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What is differential geometry?

Geometry vs topology

We should think of topology as rubber-sheet geometry. Topologists
are interested in geometric properties and spatial relations of a
space that are unaffected by deformations or relative size of figures.

Definition
The topology of a space is the set of properties of it which are
unchanged by deforming it or cutting it apart and regluing the
same parts together.
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Example

A topologist cannot distinguish between a doughnut and a coffee
cup.

coffee cup doughnut

In comparison, a geometer would say that the coffee cup and
doughnut are different spaces.
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Definition
The geometry of a space is the set of properties of it which can
be measured. This includes distances, areas, volumes, angles,
curvature, etc.

Example

To a topologists, the two spheres are the same. To a geometer, on
the other hand, these are distinct.

small sphere large sphere
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Definition
Differential geometry is the area of math that uses calculus
and linear algebra to understand the geometry of a space.

Today we will focus on one aspect of linear algebra:

the determinant of a matrix.
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The classical determinant

Definition
Given a matrix

X =

[
a b
c d

]
with a, b, c , and d real numbers, the determinant of X is the
number

ad − bc.

Example

det

([
1 2
3 4

])
= 1(4)− 2(3) = −2.

This simple operation can give us a ton of geometric information
about a space!
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A slight recontextualization

We can think of the determinant as a map that ‘eats’ two vectors
in the plane R2 and ‘spits out’ a real number.

Given vectors V = (A,C ) and
W = (B,D), we set these to be
the columns of a matrix:

X =

[
A B
C D

]
.

Question 1: Do non-zero vectors V and W span a 1 or 2
dimensional space?

If det(X ) = 0, then the span is 1-d. Otherwise, the span is 2-d.
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Then det(X ) = A~y − B~x = (−B,A) is an orthogonal vector.
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parallelepiped formed by V and W ?
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We didn’t cover the red triangle
with the approximation rectangle.
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Question 3: Given vectors V ,W , what is the area of the
parallelepiped formed by V and W ?

We double accounted for the
upper right hand diamond, and
we added the area of two triangle
slivers that give no area to the
purple parallelepiped.
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We over-estimated by the area of
the rectangle of dimensions c by
b.

Thus the purple area is ad − bc,
or the determinant of the matrix
with V and W as columns.
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Generalizing the determinant
Object of study: M a manifold. (We will mainly discuss surfaces,
or 2-dimensional manifolds).

Definition
an n-dimensional manifold is a topological space that locally
looks like Rn.

Example

Circle S1, sphere S2, and torus T2.
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Definition
To each point of a manifold you can associate the plane tangent
to the manifold at that point. The collection of all these planes
forms a vector bundle, called the tangent bundle TM.

Examples: TS1, TS2, TT2.
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Definition
A symplectic form on a manifold M is a closed,
non-degenerate 2 form ω.

Unpacking this definition:

• A 2-form is an R bilinear, anticommutative map TM ×TM → R.

Example: R2

Consider ω : TR2 × TR2 → R given by
ω(a~x + b~y , c~x + d~y) = ad − bc for any
a, b, c , d ∈ R.

Check bilinear: ω(E (a~x + b~y),F (c~x + d~y)) =
EaFd − EbFc = EF (ad − bc).

Check anticommutative:
ω(c~x + d~y , a~x + b~y) = cb− da = −(ad − bc).
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• A non-degenerate 2 form ω is one that obeys the “buddy
system”: For every non-zero vector ~v , there exists a vector ~u such
that ω(~v , ~u) 6= 0.

Recall our previous example: If ω(a~x + b~y , c~x + d~y) = ad − bc,
what vector ~u can we pair with 3~x + 2~y in order for ω(3~x + 2~y , ~u)
to be nonzero?

How about ~y?

Indeed,
ω(3~x + 2~y , ~y) = 3 6= 0.
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Some remarks

Remark 1. All 2-forms on a surface are by default closed, so we
will not discuss that aspect of the definition of a symplectic form.

Remark 2. We use the notation dx ∧ dy to denote the form ω in
our R2 example.

Remark 3. ALL symplectic forms on ALL surfaces locally look like
dx ∧ dy , i.e. just the determinant of a real 2 by 2 matrix!

Intuition: A symplectic form is an assignment of a determinant like
map to each tangent plane.
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Example

The sphere S2 has symplectic
form ds ∧ dt.



Example

The torus T2 with symplectic
form dp ∧ dq.



Why is this useful?

Application 1: The existence of a symplectic form on a surface
detects orientability.

Example

Cylinder vs. Möbius strip

Application 2: Physics!
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The Lazy Runner

Say you are running on the surface of
the earth.

Let f be the function that at any point
tells you your height above sea level.

The industrious runner would be looking for a challenge!

What familiar vector field would this runner use to know the
direction to run in?
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The Lazy Runner

The gradient! ∇f

On the other hand, the lazy runner would follow the symplectic
gradient ∇ωf .

A symplectic form tells us in which direction f isn’t changing.
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Symplectic Brownie

Consider a turtle brownie.
We will view this brownie
space as a 2-dimensional
surface.

We can equip it with the
‘standard’ symplectic
form.

We will use our symplectic
form to understand the
behavior of functions on
our brownie space.

What are good, useful
functions to consider on a
brownie space?
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Symplectic Brownie

Symplectic geometry takes on food science!

The following attributes are among
the many variables that can be
objectively quantified with a Texture
Analyzer: burst strength, crispness,

brittleness, cohesion, hardness and softness,

extensibility, fractureability, slipperiness and

smoothness, absorption and swelling, adhesion

and tackiness, bloom strength, bone strength,

puncture, compression, sharpness, spreadability,

consistency, firmness, resilience, stringiness,

stickiness, rupture, springiness, viscosity,

powder caking and bridging, friability,

disintegration, three-point bend, wetness and

tackiness, tablet hardness, cracking, tensile

testing, stiffness, and friction.
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Symplectic Brownie

Claim
Given an attribute f , the following ‘symplectic brownie’
algorithm is the optimal brownie cutting procedure with respect
to that attribute.

Let’s consider the
function f that
measures chewiness
at each point.

The symplectic
form gives us
trajectories of
conserved
chewiness.
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Symplectic Brownie

For those that love
a chewier brownie,
they should find the
value of the
function f that they
prefer towards the
edge of the pan,
and then follow
∇ωf to cut out the
perfect piece!



Symplectic Brownie

A slightly softer cut
can be found closer
to the center.

Again, once you’ve
found a satisfactory
value of chewiness
using f , follow ∇ωf
to cut.



Symplectic Brownie

The gooiest (i.e.
best) part of the
brownie can be
found in the center.
Again, once you’ve
sampled and found
a point with the
correct f value,
follow ∇ωf to cut.



Trajectories of conserved chewiness
Given a symplectic brownie, we can also use the symplectic form
and trajectories of conserved chewiness to deduce the brownie
space (i.e. pan).
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Motivating Poisson geometry

Symplectic form: Useful gadget that ‘sees’ every direction and
gives you back information. One could think of a symplectic form
as a sensor on your space.



Poisson Museum of Modern Art

Say we have an art museum. We would like the art to be secure.

Security options:

I Put a symplectic form
on the space
{PMMA} × {time} .

I Do nothing.

Question: Is either option realistic?
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Poisson Museum of Modern Art

A third option:

On the fifth floor we have
a Barnett Newman
painting we are quite
attached to.



Poisson Museum of Modern Art

A third option:

In this room we will position 6
lasers. Each laser can sense
changes over time and movement
along its trajectory.

Think of these as a symplectic
form on {laser path} × {time}.
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A third option:

On floors 1-4 there will be
sensors that detect horizontal
change.

Think of these as symplectic
forms on each horizontal plane
(i.e. floor).
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Poisson Museum of Modern Art
A third option:

On the top floors there are cats.
Cats can detect horizontal changes.

Unfortunately, they are prone to
napping on the job.

Think of these as symplectic forms
on each floor during times when the
cat is awake.

Idea: Poisson structures are all the various sensor configurations
we could put on the PMMA.
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A Poisson structure on a manifold is a partition of the space
into symplectic manifolds that fit together ‘nicely’.

Example

Real three space R3 has many different Poisson structures.
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Why study Poisson structures?

I Well, as we saw, not all manifolds admit symplectic
structures. Poisson structures are the next best thing.

I Symplectic geometry works well for classical/Hamiltonian
mechanics, but not for quantum mechanics, since we assume
that we can specify the exact position and momentum of
particles simultaneously at any point in time.



Why study Poisson structures?

I Well, as we saw, not all manifolds admit symplectic
structures. Poisson structures are the next best thing.

I Symplectic geometry works well for classical/Hamiltonian
mechanics, but not for quantum mechanics, since we assume
that we can specify the exact position and momentum of
particles simultaneously at any point in time.



Return to the PMMA

There are two roles I take on as a Poisson geometer.

Master Thief
Motivating Question: Given
a manifold M with a Poisson
structure, how can I tell what
the structure looks like?
Where are the security
weaknesses?

(Given a Poisson manifold
(M, π), what is the induced
symplectic foliation and what
is the degeneracy locus of π?)

Carmen Sandiego, gentleman thief



Return to the PMMA

There are two roles I take on as a Poisson geometer.

Master Thief
Motivating Question: Given
a manifold M with a Poisson
structure, how can I tell what
the structure looks like?
Where are the security
weaknesses?

(Given a Poisson manifold
(M, π), what is the induced
symplectic foliation and what
is the degeneracy locus of π?)

Carmen Sandiego, gentleman thief



Security Analyst
Motivating Question:
Given a manifold M with a
‘minimally degenerate’
Poisson structure, can I
somehow formally treat it as
a symplectic structure? Can I
build Poisson structures that
are are close to being
symplectic (i.e. secure)? stock photo: ‘security analyst’



The flavor of my results

Build: You allow some sort of specific degeneracy. Can you build
Poisson structures on manifolds that don’t admit a symplectic
structure?

Classify: Given your allowed degeneracy, how many distinct
Poisson structures of this type are on your space?

Deform: I compute an invariant, called Poisson cohomology
that ‘counts nearby Poisson structures’ in the same way simplicial
homology ‘counts holes’ in a topological space.
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