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The XY Model and Real-World Phenomena

• Superconductors

• Super�uids

• Everyday phase transitions

• "Grid of magnets"

Metastability: the system gets "stuck", like a car parked on an incline.

• XY model metastability in a non-zero magnetic �eld?

• How probable? How stable?

Metastability for h = 0

Metastability happens when:

• Energy is a local min., but not a global min.

• Relaxation to the global min. requires overcoming an energy

barrier

Speci�cally, for the 2DXY model and zero external �eld:

• Quantized "twisted" con�gurations

• Twists have energy, but also require energy to dissolve

De�nition of the XY Model, Simulation

Many materials are approximately a �xed lattice of ions with magnetic

moment vectors. This motivates the XY model de�nition: the ions, or

spins, have less energy when they are parallel.

The Hamiltonian of a lattice con�guration s is given by:

H(s) = −
∑
〈ij〉

Jij cos(θi − θj)−
∑
j

hj cos(θj)

Where 〈ij〉 denotes the set of nearest neighbors on the lattice.

The Boltzmann factor determines the probability density of states:

P (s) ∝ eβH(s) β :=
1

kBT

When h = 0, there is a Kosterlitz-Thouless transition at Tc ≈ 0.892.
• T > Tc: The lattice con�gurations are mostly random

• T < Tc: Correlated spins, bound vortex pairs, metastability

• T < Tc: metastable states of quantized "stripes"

Algorithm - Single Spin Flip Metropolis

The single-spin �ip Metropolis algorithm simulates dynamic properties

at �xed temperatures:

• "Flip" a single trial spin.

� If ∆H ≤ 0, keep the change

� If ∆H > 0, keep the change with probability eβ∆H

At equilibrium, states are visited with probability P (s)

Generalizing Metastable States for h 6= 0

• When h = 0, oppositely oriented twists are unstable, and anni-

hilate each other.

• When h 6= 0, we found oppositely oriented twists also become

metastable.

� Arbitrary combinations of orientations

• Di�erent combinations of orientations arise from a dynamic �eld.

A New Class of Twisted States

A 2D-XY model lattice with visible metastable stripes. We �nd such formations

arise in a dynamic magnetic �eld.

Approximating Metastable State Energy

At low temperatures, the energy of a single twist with width w is:

H(w)− E0 ≈
2π2JL

w
+ hLw

The width at which this energy is a minimum, and corresponding

energy per site:

w0 ≈ π
√

2J

h

H(w0)− E0

L2
≈ 2π

√
2Jh

L

Critical Properties of Twist Stability

If the probability of observing a stable twist over some length of time

is p(T ), then for a �xed value of h we can estimate the temperature at

which p(Tunstable) = 0 with the following algorithm:

T0 ← T � Tunstable
i← 0
while i ≤ imax do

Initialize a new lattice in a twisted state

Simulate for some �xed number of steps

if twist remains stable then

Ti+1 ← Ti + Tstep
else

Ti+1 ← Ti − p̂Tstep
end if

i← i+ 1
end while

return Ti
T Equilibriates exactly when E[∆T ] = 0, and by design this is only

when T = Tunstable. So if p̂→ p as i→∞, then Ti → Tunstable.
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2D-XY Lattice: Critical Temperature vs. External Field

Left: An example of one run of the outlined procedure, showing visited

temperatures over time for h = 0.
Right: Tc vs h obtained this way for various values of h.

The results obtained are compatible with Tc ≈ 0.892 for h = 0, and
also with Tc → 0 as h → ∞, as expected by the relationship between

twists and vortices.

Further Work

• What is the scaling behavior with lattice size?

• How do the metastable escape time parameters depend on the

temperature and external �eld?
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