
Homework #3 Math 519
Due in class Monday, February 27, 2012 (You are welcome to submit it earlier).

Exercise 1. Let f(x, y) be a smooth function on R2 and N its graph in R3:

N = {(x, y, f(x, y)) | (x, y) ∈ R2}
Show that the Gauss curvature κ is given by

κ =
fxxfyy − f2xy

(1 + f2x + f2y )2

where fxy = ∂2f
∂x∂y and so on.

Exercise 2. Consider the embeddings of the 2-torus T2 = S1×S1 into R4 and into R3 respectively.
The first one is the inclusion

f : T2 → C2 = R4, f(eiθ, eiτ ) = (eiθ, eiτ ).

The second embeds T2 in R3 as a surface of revolution:

g(eiθ, eiτ ) = ((R+ r cos θ) cos τ, (R+ r cos θ) sin τ, r sin θ),

where R is bigger than r (otherwise it’s not an embedding). Prove that the Riemann curvature
tensor for the metric induced by f is zero. Prove that the Riemann curvature is not zero for the
second embedding.

Extra credit: prove that the Gauss curvature for the second embedding is

κ(θ, τ) =
cos θ

r(R+ r cos θ)
.

Exercise 3. Consider the odd dimensional sphere S2n−1 as being embedded in Cn. Then group S1

of unite complex numbers acts on S2n−1 by scalar multiplication. The orbit space is the projective
space CPn−1. Prove that the quotient map π : S2n−1 → CPn−1 makes the sphere into a principal
S1 bundle over the projective space.

Exercise 4. Let M be a manifold, G a Lie group, φ : M ×G→M ×G a G equivariant diffeomor-
phism which commutes with the projection on the first factor (G acts on M × G by multiplying
the second factor on the right). Prove that there is a smooth map f : M → G so that

φ(x, a) = (x, f(x)a)

for all (x, a) ∈M ×G.

Exercise 5. Prove that the frame bundle of the tangent bundle TS2 → S2 is non-trivial.
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