
HOMEWORK 1 EXAMPLE - AM CLASS

[YOUR NAME HERE]

1. Statement of the Problem

In a certain culture of bacteria, the number of bacteria increased six-fold in 10 hours. How long did it take to double the
initial number?

2. Method

(1) First, I will re-read the problem and write down any useful-looking information in it in terms of math. I will also
write down what question we are trying to answer, and what that means in terms of math.

(2) Next, I will write down any physical relationships that seem useful or relevant.
(3) Third, I will form all this into a differential equation, including whatever I know in only math.
(4) Fourth, I will solve the differential equation if necessary and try to answer the question.
(5) Fifth, I will show a few relevant solution trajectories.
(6) Finally, I will consider whether or not my answer makes sense physically.

3. Solution

3.1. Re-read the problem, write down useful-looking information in math terms, also write down physical
relationships. First, I need to look back at the problem. I know that we are talking about bacteria, and we are talking
specifically about number of bacteria at a given time. Perhaps it will be useful to consider b(t) as the number of bacteria at
time t.

Also, the problem talks about time only in hours, so I’ll assume t has units of hours.
The problem also says the number of bacteria increases six times in 10 hours. So I presume that means after 10 hours,

there is six times as much bacteria as at the initial time. That means b(10) = 6b(0).
The question we are trying to answer is the following: “How long did it take to double the initial number?” That is, we

want to know at what time is the bacteria two times the number it was at the begining? In math, we want to know what is
t∗ when b(t∗) = 2b(0).

3.2. Write down any relevant physical relationships. Since our next goal will be to write some sort of differential
equation, and we are dealing with amount of bacteria b at a given time t, we will probably want to write a differential
equation for the rate of change of b: How fast does it grow? We’ll assume here that the growth rate of bacteria is a constant
r proportional to the size of the bacteria b. Since we know from the problem that the bacteria is growing, we’ll assume r > 0.

3.3. Write down a differential equation. As I mentioned in the last section, we will want a differential equation for the
rate of change (growth) of the bacteria b. That is, we want a differential equation with db

dt . Since we assumed the growth
rate is rb, we can write the following differential equation:

(1)
db

dt
= rb.

We know a little more than this, however. We also know from the problem that

(2) b(10) = 6b(0),

and we are trying to find t∗ so that

(3) b(t∗) = 2b(0).
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3.4. Solve the differential equation, and answer the question. First, we look at the differential equation itself:

(4)
db

dt
= rb.

We know that this is linear, and also separable, so we can “multiply” by dt and divide by b to get only b stuff on the left and
only t stuff on the right. This leads to

(5)
db

b
= rdt.

Now we can integrate both sides. The left side will be integrated in b and the right side will be integrated in t. Don’t forget
the unknown constant!

db

b
= rdt(6) ∫

db

b
=

∫
rdt(7)

ln b = rt + c(8)

b(t) = ert+c(9)

b(t) = kert.(10)

(After integrating, we solved the equation for b, and modified the constant: k = ec, which was allowed since c is arbitrary so
k is just a different arbitrary.) Thus the general solution to the ODE is

(11) b(t) = kert,

where r > 0 is the positive constant rate (unknown to us at this point) and k is an arbitrary constant (also unknown to us).
We notice that if we look at the initial amount of bacteria, b(0) = k, so k is actually the initial amount of bacteria. We

can also assume k > 0.
Now we have found the general solution to the ODE, but we haven’t answered the question. We also still have some

information available to us. We know that b(10) = 6b(0), so we can use this:

b(10) = 6b(0)(12)

b(10) = ke10r(13)

b(0) = k(14)

6k = ke10r(15)

6 = e10r(16)

ln 6 = 10r(17)

r =
1

10
ln 6(18)

We used the relationship between b(0) and b(10) to find r. (k is still arbitrary.)
Now we can try to solve for t∗ using b(t∗) = 2b(0):

b(t∗) = ke
1
10 ln(6)t∗(19)

b(0) = k(20)

2k = ke
1
10 ln(6)t∗(21)

2 = e
1
10 ln(6)t∗(22)

ln 2 =
1

10
ln(6)t∗(23)

t∗ = 10 ln(2)/ ln(6)(24)

We used the relationship between b(0) and b(t∗) to find t∗. (Again, k is still arbitrary, and will remain so. We don’t have
enough information in the problem to find k.)

Thus, our final answer is: The bacteria will have doubled after 10 ln(2)/ ln(6) ≈ 3.9 hours.

3.5. Solution Trajectories. In this section, I show a few solution trajectories. Because of the nature of this problem, k
actually remained arbitrary throughout. So in Figure 1, I have included an example trajectory. You will notice that for
this trajectory, b(0) = 1 and b(10) = 6, which satisfies the given requirement. In addition, it does appear that b(3.9) ≈ 2.
Alternatively, I could change the problem and say that the bacteria increases 10-fold in 6 hours. That would mean instead
that r = ln(10)/6. This is illustrated in Figure 2.
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Figure 1. Original Solution trajectory: The bacteria increases 6-fold in 10 hours, so if it starts with 1 unit
of bacteria at t = 0, it has 6 units of bacteria at t = 10.

Figure 2. Modified Solution Trajectory: Now the bacteria increases 10-fold in 6 hours, so if it starts with
1 unit of bacteria at t = 0, it has 10 units of bacteria at t = 6.

3.6. Does this make sense? Well, we expected the answer to be positive, since the bacteria is growing, and we expect it to
be less than 10 hours, since after 10 hours the bacteria grows 6 times, so almost 4 hours for 2 times growth seems reasonable.
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Extra Comment about Latex

DO NOT INCLUDE THIS SECTION IN YOUR SOLUTION. In case it is helpful, the plotting section was coded like
this:

In this section, I show a few solution trajectories. Because of the nature of this problem,

$k$ actually remained arbitrary throughout. So in Figure \ref{fig:fig1}, I have included an

example trajectory. You will notice that for this trajectory, $b(0)=1$ and $b(10)=6$, which

satisfies the given requirement. In addition, it does appear that $b(3.9)\approx 2$.

Alternatively, I could change the problem and say that the bacteria increases 10-fold

in 6 hours. That would mean instead that $r=\ln(10)/6$. This is illustrated in Figure

\ref{fig:fig2}.

\begin{figure}[h!]

\centering

\includegraphics[width=.6\textwidth]{trajectory1}

\caption{Original Solution trajectory: The bacteria increases 6-fold in 10 hours, so if it starts with 1 unit of bacteria at $t=0$, it has 6 units of bacteria at $t=10$.}

\label{fig:fig1}

\end{figure}

\begin{figure}[h!]

\centering

\includegraphics[width=.6\textwidth]{trajectory2}

\caption{Modified Solution Trajectory: Now the bacteria increases 10-fold in 6 hours, so if it starts with 1 unit of bacteria at $t=0$, it has 10 units of bacteria at $t=6$.}

\label{fig:fig2}

\end{figure}


