 N, g�1n [K] 2 A and
P (g�1n [K]) > 1� ".

Definition 2.2. Let (
;A; P ) be a probability space.
(1) Let X be the norm dual of a Banach space Y . For x 2 X, y 2 Y ,
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the value of the linear functional x at y will be denoted by hx; yi. A
function f from (
;A; P ) to X is said to be Gelfand P -integrable if for
each y 2 Y , the real-valued function hf(�); yi is integrable on (
;A; P ).
It follows from the Closed Graph Theorem that there is a unique element
x 2 X such that hx; yi =

R


hf(!); yi dP for all y 2 Y (see [8, p. 53]);

that element x, called the Gelfand integral, will be denoted by
R


f dP .

(2) Let X be the dual of a Banach lattice Y . There is a natural
dual order (denoted by �) and lattice norm j�j satisfying the condition
jxj � jzj ) kxk � kzk. We will say that X has the norm approxi-
mation property if there is an increasing (perhaps constant) sequence
ym of nonnegative elements in Y with limm!1 hx; ymi = kxk for each
nonnegative x 2 X.

Example 2.3. The space `1 is the dual space of the space c0 con-
sisting of the continuous functions that vanish at 1 on the one-point
compacti�cation of N. This space has the norm approximation prop-
erty since for each n 2 N, we may set hn 2 c0 equal to the sequence
taking the value 1 from 1 to n and 0 thereafter. The spaceM(K) con-
sisting of �nite, signed Borel measures on a second-countable, locally
compact Hausdor¤ space K also has this property. If K is actually
compact, the space M(K) is the dual space of the space of continu-
ous real-valued functions on K, and for each nonnegative � 2 M(K),
k�k = h�; 1i. A sequence similar to that used for `1 exists if K is just
locally compact. A su¢ cient condition for X to have the norm approx-
imation property will appear in an article [24] by Heinrich Lotz.

The following, our principal result, is an exact Fatou Lemma for
the vector Loeb measure formed from the Loeb probability measures
�j on (
;A). It is couched in the general settings of a dual Banach
space and dual Banach lattice.

Theorem 2.4. Let X be the norm dual of a separable Banach space
Y , and let fgng1n=1 be a sequence of functions from (
;A) to X. Sup-
pose that for each j 2 J , each gn is Gelfand integrable on (
;A; �j),
and as n goes to in�nity, the Gelfand integrals

R


gnd�j have a weak*

limit aj 2 X. Then there is a function g from (
;A) to X such that
for ��-a.e. ! 2 
, g(!) is a weak* limit point of fgn(!)g1n=1, and g has
the following properties for each of the following two cases:
A. Suppose that for every j 2 J , the sequence fgng1n=1 is uniformly
�j-norm-integrable. It then follows that for each j 2 J , g is Gelfand
�j-integrable and

R


gd�j = aj.

B. Suppose that Y is in fact a separable Banach lattice, and X is its
dual Banach space with the natural dual order and lattice norm and for
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each n 2 N and ! 2 
, gn(!) � 0. We assume either that X has the
norm approximation property, or if that assumption does not hold, that
the sequence fgng1n=1 is weak* �j-tight. It then follows that:
1. g is Gelfand �j-integrable with

R


gd�j � aj for each j 2 J ;

2.
R


hg; yid�j = haj; yi for any y 2 Y and j 2 J for which fhgn; yig1n=1

is uniformly �j-integrable;

3. in particular,
R


g d�j = aj for any j 2 J for which fgng1n=1 is

uniformly �j-norm-integrable.

Case A of Theorem 2.4 generalizes a version of Theorem 10 in [30]
for a sequence of Gelfand integrable functions for which the norms are
dominated by an integrable function on a scalar Loeb measure space
to the case for which the functions are uniformly norm-integrable on a
vector Loeb measure space. Case B of Theorem 2.4 can be generalized
with the following result. We present the statement and proof of the
generalization as a separate result so that Theorem 2.4 and its proof
can be given in a simpler form.

Theorem 2.5. The conclusions of Case B of Theorem 2.4 still hold
if the assumption that for each n 2 N and ! 2 
, gn(!) � 0 is replaced
with the more general assumption that there is a sequence ffng1n=1 of
functions from (
;A) to X with the following properties:

1. For each n 2 N and ! 2 
, gn(!) � fn(!).

2. For each n 2 N and j 2 J , fn is Gelfand �j-integrable.
3. The sequence ffng1n=1 is uniformly �j-norm-integrable for each j 2
J .

Remark 2.6. (1) When a general measure space is used instead
of a Loeb space, Examples 2.9 and 2.10 below together with Example
2 in [30] show that both Cases A and B in Theorem 2.4 may fail to
hold. The previous literature has considered only approximate versions
of the conclusion in Case A of Theorem 2.4 in an in�nite dimensional
setting for the case of a general scalar measure; see, for example, [4],
[5], [16], [32] and [33]. Moreover, neither approximate nor exact ver-
sions of our results in Case B of Theorem 2.4 and in Theorem 2.5 in
the in�nite dimensional setting have been considered before even for a
scalar measure.
(2) On the other hand, if one does work with general probability

spaces, one can consider their nonstandard extensions and the corre-
sponding Loeb spaces. By transferring the exact Fatou type result in
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Theorem 2.5, one can obtain an approximate version of the Fatou type
result in Theorem 2.5 for general probability spaces.
(3) Theorems 2.4 and 2.5 continue to hold if the Loeb probability

measures are replaced by �nite positive Loeb measures.
(4) By using the saturation property from [14], the authors plan to

extend the results of this paper to general nonatomic probability spaces
that are nowhere countably generated in the sense that the �-algebra
of measurable sets in any set of positive measure can not be countably
generated.

The next result for the case that X = Rp generalizes earlier results
on Fatou�s Lemma for a scalar measure (see, for example, [3] and [28])
to the case of vector measures with a �nite or countably in�nite number
of component scalar measures. Even for the case of one scalar measure,
it sharpens previous results by showing that equality can be achieved at
any particular component of an Rp-valued function satisfying a uniform
integrability condition even when not all components satisfy such a
condition. For the norm of each x = (x1; : : : ; xp) 2 Rp we take the
value �pi=1 jxij. The space Rp has the norm approximation property
since when x has nonnegative components,

kxk = �pi=1xi � 1 = hx; 1i :

Corollary 2.7. Let fgng1n=1 be a sequence of functions from (
;A)
to Rp with component functions fging1n=1, i = 1; : : : ; p, that are �j-
integrable for each j 2 J . Assume that for each j 2 J , limn!1

R


gnd�j =

aj = (a
1
j ; : : : ; a

p
j). Also assume that there is a sequence ffng1n=1 of mea-

surable functions from (
;A) to Rp with component functions ff ing1n=1,
i = 1; : : : ; p, such that fn(!) � gn(!) for all n 2 N and ! 2 
, and
moreover, for each i � p and j 2 J , ff ing1n=1 is uniformly �j-norm
integrable. Then there is a function g = (g1; : : : ; gp) from (
;A) to Rp
such that the following holds:

(1) For ��-a.e. ! 2 
, g(!) is a limit point of fgn(!)g1n=1.
(2) For each j 2 J ,

R


gd�j � aj.

(3) For any i � p and j 2 J for which fging1n=1 is uniformly �j-
integrable,

R


gid�j = aij.

Next we have a simple corollary of Case A of Theorem 2.4. It is a
Fatou type lemma in terms of distributions that generalizes Proposition
3.12 in [29] from a scalar Loeb measure to the case of a vector Loeb
measure.

For this and later results, we need to recall that a complete, separa-
ble metric space Z can be imbedded homeomorphically in a countable
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product of closed unit intervals; the closure of the image in that prod-
uct is a compact metrizable space K, and Z (which we associate with
its image) is a G� subset of K. (See Proposition 8.1.4 in [7].)
We shall refer to the topology of weak convergence of measures on

Z. This is the topology on the Borel measures on Z generated by the
bounded continuous real-valued functions, or equivalently (as shown in
Theorem 6.1 of [27]) just the bounded uniformly continuous functions
on Z. We shall implicitly refer to this topology when we say that a
given sequence of measures converges weakly to a limit measure. Given
an A-measurable function f mapping 
 into Z and given j 2 J , �jf�1
denotes the measure on Z taking the value �j(f�1 [B]) at each Borel
set B � Z.

Corollary 2.8. Let ffng1n=1 be a sequence of A-measurable func-
tions from 
 to a complete separable metric space Z with the property
that for each j 2 J , f�jf�1n g1n=1 converges weakly to a Borel probability
measure �j on Z. Then, there is an A-measurable function f from 

to Z such that f(!) is a limit point of ffn(!)g1n=1 for ��-a.e. ! 2 
,
and �jf�1 = �j.

Proof. Let K be the compact metric space described above in
which Z is embedded as a dense G�-subspace. In applying Theorem
2.4, let Y be the space of continuous functions on K, and let X be the
norm dual space of Y , which is the space of �nite Borel measures on
K. Any Borel measure on Z can also be viewed as a Borel measure on
K by the trivial extension that gives measure zero to K n Z.
The space K can be viewed as a topological subspace of X with

respect to the weak* topology through the embedding E(z) = �z for
each z 2 K, where �z is the Dirac measure concentrated at the point
z. Thus, E(K) is a weak* compact set in X. Let gn(!) = �fn(!) for
all n 2 N, ! 2 
. Then, fgng1n=1 is a norm bounded, hence uniformly
norm-integrable (with respect to each �j), sequence taking values in
X. Also for each n 2 N, j 2 J , the Gelfand integral

R


gnd�j is simply

�jf
�1
n , and limn!1

R


gnd�j = �j.

Now by Theorem 2.4, there is a function g from (
;A) to X such
that g(!) is a weak* limit point of fgn(!)g1n=1 for ��-a.e. ! 2 
,
and for each j 2 J , g is Gelfand �j-integrable with

R


gd�j = �j.

Since fgn(!)g1n=1 is a sequence in the weak* compact set E(K), its
weak* limit point g(!) must be in E(K) as well. Hence, there is a
measurable function f from (
;A) to K such that f(!) is a limit point
of ffn(!)g1n=1 and �jf�1 = �j for each j 2 J .

As noted above, Z is a Borel, indeed a G�, set in K. For each
j 2 J , �jf�1(Z) = �j(Z) = 1. Thus, ��f�1(K n Z) = 0. Fix z0 2 Z.
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By rede�ning the value of f on the ��-null set f�1(K n Z) to be z0, we
obtain the desired result. �

Example 2.9. In this example, we show that even for the case of
a single measure, there may be no function g as described in Part B
of Theorem 2.4 satisfying the �rst conclusion of that part (nor the last
two) if the single measure is Lebesgue measure on the unit interval [0; 1].
We will write

R
dt for the Lebesgue integral. For the spaceX, we take `p

for 1 � p � 1. An example of Liapouno¤(see [8], Page 262) constructs
an h : [0; 1] ! `p such that for no measurable subset E � [0; 1] is it
true that for coordinate-wise integration,

R
E
h(t) dt = 1

2

R
[0;1]

h(t) dt.
For each i 2 N, let hi be the ith component of the function h. In the
Liapouno¤ example, h1 � 1, and for i > 1, at any given t 2 [0; 1], hi(t)
is either 0 or 1=2i�1. For each m 2 N, let hm be the function from
[0; 1] into Rm with ith component hi for 1 � i � m; let Em be the
measurable subset of [0; 1] given by the Theorem of Liapouno¤ such
that

R
Em

hm(t) dt =
1
2

R
[0;1]

hm(t) dt, and let Fm = [0; 1] n Em. Now
for each n 2 N, let gn be the function from [0; 1] into `p such that for
each even i � 2n the ith component gin = hi=21En, and for each odd
i � 2n � 1 the ith component gin = h(i+1)=21Fn; for each i > 2n, set
gin = 0. For example,

g2 =


h11F2 ; h

11E2 ; h
21F2 ; h

21E2 ; 0; 0; 0; � � �
�
;

Z
[0;1]

g2 =

�
1

2

Z
[0;1]

h1;
1

2

Z
[0;1]

h1;
1

2

Z
[0;1]

h2;
1

2

Z
[0;1]

h2; 0; 0; 0; � � �
�
:

The sequence fgng1n=1 of uniformly norm bounded functions clearly
satis�es the conditions of Theorem 2.4 with the obvious limit for the
integrals. Suppose there is a function g : [0; 1]! `p with the properties
of Part B of the theorem (we can assume that g(t) is a weak* limit point
of fgn(t)g1n=1 for each t 2 [0; 1]). Fix an odd i 2 N , say i = 2m � 1;
let si be the sequence that is 0 except at the ith component where it
is 1; �x a similar sequence si+1 for i + 1 = 2m. Testing with these
two sequences in the predual of X, we see that for each t 2 [0; 1],
the ith component gi(t) = 0 or gi(t) = hm(t); similarly gi+1(t) = 0 or
gi+1(t) = hm(t). Moreover, gi(t) + gi+1(t) = hm(t). By the assumption
with respect to g, we have

(1)
Z
[0;1]

gi(t) dt � 1

2

Z
[0;1]

hm(t) dt;

Z
[0;1]

gi+1(t) dt � 1

2

Z
[0;1]

hm(t) dt;
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but of courseZ
[0;1]

gi(t) dt+

Z
[0;1]

gi+1(t) dt =

Z
[0;1]

hm(t) dt;

and so we have equality in both parts of Equation 1. Now for an el-
ement in the predual of X, we choose a sequence u for which each
even component u2i is 1=i2 and each odd component u2i�1 is 0. For
each n 2 N and t 2 [0; 1], the value of hgn(t); ui is either 0 or the sumPn

i=1 h
i(t)=i2. It follows that for each t 2 [0; 1], hg(t); ui is either 0

or
P1

i=1 h
i(t)=i2 (which is greater than 1). Now we have seen that for

each m 2 N, either g2m(t) = hm(t) � 0, or g2m(t) = 0. Therefore, if
hg(t); ui =

P1
i=1 h

i(t)=i2, we must have g2m(t) = hm(t) for all m 2 N.
Let E be the measurable subset of [0; 1] where hg(t); ui =

P1
i=1 h

i(t)=i2.
Using just the even components of g(t), we have reached a contradic-
tion, since they form the sequence h1E with integral 12

R
[0;1]

h(t) dt.

Example 2.10. Let � denote Lebesgue measure on [0; 1]. We will
modify here the previous example to show that the �rst two conclusions
of Corollary 2.7 (and also the third) need not hold for multiples of �.
For that purpose, we use the sequence of measures �j = hj� (i.e., for
each Borel set B in [0; 1], �j(B) =

R
B
hjd�), j 2 N. For each j 2 N, �j

is �nite positive measure; let �0j be the probability measure normalized
from �j. Our sequence of functions gn will map [0; 1] into R2. Using
the characteristic functions of the previous example, for each n 2 N,
we set gn (t) = (1Fn(t);1En(t)). For n � j in N we haveZ

[0;1]

gn (t) d�j =

�Z
Fn

hj(t)d�;

Z
En

hj(t)d�

�
=

�
1

2

Z
[0;1]

hj(t)d�;
1

2

Z
[0;1]

hj(t)d�

�
=

�
1

2
�j([0; 1]);

1

2
�j([0; 1])

�
:

It follows that the sequence fgng1n=1 satis�es the conditions of Corollary
2.7 with the limit of the integrals for each probability measure �0j,
j 2 N, equal to the point

�
1
2
�0j([0; 1]);

1
2
�0j([0; 1])

�
2 R2. Now suppose

there is a function g : [0; 1] ! R2 as given by the corollary (we can
assume that g(t) is a weak* limit point of fgn(t)g1n=1 for each t 2 [0; 1]).
Given n 2 N, for each t 2 [0; 1], gn(t) = (1; 0) or (0; 1) in R2, so the
same is true for g(t). That is, there are disjoint measurable sets E and
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F with union [0; 1] such that g = (1F ;1E). Given j 2 N,Z
[0;1]

g(t)d�0j = (�
0
j(F ); �

0
j(E)):

By the assumption on g,

(2) �0j(F ) �
1

2
�0j([0; 1]); �

0
j(E) �

1

2
�0j([0; 1]):

Since 1F + 1E � 1 on [0; 1], the two inequalities in Equation 2 are
actually equalities, which implies that for each j 2 N,

R
E
hj(t)d� =

1
2

R
[0;1]

hj(t)d�. We have reached a contradiction, since by the Lia-
pouno¤ example, no such a measurable set E can exist. Note that
by the classical Fatou Lemma, one cannot get a similar contradiction
for all of Corollary 2.7 with just a sequence of mappings into R; the
equality assertion still fails, however, for the sequence f1Fng

1
n=1.

Example 2.11. Let (
;A; P ) be any atomless probability space,
not just a Loeb probability space. For each i 2 N, let si be the sequence
that is 1 at the ith-coordinate and 0 at all the others. We form a
sequence of functions gn : 
 ! `p for 2 � p � 1 as follows. For each
n 2 N, form a measurable partition of 
 into n disjoint subsets each
of measure 1=n. Order the subsets, and for all ! in the jth subset,
1 � j � n, let gn(!) =

p
nsj. At each ! 2 
, it is easy to see that

kgn(!)kp =
p
n. So the sequence fgng1n=1 is not weak* tight. However,

for p = 2, Z gn(!)dP


2

=

vuut nX
j=1

�p
n

1
� 1
n

�2
= 1;

and for p > 2, each integral has an even smaller norm. Thus, the
sequence of integrals has a weak*-convergent subsequence.

3. Distribution of Correspondences on Vector Loeb Spaces

In this section we present some properties of the distribution of
correspondences induced by vector Loeb measures. We recall some
basic notions �rst.
Let � and W be nonempty sets, and P(W ) the power set of W . A

mapping from � to P(W ) n f;g is called a correspondence from � to
W .
We will work with the same Loeb measurable space (
;A) supplied

with the Loeb probability measures � and �j, j 2 J as in Section
2. Let F be a correspondence from (
;A) to a complete separable
metric space X with its Borel �-algebra B(X). The correspondence
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F is said to be measurable if for each close subset C of X, the set
f! 2 
 : F (!) \ C 6= ;g is measurable in A. The correspondence F is
said to be closed (compact) valued if F (!) is a closed (compact) subset
of X for each ! 2 
. A measurable function f from (
;A) to X is
said to be a measurable selection of F if f(!) 2 F (!) for all ! 2 
.

Let M(X) be the space of Borel probability measures on X en-
dowed with the topology of weak convergence of measures, (M(X))J

the product space of jJ j copies ofM(X) with the usual product topol-
ogy. Recall that for a measurable mapping ' from a probability space
(
;A; �) to X, we use �'�1 to denote the Borel probability measure
on X induced by '; this measure is often called the distribution of '.
We also use �'�1 to denote f�j'�1gj2J , which belongs to (M(X))J .

For a correspondence F , de�ne

DF = f�'�1 : '(�) is a measurable selection from Fg:

As noted in the second paragraph of Section 2, we can assume that
A is complete with respect to ��; thus the classical Kuratowski-Ryll-
Nardzewski Theorem [1, p.505] implies that in this case, a measurable
correspondence F has a measurable selection (i.e., DF 6= ;).
The following results state some fundamental properties about the

distribution of correspondences induced by vector Loeb measures, which
generalize Theorems 1, 2, 4 and 5 in [29] from a scalar Loeb measure to
the case of vector Loeb measures. In [10], the same type of results are
considered for the simple case that X is a �nite set while the relevant
vector measures are not necessarily vector Loeb measures.

Proposition 3.1. (1) If F is closed valued, then DF is closed.
(2) If F is compact valued, then DF is compact.
(3) If �j is an atomless Loeb probability space for each j 2 J , then

DF is convex.

Proof. (1) Let ffng1n=1 be a sequence of measurable selections of
F such that for each j 2 J , �jf�1n converges to a Borel probability
measure �j in topology of weak convergence of measures on X. By
Corollary 2.8, there is a measurable function f from (
;A) to X such
that f(!) is a limit point of ffn(!)g1n=1, ��-a.e. ! 2 
, and �jf�1 = �j
for any j 2 J . After rede�ning the value of f on a ��-null set, we see
that f is a measurable selection of F , and � = �f�1 2 DF , whence DF
is closed.
(2) Fix any j 2 J . It follows from Theorem 4 in [29] that the set

DjF = f�j'�1 : '(�) is a measurable selection from Fg is compact.
Hence,

Q
j2J D

j
F is compact in (M(X))J . Since DF is closed by (1),
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the compactness of DF follows from that fact that DF is a closed subset
of
Q
j2J D

j
F .

(3) let c 2 [0; 1] and ' and ~' be two measurable selections from
F . Let � = c �'�1 + (1 � c)� ~'�1. De�ne a mapping f : 
 !M(X)
by letting f(!) = c�'(!) + (1 � c)� ~'(!), where �x is the Dirac measure
at x for x 2 X. Then �(fBg) =

R


f(!)(B)d�(!) for any Borel set

B in X. It follows from the proof of Corollary 2.6 in [22] that there
exists a measurable function  : 
 ! X such that � = � �1 and
 (!) 2 f'(!); ~'(!)g for all ! 2 
. Since f'(!); ~'(!)g � F (!), this
implies that  is a measurable selection of F . Hence � 2 DF , and DF
is convex. �
Next, let G be a correspondence from a topological space Y to

another topological space Z. Let y0 be a point in Y . Then G is said
to be upper semicontinuous at y0 if for any open set U that contains
G(y0), there exists a neighborhood V of y0 such that for each y 2 V ,
G(y) � U . G is said to be upper semicontinuous on Y if it is upper
semicontinuous at every point y 2 Y .

Proposition 3.2. Let X be a complete separable metric space, Y
a metric space, and F a closed valued correspondence from 
 � Y to
X. For each �xed y 2 Y , let Fy denote the correspondence F (�; y) from

 to X, which is assumed to be measurable. Let G be a compact-valued
correspondence from 
 to X such that F (!; y) � G(!) for each ! 2 

and y 2 Y . If the correspondence F (!; �) is upper semicontinuous on
Y for each �xed ! 2 
, then DFy is upper semicontinuous in y 2 Y .

Proof. Since the correspondence G is compact valued, DG is com-
pact by Proposition 3.1. By assumption, G dominates Fy for all y 2 Y ;
therefore, DFy induces a closed valued correspondence from Y to the
compact space DG. Note that a closed valued correspondence from
a metrizable space to a compact metrizable space is upper semicon-
tinuous if and only if it has a closed graph (see Proposition 1.4.8 on
p.42 of [2]). Therefore the result on upper semicontinuity follows from
Corollary 2.8. �

Remark 3.3. Examples 1 and 3 in [29] show that the results in
Propositions 3.1 and 3.2 can fail to hold if the vector Loeb space is
replaced by the Lebesgue unit interval.

4. Finite Games with Private and Public Information

As an application of the results in Section 3, we establish in this
section the existence of a pure strategy equilibrium for �nite games
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with both private and public information and with compact metric
action spaces.

A game with private and public information � consists of a �nite
set of ` players and the following associated spaces and functions. Each
player i chooses actions from a compact metric space Ai; the product
�`j=1Aj is denoted by A. For each player i, a measurable space (Ti; Ti)
represents the personal information and events known to the player
but not necessarily to the other players, such as evolving, privately
obtained information about the management of various companies. A
�nite or countably in�nite set T0 = ft0k : k 2 Kg represents those
states that are to be publicly announced to all the players; let T0 be
the power set of T0. Another �nite or countably in�nite set S0 = fs0q :
q 2 Qg represents the payo¤-relevant common states that a¤ect the
payo¤s of all the players with S0 the power set of S0. The payo¤ for
the i-th player depends on the actions chosen by all the players, and
player i�s private information ti 2 Ti, together with a payo¤ relevant
common state s0 2 S0. That is, the i-th player�s payo¤ is given by a
function ui : A � S0 � Ti �! R; we assume that for each a 2 A and
s0 2 S0, ui(a; s0; �) is Ti-measurable on Ti. The product measurable
space (
;F) := (S0��`j=0Tj;S0��`j=0Tj) equipped with a probability
measure � constitutes the information space of the game �. We assume
that there is an integrable function  on (
;F ; �) such that for each
payo¤ function ui, ui(a; s0; ti) �  (s0; t0; t1; � � � ; tl) holds for each a 2
A, and each (s0; t0; t1; � � � ; tl) 2 
. We also assume that each payo¤
ui(�; s0; ti) is a continuous function on A when s0 and ti are �xed.
The players can use their private information as well as the publicly

announced information. Thus, a pure strategy for player i is a measur-
able mapping from T0� Ti to Ai. A pure strategy pro�le is a collection
g = (g1; : : : ; gl) of pure strategies that specify a pure strategy for each
player. In what follows, when i is given, we shall abbreviate a product
over all indices 1 � j � ` except for j = i by �j 6=i; i.e., �j 6=i means
�1�j�`;j 6=i. For each player i = 1; : : : ; l, we shall use the following (con-
ventional) notation: A�i = �j 6=iAj. For a in the product A = �`j=1Aj,
we write a�i for the projection of a into A�i; we also denote a with the
pair (ai; a�i). Similarly, for a pure strategy pro�le g = (g1; : : : ; gl), we
write g = (gi; g�i).
If the players play a pure strategy pro�le g = (g1; : : : ; gl), the re-

sulting expected payo¤ for player i can be written as

Ui(g) = Ui(g1; : : : ; gl) =

Z



ui(g1(t0; t1); : : : ; gl(t0; tl); s0; ti)d�:(3)
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A pure strategy equilibrium for � is a pure strategy pro�le g� = (g�1; : : : ; g
�
l ),

such that for each i = 1; : : : ; l, Ui(g�i ; g
�
�i) � Ui(gi; g

�
�i) for any other

pure strategy gi player i can choose.
Let �0 be the marginal probability measure on the countable set

S0 � T0. For simplicity, we denote �0(f(t0k; s0q)g) by �kq. For the
principal result of this section, we will need a condition on the proba-
bility measure �. For each given t0k 2 T0 and s0q 2 S0, let �kq denote
the conditional probability measure of � on the space (�lj=1Tj;�

l
j=1Tj);

such a conditional probability measure always exists since both S0 and
T0 are countable. For each player i = 1; : : : ; l, let �i and �

kq
i be the

respective marginal measures of � and �kq on the space (Ti; Ti). The
players� private information is said to be conditionally independent,
given the public and payo¤-relevant common information if for each
k 2 K, q 2 Q,

(4) �kq = �`i=1�
kq
i :

Now we can apply the results of Section 3 to obtain the existence
of a pure strategy equilibrium for the game �.

Theorem 4.1. Assume that (1) the players�private information is
conditionally independent, given the public and payo¤-relevant common
information; (2) the marginal probability measure �i of � on (Ti; Ti) is
an atomless Loeb measure. Then there exists a pure strategy equilibrium
for the game �.

Proof. Fix player i. Recall that the conditional probability mea-
sure �kqi is uniquely de�ned only when �kq > 0. When �kq = 0, we
can rede�ne �kqi to be �i without loss of generality. It is clear that for
each Ci 2 Ti, �i(Ci) =

P
k2K; q2Q �kq�

kq
i (Ci). Thus, for the case that

�kq > 0, �
kq
i is absolutely continuous with respect to the atomless Loeb

measure �i.
Hence, we can assume that for each k 2 K, q 2 Q, �kqi is atomless

and absolutely continuous with respect to the Loeb measure �i. Let
�kqi be the Radon-Nikodym derivative of �kqi with respect to �i, which
is Loeb integrable on the Loeb measure space (Ti; Ti; �i). By taking an
internal S-integrable lifting of �kqi and using it as an internal density,
we know that �kqi is a Loeb measure on (Ti; Ti) as well.
As in Section 3, the space M(Ai) of Borel probability measures

is endowed with the topology of weak convergence of measures. Let
[M(Ai)]

Q be the product space of jQj copies ofM(Ai) with the product
topology, which as a countable product of compact metrizable spaces,
can be given a compatible metric to make it a compact metric space.
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Let g = (g1; : : : ; gl) be a pure strategy pro�le. Denote gi(t0k; ti) by
gki (ti) for k 2 K. Thus, for each k 2 K, gki is a measurable mapping
from Ti to Ai. With the assumption of conditional independence in
part (1) of Theorem 4.1, we can rewrite player i�s payo¤ in Equation
(3) as

Ui(g) =
X
k2K

X
q2Q

�kq

Z
�lj=1Tj

ui(g
k
1(t1); : : : ; g

k
l (tl); s0q; ti)d�

kq

=
X
k2K

X
q2Q

�kq

Z
Ti��j 6=iTj

ui(g
k
1(t1); : : : ; g

k
l (tl); s0q; ti)d

�
�kqi � �j 6=i�

kq
j

�
=
X
k2K

X
q2Q

�kq

Z
Ti�A�i

ui(g
k
i (ti); a�i; s0q; ti)d

�
�kqi � �j 6=i�

kq
j (g

k
j )
�1
�

=
X
k2K

Z
Ti

X
q2Q

�kq�
kq
i (ti)

Z
A�i

ui(g
k
i (ti); a�i; s0q; ti)d

�
�j 6=i�

kq
j (g

k
j )
�1
�
d�i:

The above equation says that player i�s payo¤ only depends on the
conditional distributions of the other players�strategies on their action
spaces, given the public information t0k; k 2 K, and payo¤-relevant
common information s0q; q 2 Q.
For convenience, we introduce the following notation. Let  =

(1; : : : ; l) 2 �lj=1
�
(M(Aj))

Q
�
. Then, for any player j, j = (

q
j )q2Q 2

(M(Aj))
Q can be interpreted as a conditional distribution for player j�s

strategy given the public information t0k and payo¤-relevant common
information s0q. In addition, �i speci�es the conditional distributions
for all the players except for player i.
This suggests that we consider the following function

V k
i (g

k
i ) =

Z
Ti

X
q2Q

�kq�
kq
i (ti)

Z
A�i

ui(g
k
i (ti); a�i; s0q; ti)d�j 6=i

q
j (a�i)d�i

=

Z
Ti

wki (g
k
i (ti); ti; )d�i(ti);

where

wki (ai; ti; ) =
X
q2Q

�kq�
kq
i (ti)

Z
A�i

ui(ai; a�i; s0q; ti)d�j 6=i
q
j (a�i):

Note that the function V k
i (g

k
i ) is actually independent of i. However,

it is more convenient to take the whole  as a parameter, and we do
so. It is clear that given �i as the conditional distributions for all
the players except for player i, player i should choose a measurable



16 PETER LOEB AND YENENG SUN

response function gki : Ti ! Ai to maximize V
k
i (g

k
i ) for each state of

public information t0 = t0k; k 2 K.
It is obvious that for each �xed ai 2 Ai,  2 �lj=1

�
(M(Aj))

Q
�
,

wki (ai; ti; ) is Ti-measurable with respect to ti 2 Ti. For any ti 2 Ti,
the fact that wki (ai; ti; ) is continuous on Ai��lj=1

�
(M(Aj))

Q
�
follows

from the Stone-Weierstrass theorem, as pointed out in Section 4.3 of
[19].
For any ti 2 Ti,  2 �lj=1

�
(M(Aj))

Q
�
, let

�ki (ti; ) =
�
ai 2 Ai : wki (ai; ti; ) � wki (x; ti; ) 8x 2 Ai

	
:

For each �xed ti 2 Ti, the correspondence �ki (ti; �) is upper semicon-
tinuous on �lj=1

�
(M(Aj))

Q
�
by Berge�s maximum theorem (see, e.g.,

[1, p.473]). For any �xed  2 �lj=1
�
(M(Aj))

Q
�
, the correspondence

�ki (�; ) is measurable by Theorem 14.91 in [1, p.508].
We shall now show the existence of a pure strategy equilibrium for

the game �. Denote the vector measure (�kqi )q2Q by �
k
i . For any k 2 K

and  2 �lj=1
�
(M(Aj))

Q
�
, let

Gki () = f�ki'�1 : '(�) is a measurable selection of �ki (�; )g;
and Gk() = �li=1G

k
i (). It follows from Propositions 3.1 and 3.2 that

for each i, Gki (�) is convex and compact valued, and upper-semicontinuous
on �lj=1

�
(M(Aj))

Q
�
, so is the product Gk(). We can apply the Fixed

Point Theorem of Fan [9] and Glicksberg [11] to assert the existence
of a �k = (�k1 ; : : : ; 

�k
l ) 2 �lj=1

�
(M(Aj))

Q
�
such that �k 2 Gk(�k).

This means that for each player i and each k, �ki 2 Gki (�k), i.e., there
exists a measurable selection g�ki of the correspondence �ki (�; �k) such
that �ki

�
g�ki
��1

= �ki . This means that for any player i and k 2 K,

g�ki maximizes V k�k

i (�) on the space of measurable mappings from Ti
to Ai. Therefore, the pure strategy pro�le g� = (g�1; : : : ; g

�
l ) is a pure

strategy equilibrium for the game �. �

Remark 4.2. (1) Finite games with both private and public in-
formation are introduced in [10] for the case of �nite actions. The
existence of a pure strategy equilibrium is shown there for games with
�nite actions, where the relevant probability measures are not neces-
sarily Loeb measures. The assumption of �nite actions in games is
a serious restriction since many games require in�nite action spaces.
This paper is the �rst one to study games with general compact action
spaces and both private and public information.
(2) As shown in [17], the existence result of a pure strategy equi-

librium can fail to hold for games with general compact metric action
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spaces and with a Lebesgue type information space. Thus, Theorem
4.1 may fail to hold if the private information spaces (Ti; Ti; �i) are not
assumed to be Loeb spaces.
(3) In [10], each player�s private information is also divided into

two parts, one for payo¤-relevant private information and another for
strategy-relevant private information. Using the techniques in [10] and
[18], we can generalize the result in Theorem 4.1 to this more general
setting.

5. Proof of Theorem 2.4

The following lemma shows that if the internal probability measure
induced by an internal mapping h is in the weak monad of a standard
tight measure  on a separable metric space, then h is near standard
and its standard part �h on the corresponding Loeb space induces .

Lemma 5.1. Let X be a standard, separable metric space with met-
ric � and the Borel �-algebra B, and let  be a standard tight prob-
ability measure on (X;B). Let P0 be an internal probability measure
on (
;A0), and (
;A; P ) the corresponding Loeb space. Let h be an
internal, measurable map from (
;A0) to (�X;� B), and � an internal
probability measure on (�X;� B) such that � = P0h

�1, and � ' � in
the nonstandard extension of the topology of weak convergence of Borel
measures on X. Fix x0 2 X. The standard part �h(!) exists for P -
almost all ! 2 
; where h(!) is not near-standard, set �h(!) = x0.
Now for this function �h,  = P (�h)�1.

Proof. By de�nition, for every standard, bounded, continuous
real-valued function f on X,Z

�X

�f d� '
Z
�X

�f d� =

Z
X

f d:

Let K0 be a compact subset of X; it follows from the tightness of 
that for each n 2 N, one can let Kn be a compact subset of X such
that (Kn) > 1� 1

2n
, and Kn � Kn�1. Given Kn, and j 2 N, the set

V j
n := fx 2 X : �(x;Kn) <

1

j
g

has the property that �(�V j
n ) > 1� 1

n
since there is a continuous function

0 � f � 1 on X that is 1 on Kn and 0 o¤ of V j
n , whence

�(�V j
n ) =

Z
�V jn

1 d� �
Z
�V jn

�f d� '
Z
V jn

f d � (Kn) > 1�
1

2n
.
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Now for each n 2 N, the monad m (Kn) = \j2N�V j
n , and

h�1 [m(Kn)] = h�1
�
\j2N�V j

n

�
= \j2Nh�1

��V j
n

�
is externally measurable in 
. Moreover, P (h�1 [m(Kn)]) � 1� 1

n
.

Given n 2 N, �h is de�ned on h�1[m(Kn)]; it takes its values in Kn

and is measurable: A modi�cation of the well-known proof of measura-
bility starts with an open set O � X, with O\Kn 6= ?, and a �nite or
countably in�nite dense subset fxig of O \Kn. For each xi, we choose
a radius ri so that the open ball B(xi; ri) � O. The set

E := [ih�1 [�B(xi; ri=2) \m(Kn)]

is externally measurable in 
. Moreover, if ! 2 E, then for some i 2 N,
h(!) 2 �B(xi; ri=2)\m(Kn)) �h(!) 2 B(xi; ri)\Kn ) �h(!) 2 O\Kn:

On the other hand, if ! 2 
 and �h(!) 2 O\Kn, then for some i 2 N,
�h(!) 2 B(xi; ri=4) \Kn ) h(!) 2 �B(xi; ri=2) \m(Kn)) ! 2 E:
It follows that E = �h�1 [O \Kn].

Now, �h de�nes a measurable mapping from the externally measur-
able set [nh�1[m(Kn)] to [nKn. Since P ([nh�1[m(Kn)]) = 1, one can
de�ne �h on the complement of [nh�1[m(Kn)] in 
 to be a constant
x0 2 X. With this extension, �h is a measurable mapping de�ned on
(
;A; P ).
Finally, given a bounded, continuous, real-valued function f on X,Z

X

f dP (�h)�1 =

Z



f � �h dP =
Z



st (�f � h) dP

'
Z



�f � h dP0 =
Z
�X

�f d� '
Z
�X

�f d� =

Z
X

f d:

It follows that  = P (�h)�1 on X. �

The next lemma shows a way of identifying the limit points for a
sequence of functions.

Lemma 5.2. Let X be a standard, separable metric space with met-
ric � and the Borel �-algebra B. Let P0 be an internal probability mea-
sure on (
;A0), and (
;A; P ) the corresponding Loeb space. Fix an
internal sequence fhn : n 2 �Ng of measurable maps from (
;A0) to
(�X;� B). Given a nonempty compact subset K of X, there is an un-
limited HK 2 �N and a P -null set SK � 
 such that for each unlimited
n 2 �N with n � HK, hn has the property that if hn(!) has standard
part in K and ! =2 SK, then for any standard " > 0, there are in�nitely
many limited k 2 N for which ��(hk(!); hn(!)) < ".
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Proof. Given l 2 N, coverK with a �nite number, nl, of open balls
of radius 1=l. Let B(l; j), 1 � j � nl denote the nonstandard extension
of the jth ball. For each i 2 �N, setAi(l; j) := f! 2 
 : hi(!) =2 B(l; j)g.
For each k 2 N, choose an unlimited mk(l; j) 2 �N so that

P
�
\mk(l;j)
i=k Ai(l; j)

�
= P

�
\1i=k;i2NAi(l; j)

�
:

Set
Sk(l; j) :=

�
\1i=k;i2NAi(l; j)

�
� \mk(l;j)

i=k Ai(l; j):

Let HK be an unlimited element of �N such that HK is smaller than
mk(l; j) for every l 2 N, every j � nl, and every k 2 N. Let SK be
the P -null set formed by the union of the sets Sk(l; j) for every l 2 N,
every j � nl, and every k 2 N. To see that HK works, �x an unlimited
n 2 �N with n � HK . Suppose that hn(!) has a standard part in K
but for some l 2 N, there are at most �nitely many limited k 2 N for
which ��(hk(!); hn(!)) < 2=l. Then for some j � nl, hn(!) 2 B(l; j),
and by assumption there is a limited k 2 N such that for all limited
i � k, hi(!) =2 B(l; j). It follows that ! 2 Sk(l; j) � SK . �

In stating Case B of Theorem 2.4 we assume either that X has
the norm approximation property or, if that assumption does not hold,
that the sequence fgng1n=1 is weak* �j-tight. We now show that the
validity of the �rst assumption implies that of the second.

Proposition 5.3. Suppose that in Case B of Theorem 2.4, X has
the norm approximation property. It then follows that for each j 2 J ,
the sequence fgng1n=1 is weak* �j-tight.
Proof. Assume there is an increasing sequence ym of nonnegative

elements in Y with limm!1 hx; ymi = kxk. Fix j 2 J . We claim that
for each n 2 N, kgnk is �j-integrable andZ




kgnk d�j =
Z




gn d�j

 .
To show this we use an argument that will appear in [24] by Heinrich
Lotz. Given the sequence ym, by the Monotone Convergence Theorem,Z




gnd�j

 = lim
m!1

�Z



gnd�j; ym

�
= lim

m!1

Z



hgn; ymi d�j

=

Z



lim
m!1

hgn; ymi d�j =
Z



kgnk d�j:

Now, since the Gelfand integrals
R


gnd�j of the functions gn converge

in the weak*-topology, they are uniformly norm-bounded by the Uni-
form Boundedness Principle. Therefore, we may assume that for some
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Mj > 0 and all n 2 N,
R



gn d�j

 � Mj. Therefore, for each n 2 N
and each k 2 N, Z

fkgn(!)k�kg

kgnk d�j �Mj;

whence
�j (f! 2 
 : kgn (!)k � kg) �Mj=k;

and so the sequence fgng1n=1 is weak* �j-tight. �

Proof of Theorem 2.4. We begin with facts that are valid for either
Case A or B. We introduce a special symbol j =2 J and denote �� by �j;
let �J = J [ fjg.
Given Proposition 5.3, it follows from our assumptions that the

sequence fgng1n=1 is weak* �j-tight for each j 2 J , and it is easy to see
that it is also weak* ��-tight. By the Uniform Boundedness Theorem,
any weak* compact set is norm-bounded. Hence, for each j 2 �J it
follows from the weak* �j-tightness condition on fgng1n=1 that
(5) "kj := sup

n�1
�j(f! 2 
 : kgn(!)k > kg)

goes to zero as k goes to in�nity.
Let fymg1m=1 be a countable dense set in the closed unit ball of Y .

We use the sequence fymg1m=1 to de�ne a metric � on X as follows: For
x1; x2 2 X, �(x1; x2) =

P1
m=1

1
2m
jhx1 � x2; ymij. The topology induced

by � agrees with the weak* topology on all the weak* compact sets of
X; the two topologies also generate the same Borel �-algebra on X.
By the classical Prohorov Theorem, the tight sequence of measures

f�jgn�1g1n=1 has a convergent subsequence in the topology of weak con-
vergence of Borel measures on (X; �). Since �J is �nite or countably in�-
nite, a standard diagonalization argument shows that one can choose a
subsequence fgkqg1q=1 of fgng1n=1 such that for all j 2 �J , �j(gkq)

�1 con-
verges weakly to some (tight) Borel probability measure j on (X; �).
The conclusions of Theorem 2.4 still holds even if one works with just
a subsequence of the relevant sequence of functions. Without loss of
generality, therefore, we assume that the subsequence fgkqg1q=1 is the
whole sequence fgng1n=1. The measure �jg�1n now converge weakly to
j on (X; �).

Next, for each n 2 N let An1 = f! 2 
 : kgn(!)k � 1g, and let
Ank = f! 2 
 : k � 1 < kgn(!)k � kg for k � 2. The sequence
fAnk ; k 2 Ng forms an A-measurable partition of 
. We can �nd a
sequence of internal sets 
nk , k 2 N, such that ��(
nk�Ank) = 0 and

nk \ 
nk0 = ; for all k, k0 2 N with k 6= k0.
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For each n; k 2 N, �x an internal lifting with respect to the internal
metric �� of the restriction of gn to 
nk ; the lifting egkn is an internally
measurable mapping from (
nk ;A0 \ 
nk) to fx 2 �X : kxk � kg,
where A0 \ 
nk is the internal algebra of A0-measurable subsets of 
nk .
Extend the double sequences 
nk and egkn for n; k 2 N to obtain inter-
nal sequences 
nk and egkn with indices n; k now in �N. Also take the
nonstandard extension

��"kj : k 2 �N
	
of the sequence

�
"kj : k 2 N

	
.

There is an unlimited H0 2 �N such that for any n � H0 and any
k; k0 � H0, (i) 
nk \ 
nk0 = ; when k 6= k0, (ii) egkn is an internally
measurable mapping from (
nk ;A0 \ 
nk) to fx 2 �X : kxk � kg,
and (iii) ��0([kl=1
nl ) � 1� �"kj � 1

k
. For each n 2 �N with n � H0, let


n0 = 
n[H
0

l=1

n
l ; set hn(!) = 0 2 X for ! 2 
n0 , and set hn(!) = egln(!)

for ! 2 
nl , 1 � l � H0. Then, ��(khnk � k) � 1� �"kj � 1
k
, whence for

��-almost all ! 2 
, khn(!)k is limited in �R+. For each n 2 N, hn is
an internal lifting of gn, and hn : (
;A0; ��0)! (�X; ��). The function
hn is also an internal lifting of gn with respect to the measure �0j for
each j 2 J . Let En be a ��-null set in 
 such that ��(hn(!); gn(!)) ' 0
for every ! =2 En.
Let � be the Prohorov metric on the space of Borel probability

measures on (X; �). Fix any j 2 �J . Since limn!1 � (�jg
�1
n ; j) = 0,

the standard part of ��(�0jhn�1; �j) goes to zero as n goes to in�nity
through standard values. Thus there is an unlimited Mj 2 �N such
that for any unlimited n 2 �N with n �Mj,

(6) ��(�0jhn
�1; �j) ' 0:

Fix an unlimited element M� of �N such that M� � Mj for every
j 2 �J . It follows from Lemma 5.1 that for any unlimited n 2 �N with
n �M�, �hn(!) exists for ��-almost all ! 2 
 (and hence for �j-almost
all ! 2 
 for any given j 2 J). Moreover, j = �j(

�hn)
�1 for every

j 2 J .
Let �X = X� [0;1) with the metric �� de�ned as the summation on

the two relevant metrics, and set �hn(!) = (hn(!); khn(!)k) for 1 � n �
H0. For any l 2 N, by applying Lemma 5.2 to the internal sequence
�hn, 1 � n � H0, and the standard compact set Kl = fx 2 X : kxk �
lg � [0; l], we see that there is an unlimited Hl 2 �N and a ��-null set
Sl � 
 such that for each unlimited n 2 �N with n � Hl, �hn has the
property that if �hn(!) has standard part in Kl and ! =2 Sl, then for
any standard " > 0, there are in�nitely many limited k 2 N for which
���(�hk(!); �hn(!)) < ". Fix an unlimited element H 2 �N such that
H � Hl for each l 2 N, H �M� and H � H0.
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For each ! 2 
, let g(!) be the standard part in the space (X; �) of
hH(!) when the standard part is de�ned, and set g(!) = 0 otherwise.
For every j 2 J , j = �jg

�1. Let S0 be a ��-null set such that khH(!)k
is standardly �nite for ! =2 S0. Let S = ([1l=0Sl) [ ([1n=1En); then
��(S) = 0. For any ! =2 S, there is l 2 N such that (1) the standard
part with respect to the space

�
�X; ��

�
of (hH(!); khH(!)k) is in Kl,

and (2) there is a strictly increasing sequence hkqi in N such that the
standard part of ��(hkq(!); hH(!)) goes to zero as q goes to in�nity
while khkq(!)k � l + 1, which implies that gkq(!) converges to g(!)
under the metric � within a ball of radius l+ 1. Hence, for any ! =2 S,
g(!) is a weak* limit point of fgn(!)g1n=1.
For each y 2 Y , denote the functional h�; yi on X by �y. The

functional �y is continuous with respect to the weak* topology on X,
but it may not be continuous with respect to the metric topology gen-
erated by �. Fix a closed subset F of R, and for each k � 1, let
Ck = ��1y (F )\fx 2 X : kxk � kg. The set Ck is a weak* closed subset
of the closed ball centered at 0 with radius k, and is therefore closed
in (X; �).

For each j 2 �J and n 2 N, let �nj denote the measure �jg�1n .
Fixing j 2 �J , we know that the measures �nj converges weakly to j,
so lim supn!1 �

n
j (Ck) � j(Ck). (See Theorem 6.1 of [27]). Using

Equation (5), we see that for any given y 2 Y , �nj (��1y (F )) � �nj (Ck)+
"kj, and hence

lim sup
n!1

�nj (�
�1
y (F )) � lim sup

n!1
�nj (Ck) + "kj

� j(Ck) + "kj � j(�
�1
y (F )) + "kj:(7)

Therefore, lim supn!1 �
n
j (�

�1
y (F )) � j(�

�1
y (F )), and so �

n
j �

�1
y con-

verges weakly to j��1y on R (again by Theorem 6.1 of [27]). It follows
that the sequence fhgn; yig1n=1 of real-valued random variables con-
verges in distribution to the random variable hg; yi on (
;A; �j).
To �nish the proof of Case A, we note that since by assump-

tion the sequence fgng1n=1 is uniformly �j-norm-integrable, for each y 2
Y , the sequence fhgn; yig1n=1 is also uniformly �j-integrable, whence
limn!1

R


hgn; yid�j =

R


hg; yid�j (see [6, Theorem 5.4, p. 32]). This

means that g is Gelfand �j-integrable, and the weak* limit of the
Gelfand integrals

R


gnd�j is

R


gd�j.

To �nish the proof of Case B, we �x j 2 J , and an element
y in the positive cone Y+ of Y . We have shown that the sequence of
fhgn; yig1n=1 of nonnegative real-valued random variables converges in
distribution to the random variable hg; yi on (
;A; �j). It now follows,
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as shown in [6, Theorem 5.3, p. 32], that

(8)
Z



hg(!); yid�j � lim inf
n!1

Z



hgn(!); yid�j = haj; yi:

Therefore, the non-negative function hg; yi is �j-integrable.
Since an arbitrary element z in Y can be expressed as the di¤erence

of two non-negative elements, it is thus clear that hg; zi is �j-integrable,
and hence g is Gelfand �j-integrable. Moreover, for each y 2 Y+�Z




gd�j; y

�
=

Z



hg(!); yid�j � haj; yi;

so in terms of the ordering on X,
R


gd�j � aj.

To �nish the proof, we again recall that for any y 2 Y and j 2 J ,
the sequence fhgn; yig1n=1 of real-valued random variables converges in
distribution to the random variable hg; yi on (
;A; �j). If fhgn; yig1n=1
is uniformly �j-integrable, then as shown in [6, Theorem 5.4, p. 32],

lim
n!1

Z



hgn; yid�j =
Z



hg; yid�j = haj; yi:

For any j 2 J , if fgng1n=1 is uniformly �j-norm-integrable, then
R


hg; yid�j =

haj; yi for every y 2 Y , and in this case
R


gd�j = aj. �

6. Proof of Theorem 2.5

We close with the proof of Theorem 2.5, which is a generalization
of Case B of Theorem 2.4; we often refer back to the proof of Theorem
2.4. First we show that if X satis�es the norm approximation property,
then the sequence fgng1n=1 is weak* �j-tight. Fix j 2 J . A proof similar
to that given for Proposition 5.3 shows that for each n 2 N,Z




kgn � fnk d�j =
Z




(gn � fn) d�j

 ;
and the Gelfand integrals for the sequence fgng1n=1 are uniformly norm-
bounded. By assumption, the integrals

R


kfnk d�j are uniformly bounded.

It follows that the Gelfand integrals for the sequence ffng1n=1 are uni-
formly norm-bounded, so the same is true for the Gelfand integrals of
the sequence fgn � fng1n=1. Therefore, for some Mj > 0 and all n 2 N,Z




kgnk d�j �
Z



kgn � fnk d�j +
Z



kfnk d�j

=

Z



(gn � fn) d�j

+ Z



kfnk d�j �Mj;

and the result follows as before.
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Next, we still denote �� by �j, and we let �J = J [fjg. We again use
the metric � on X. It follows from our assumptions that the sequence
fgng1n=1 is weak* �j-tight for each j 2 J . As before, for each j 2 �J
the sequence "kj = supn�1 �j(f! 2 
 : kgn(!)k > kg) goes to zero as k
goes to in�nity.
Let �2 be the metric on X2 = X � X de�ned at (x1; x2), (x01; x

0
2)

by setting �2((x1; x2); (x01; x
0
2)) = maxf�(x1; x01); �(x2; x02)g. Fix j 2 �J .

Since ffng1n=1 is uniformly �j-norm-integrable, it is weak* �j-tight.
Therefore, the sequence f(gn; fn)g1n=1 of functions from (
;A; �j) to
(X2; �2) is tight. For each n 2 N, let �nj denote the Borel probability
measure �j(gn; fn)�1 on (X2; �2); let �nj and (�

0)nj , denote �jg
�1
n and

�jfn
�1, respectively; these are the marginal measures of �nj .
By the classical Prohorov Theorem, for each j 2 �J , the tight se-

quence of measures


�nj : n 2 N

�
has a convergent subsequence in the

topology of weak convergence of Borel measures on (X2; �2). As before,
we may assume that f(gn; fn)g1n=1 is itself the sequence producing the
measures �nj that converge to Borel probability measures �j on (X

2; �2).
For each j 2 �J , let j and 0j be the respective marginal probability
measures of �j on the �rst and second components of (X2; �2). The
measures, �nj and (�

0)nj converge weakly to j and 
0
j, respectively.

Now as before, we de�ne the A-measurable partition fAnk ; k 2 Ng
of 
, and we �nd a sequence of internal sets 
nk , k 2 N, such that
��(
nk�A

n
k) = 0 and 


n
k \
nk0 = ; for all k 6= k0. Also for each n; k 2 N,

we �nd an internal lifting with respect to the internal metric �� of the
restriction of gn to 
nk . The lifting egkn is an internal map from 
nk to
fx 2 �X : kxk � kg.
Extending the double sequences 
nk and egkn for n; k 2 N to internal

sequences 
nk and egkn for n; k 2 �N, we de�ne as before an unlimited
H0 2 �N and internal functions hn : (
;A0; ��0)! (�X; ��) for n � H0

with khn(!)k limited in �R+ for ��-almost all ! 2 
. For each n 2
N, hn is an internal lifting of gn with respect to the measure �� (and
�0j as well for each j 2 J). Let En be a ��-null set in 
 such that
��(hn(!); gn(!)) ' 0 for every ! =2 En.

We may assume that for the same H0 we have an internal sequence
of functions fh0ng

H0

n=1 so that for each n 2 N, h0n is an internal lifting
from (
;A0; ��0) to (�X; ��) for fn and also an internal lifting of fn with
respect to the measure �0j for each j 2 J .

Let � be the Prohorov metric on the space of Borel probability mea-
sures on (X2; �2). Given j 2 �J , the standard part of ��(�0j(hn; h0n)

�1; ��j)
goes to zero as n goes to in�nity through standard values. Thus there
is an unlimited Mj 2 �N such that for each unlimited n 2 �N with
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n � Mj, ��(�0j(hn; h0n)
�1; ��j) ' 0. Fix an unlimited element M� of

�N such that M� � Mj for every j 2 �J . It follows from Lemma 5.1
that for any unlimited n 2 �N with n �M�, �(hn(!); h0n(!)) exists for
��-almost all ! 2 
 (and hence for �j-almost all ! 2 
 for any given
j 2 J). Moreover, �j = �j(

�(hn; h
0
n))

�1 for every j 2 J .
Let �X = X� [0;1) with the metric �� de�ned as the summation on

the two relevant metrics, and set �hn(!) = (hn(!); khn(!)k) for 1 � n �
H0. For any l 2 N, by applying Lemma 5.2 to the internal sequence
�hn, 1 � n � H0, and Kl = fx 2 X : kxk � lg� [0; l], we see that there
is an unlimited Hl 2 �N and a ��-null set Sl � 
 such that for each
unlimited n 2 �N with n � Hl, �hn has the property that if �hn(!) has
standard part in Kl and ! =2 Sl, then for any standard " > 0, there are
in�nitely many limited k 2 N for which ���(�hk(!); �hn(!)) < ". Fix an
unlimited element H 2 �N such that H � Hl for any l 2 N, H � M�

and H � H0.
For each ! 2 
, let (g(!); f(!)) be the standard part in the space

(X2; �2) of (hH(!); h0H(!)) when the standard part is de�ned, and set
(g(!); f(!)) = (0; 0) otherwise. For any j 2 J , �j = �j(g; f)

�1, and in
particular, j = �jg

�1 and 0j = �jf
�1. Let S0 be a ��-null set such that

khH(!)k is standardly �nite for ! =2 S0. Let S = ([1l=0Sl) [ ([1n=1En);
then ��(S) = 0. For any ! =2 S, there is l 2 N such that (1) the
standard part with respect to the space

�
�X; ��

�
of (hH(!); khH(!)k) is

in Kl, and (2) there is a strictly increasing sequence hkqi in N such
that the standard part of ��(hkq(!); hH(!)) goes to zero as q goes to
in�nity while khkq(!)k � l + 1, which implies that gkq(!) converges to
g(!) under the metric � within a ball of radius l + 1. Hence, for any
! =2 S, g(!) is a weak* limit point of fgn(!)g1n=1.
For each y 2 Y , denote the functional h�; yi on X by �y. The same

proof as before shows that �nj �
�1
y converges weakly to j��1y . A similar

proof shows that (� 0)nj �
�1
y converges weakly to 0j�

�1
y .

Fix an element y in Y . On X2, let  y(x1; x2) = hx1 � x2; yi. Take
any closed subset F of R. For each k � 1, let Bk = f(x1; x2) 2 X2 :
kx1k � k; kx2k � kg. Set Dk =  �1y (F ) \ Bk, and let  ky be the
restriction of  y to Bk. It is obvious that Dk = ( 

k
y)
�1(F ). Since  ky is

continuous on (Bk; �2), ( ky)
�1(F ) is a closed subset of Bk, and hence

a close set in (X2; �2). With arguments similar to those given before,
it follows that �nj  

�1
y converges weakly to �j �1y as n goes to in�nity.

Next we note that the proof given for the gn�s in �nishing the proof
of Case A of Theorem 2.4 also shows, when applied to the fn�s, that f
is Gelfand �j-integrable, and the weak* limit of the Gelfand integralsR


fnd�j is

R


fd�j.



26 PETER LOEB AND YENENG SUN

Fix j 2 J , and an element y in the positive cone Y+ of Y . It is
shown above that the sequence f y(gn; fn)g1n=1 of real-valued random
variables converges in distribution to the random variable  y(g; f) on
(
;A; �j). Since  y(gn; fn)(!) = hgn(!)� fn(!); yi � 0 for any n 2 N,
! 2 
,  y(g; f) is also a non-negative random variable. It now follows,
as shown in [6, Theorem 5.3, p. 32], thatZ




hg � f; yid�j =
Z



 y(g; f)d�j

� lim inf
n!1

Z



 y(gn; fn)d�j

= lim inf
n!1

�Z



hgn; yid�j �
Z



hfn; yid�j
�

= haj; yi �
Z



hf; yid�j:(9)

Therefore, the non-negative function hg � f; yi is �j-integrable. Since
hf; yi is �j-integrable, we know that hg; yi is �j-integrable.
Since an arbitrary element z in Y can be expressed as the di¤erence

of two non-negative elements, it is thus clear that hg; zi is �j-integrable,
and hence g is Gelfand �j-integrable. By Equation (9), we have for
y 2 Y+

(10) h
Z



gd�j; yi � h
Z



fd�j; yi � haj; yi � h
Z



fd�j; yi;

which implies that h
R


gd�j; yi � haj; yi. Hence

R


gd�j � aj. The

proof of the two statements of equality is the same as before. �
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