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Equitable colorings of outerplanar graphs
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Abstract

A proper vertex coloring of a graph is equitable if the sizes of color classes di2er by at
most 1. In this note, we prove the conjecture of Yap and Zhang that every outerplanar graph
with maximum degree at most � admits an equitable k-coloring for every k¿ 1 + �=2. This
restriction on k cannot be weakened.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In many applications of graph coloring the sizes of color classes should not be too
large. One of the possible formalizations of this restriction is the notion of equitable
coloring. A proper vertex coloring of a graph is called equitable if the sizes of color
classes di2er by at most 1.
A graph may have an equitable k-coloring (i.e., an equitable coloring with k col-

ors) but have no equitable (k +1)-coloring. For example, the complete bipartite graph
K2m+1;2m+1 for m¿1 has an equitable 2-coloring but has no equitable (2m+1)-coloring.
Hajnal and Szemer@edi [2] answering a question of Erdős proved that for every pos-
itive � and every k¿� + 1, each graph with maximum degree � has an equitable
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k-coloring. Chen et al. [1] conjectured that for an arbitrary �¿3, every connected graph
with maximum degree � distinct from K1+� and K�;� has an equitable
�-coloring.
This conjecture is proved for graphs in some classes, such as interval graphs, trees,

and so on (a good survey is given in [3]). In particular, Yap and Zhang [5] proved
this conjecture for outerplanar graphs. In the same paper they conjectured that every
outerplanar graph with maximum degree �¿3 is equitably k-colorable for every k¿1+
�=2. The aim of the present note is to prove this conjecture. Notice that the star K1;2k−1

has no equitable k-coloring and thus the restriction k¿1 + �=2 cannot be weakened
even for trees.

2. The result

Theorem 1. Let �¿3 and k¿1 + �=2. Then for every outerplanar graph G with
maximum degree at most �, there exists an equitable k-coloring of G.

Proof. Assume that the theorem does not hold for some k¿1 + �=2, where �¿3.
Choose among outerplanar graphs without equitable k-colorings a graph G=(V; E)
with the minimum number of vertices.

Lemma 2. |V | ≡ 0 (mod k) or |V | ≡ k − 1 (mod k).

Proof. Suppose |V |= ik + j, where 16j6k − 2. Since every outerplanar graph has a
vertex of degree at most 2 (see, e.g., [4, p. 240]), we can assume that degG(v)62. By
the minimality of G, there exists an equitable k-coloring f of G − v. In this coloring,
exactly k−j+1 color classes have cardinality i and exactly j−1 classes have cardinality
i + 1. By the choice of j; k − j + 1¿3. Thus we can choose for v a color di2erent
from the colors of the neighbors of v and such that its color class has i elements. This
gives an equitable k-coloring of G, a contradiction.

Let G be drawn on the plane so that its vertices lie on a circle and every edge is a
straight segment. Number the vertices of G clockwise: v1; : : : ; vn. If for every i and j
with |j − i| ≡ 0 (mod k), there is no edge vivj, then we simply give every vi the color
i (mod k). Since |V | �≡ 1 (mod k), that would give a proper equitable coloring of G. So,
we may assume that for some j, there is an edge v1vjk+1 and that

for every j′¡j and every 16i6jk; there is no edge vivi+j′k : (1)

Let G1 be the subgraph of G induced by the vertex set {v1; : : : ; vjk+1} and G2 be the
subgraph of G induced by the vertex set {vjk+1; : : : ; vn; v1}.

Lemma 3. Let k¿4. If degG1
(v1)6k − 1 and degG1

(v1+jk)6k − 1, then there exists
a k-coloring f1 of V (G1) with color classes X1; : : : ; Xk such that |X1|= |X2|= j + 1;
|X3|= |X4|= · · · = |Xk−1|= j; |Xk |= j − 1; v1 ∈X1, and v1+jk ∈X2.
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Proof. For i=2; 3; : : : ; jk, color vi with color xi−1 ≡ i−1 (mod k); 16xi−16k. Because
of (1), this coloring is proper. Color k will be used j− 1 times, and every other color
will be used j times. Each of v1; v1+jk is not adjacent to at least two colors. The
only possibility that we cannot choose a color �¡k not adjacent to v1 and a color
�¡k; � �= � not adjacent to v1+jk is that degG1

(v1)= degG1
(v1+jk)= k − 1 and each

of v1; v1+jk is not adjacent to exactly two colors: k and �. In this case, let i be the
largest integer less than 1+ jk such that v1vi ∈E(G1). Let x be the current color of vi.
Recall that x �= k, since v1 is not adjacent to vertices of color k. If there exists a color
y¡x; y �= �, then we swap colors k and y on all vertices vl with l¡i. Since the set
{v1; vi} separates G1, we get a new coloring, where color k is used j times and color
y is used j − 1 times. Moreover, v1+jk is still not adjacent to vertices of color k. So,
after coloring v1+jk with k and v1 with �, we are done.

Suppose that there is no such color y. This means that either x=1 or x = 2 and
�=1. Since k¿4, in both cases there exists z¿x such that z =∈{k; �}. Then we swap
colors k and z on all vertices vl with l¿i. Similarly to the previous paragraph, we
color v1 with k and v1+jk with �, and are done. This proves the lemma.

Lemma 4. Let k¿3. There exists an equitable k-coloring f1 of V (G1) with color
classes X1; : : : ; Xk such that |X1|= j + 1; |X2|= |X3|= · · · = |Xk |= j, and |{v1; v1+jk}
∩X1|=1.

Proof. For i=1; 2; : : : ; jk, color vi with color xi≡ i (mod k); 16xi6k. Because of (1),
this coloring is proper. Every color is used j times. Let i be the largest integer less
than 1 + jk such that v1vi ∈E(G1) and let x be the current color of vi. If x¿3, then
we swap colors 1 and 2 for vertices with indices greater than i. Now we can color
v1+kj with color 2 due to (1). That will be the required equitable coloring, where j+1
vertices will be colored with color 2. If x=2, then we swap colors 1 and k for vertices
with indices greater than i. Now we can color v1+kj with color k due to (1). Thus we
get the required equitable coloring, where j + 1 vertices will be colored with color 1.
This proves the lemma.

To prove the theorem, we consider several cases.
Case 1: degG2

(v1)6k−1 and degG1
(vjk+1)6k−1. By the minimality of G, there exist

an equitable k-coloring f1 of G1− vjk+1 and an equitable k-coloring f2 of G2− v1. Let
X1; : : : ; Xk (respectively, Y1; : : : ; Yk) be the color classes of f1 (respectively, f2). Recall
that |X1|= · · · = |Xk |= j. We may assume that v1 ∈X1 and vjk+1 ∈Y1. Under conditions
of the case, we can choose some m and r such that Ym is not adjacent to v1 and Xr is
not adjacent to vjk+1. Since v1vjk+1 is an edge, m �=1 and r �=1. We may assume m=2
and r=2. Let Z1 =X1 ∪Y2; Z2 =X2 ∪Y1, and for s=3; : : : ; k, let Zs=Xs ∪Ys. Since
{v1; vjk+1} separates G, every Zs is an independent set. This contradicts the choice
of G.
Case 2: degG1

(v1)6k − 1 and degG2
(vjk+1)6k − 1. The same proof.

Since degG1
(v1) + degG2

(v1)6�+ 162k − 1 and degG1
(vjk+1) + degG2

(vjk+1)6�+
162k − 1, there remain the following two cases:
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Case 3: degG1
(v1)¿k and degG1

(vjk+1)¿k. By Lemma 4, there exists an equitable
k-coloring of G1 such that either the color class of v1 or that of vjk+1 (say, of v1)
contains j + 1 vertices.
If |V | ≡ k − 1 (mod k), then by the minimality of G, there exists an equitable

k-coloring f2 of G2, and all color classes of f2 have the same cardinality. Thus,
renaming colors in f2 so that f2(v1)=f1(v1) and f2(vjk+1)=f1(vjk+1), we get an
equitable k-coloring of G in which the only smaller class contains vjk+1.
Suppose now that |V | ≡ 0 (mod k). Let G′′ be obtained from G2 by contracting

v1 with vjk+1 into a new vertex v∗ (and deleting parallel edges, if needed). Since
degG′′(v∗)62(� − k)¡� and G′′ is outerplanar, by the minimality of G there exists
an equitable k-coloring f2 of G′′. Again, all color classes of f2 have the same cardi-
nality. Let v∗ be colored with color � in f2. Since vjk+1 is adjacent to at most k − 2
vertices in G′′ − v∗, there is a color � �= � such that vjk+1 is not adjacent to vertices of
color � in G′′ − v∗. Thus, renaming colors in f1 so that f1(v1)= � and f1(vjk+1)= �,
we get an equitable k-coloring of G.
Case 4: degG2

(v1)¿k and degG2
(vjk+1)¿k.

By the minimality of G, there exists an equitable k-coloring f2 of G2. Let Y1; : : : ; Yk
be the color classes of f2. Depending on whether |V | is k − 1 or 0 modulo k, all Yi’s
have the same cardinality, or exactly one of them (say, Yk) is slightly larger. Due to
the symmetry between v1 and vjk+1, we may assume that v1 =∈Yk .

We distinguish two subcases.
Subcase 4.1: vjk+1 ∈Yk . Note that this covers the case |V | ≡ k − 1 (mod k).
Let G′ be obtained from G1 by contracting v1 with vjk+1 into a new vertex v′.

Since degG′(v′)62(� − k)¡� and G′ is outerplanar, by the minimality of G, there
exists an equitable k-coloring f′ of G′. Let X1; : : : ; Xk be the color classes of f′.
Each of Xi has cardinality j. We may assume that v′ ∈Xk . Then by construction, no
vertex in Xk − v′ is adjacent to V (G2). Thus, Zk =(Xk − v′)∪Yk is an independent
set of cardinality �|V |=k�. Since degG2

(v1)¿k, at most k − 2 color classes of f′ are
adjacent to v1. So, we may assume that X1 is not adjacent to v1 and v1 ∈Y1. In this
case letting Zi=Xi ∪Yi for i=1; : : : ; k − 1, we obtain an equitable k-coloring of G, a
contradiction.
Subcase 4.2: vjk+1 =∈Yk . Note that this implies |V | ≡ 0 (mod k). We may assume

v1 ∈Y1; vjk+1 ∈Y2.
First, let k¿4. By Lemma 3 there exists a k-coloring f1 of V (G1) with color classes

X1; : : : ; Xk such that |X1|= |X2|= j + 1; |X3|= |X4|= · · · = |Xk−1|= j; |Xk |= j − 1,
v1 ∈X1 and v1+jk ∈X2. Then the partition (X1 ∪Y1; X2 ∪Y2; : : : ; Xk ∪Yk) of V (G) is
an equitable k-coloring of G, a contradiction.

Now, let k =3. Consider G′
2 obtained from G2 by adding two vertices: w adja-

cent to v3j+1 and v1, and u adjacent only to w. Clearly, G′
2 is outerplanar. Sup-

pose that |V (G′
2)|¡|V (G)|. Then there exists an equitable 3-coloring f′

2 of G′
2. Since

|V (G′
2)| ≡ 0 (mod 3), all color classes of f′

2 have the same size. But then deleting ver-
tices w and u, we get an equitable 3-coloring of G2 satisfying conditions of
Subcase 4.1. This contradiction shows that |V (G′

2)|= |V (G)| and therefore j=1. More-
over, if neither of v2 and v3 is adjacent to both v1 and v4, then f2 can be easily extended
to v2 and v3 so that we get an equitable 3-coloring of G. Therefore, we may assume
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that v2 is adjacent to v1 and v4, and v3 can be adjacent only to v2 (since each of v1
and v4 has already 3 neighbors in G2).
Since Case 3 does not hold, there exist some l¿4 and j′¿1 such that vlvl+3j′ ∈

E(G2). For the same reasons as in the previous paragraph, we may assume that
j′ =1; vl+1 is adjacent to vl and vl+3, and vl+2 is adjacent only to vl+1. Let G0 =G−
v2 − v3 − vl+2. By the minimality of G, there exists an equitable 3-coloring f0 of G0

with colors 1; 2, and 3. Since |V (G0)| ≡ 0 (mod 3), all color classes of f0 have the
same size. We can now color v2 with a color �∈{1; 2; 3} − f0(v1) − f0(v4), then
color vl+2 with a color �∈{1; 2; 3} − f0(vl+1) − f0(v2), and Pnally color v3 with a
color �∈{1; 2; 3} − f0(v2) − f0(vl+2). This produces an equitable 3-coloring of G, a
contradiction.

Remark. As one of the referees pointed out, one can extract from the proof an eQ-
cient algorithm for equitable k-coloring of outerplanar graphs with maximum degree
� whenever k¿1 + �=2.
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