
Math 595 notes for Monday, Feb. 3, 2020

We’ll call a graphical model M = (G=(V,E),PM), and there are two common tasks:
Inference: answering questions/queries about PM such as PM(X|Y) where X and Y are 1.
subsets of V. Often NP-hard but can be solved (A) exactly in special cases or (B) 
approximated.

2. Learning: getting a good model M from data D. May include inference, such as estimating a 
posterior distribution P(M|D), or when data is missing. 

Inference:

Definition: Evidence e is an assignment of a set of variables E. (Not to be confused with 
expectation \mathbb{E}.)

WLOG (without loss of generality), E = {Xk+1, ... , Xn}. 

A fundamental query is called the “likelihood of the evidence:”

P(e) =
 

Another common query is the conditional probability of variables X given evidence e, the “a 
posteriori belief in X given e:”

P(X|e) = ———— = ———————

Usually we only care about a subset of variables Y and not about the remaining Z: 

P(Y|e) = 

This process of summing out over Z is called marginalization, and the result P(Y|e) is a 
marginal probability.

Example: chain model with A and B observed and C unknown       A — B — C

Query 1: Predicting the probability of an outcome given known precursors has the queried 
node as the descendant of the evidence: E = {A,B} and e = {A=a,B=b}.

P(C|A=a,B=b) = P(C|A,B) = P(C|B).

The second equality uses the conditional independence A⊥C|B encoded in the graph.
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Query 2: Diagnosing, or computing the probability of a disease given the symptoms/test 
results. Now A is unknown and B and C are known, i.e., the queried node A is the ancestor 
of the evidence.

P(A|B,C) = P(A|B). 

Again we used conditional independence to simplify this. 

Query 3: Most probable (joint) assignment (MPA) for some of the variables Y⊆V under 
evidence e and ignoring Z = V\Y:

MPA(Y|e) = arg max P(y|e) = arg max P(y,z|e). 

This formula shows that MPA is equal to the maximum a posteriori configuration for Y. 

Subquery 3a: Classification to find the most likely label given the evidence. 

Subquery 3b: Explanation to find the mostly likely scenario given the evidence. 

MPA depends on the set of variables queried Y, called the “context.”

Example: y1 \ y2:  0  1
0 .35 .05=p(0,1) joint pmf (probability mass function)
1 .3 .3 = p(1,1)

The marginal for y1 is 
P(y1 = 0) = .4 and 
P(y1 = 1) = .6

Then the MPA of y1 alone is:
arg max P(Y1 =y1) = 1, because max P(Y1 =y1) = .6.

And the MPA for both y1 and y2 is:
arg max p(y1,y2) = (0,0). 

Inference is hard, but there are 2 main approaches: 
(A) Exact inference algorithms: Elimination, message-passing (sum-product, belief 
propagation), and junction tree.

(B) Approximate inference methods: MCMC (Markov-chain Monte Carlo), variational. Later.
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