
Math 595 notes Wed., Jan. 29, 2020

UGMs (Undirected Graphical Models) are also known as MRFs (Markov Random Fields):

UGMs encode symmetric correlational relationships between variables. Not causal relations. 

Definition: 
A MRF/UBM is an undirected graph H together with a distribution P and a set of positive-
valued potential functions        that correspond to cliques c c C  in H such that: 

   

Here Z is called the partition function and normalizes the distribution. Potential functions 
(which are not conditional probabilities by themselves) represent the coupling strength of 
the clique or their covariances. And P is called a Gibbs distribution. 

Examples of H: 
1) The grid/lattice structure behind a statistical physics model or pixels of an image.
2) The graph of a social network. 
3) A protein interaction network. 

The notion of “separation” in an undirected graph is different from the previous dsep. 

Definition: A subset B of H separates A and C iff every path from a node in A to a node in C 
passes through a node in B. Notation: sep (A;C|B). We could call this usep if we want to 
carefully distinguish from dsep. 

Definition: A probability distribution P has the global Markov property iff for any disjoint A, B, 
C such that B separates A and C, we have that A is independent of C given B.

And the independencies set for H is:  I(H):= {A⊥C|B : sep (A;C|B)}. 

This is a good definition because:
1) If P is a Gibbs distribution over H, then H is an I-map of P. 
2) If Y does not separate X and Z, then there is P that factorizes over H such that X is 
dependent on Z given Y with respect to P.
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Global vs. Local Markov: 

Definitions: The pairwise Markov independencies for UGM  H=(V,E) are:

Ip(H):= {X⊥Y|(V\{X,Y}) : there is no edge between X and Y}.  

The Markov blanket of a node X in an undirected graph is the set of its neighbors N(X).

The local Markov independencies for H:

IL(H):= {X ⊥ (V\{X,N(X)}) | N(X) : XcV}. 

I.e., X is independent of the rest of H given its neighbors.  

Relationship between global and local Markov properties: 
Theorem: If P>0, then P having the local properties IL(H) is equivalent to P having the 
pairwise properties Ip(H). 

Theorem: Additionally if P>0, then P having these UGM Markov properties is equivalent to P 
having the directed Markov properties I(H) from previous lectures. 

Graph structure terminology: A clique is a subgraph that is a complete graph, and a maximal 
clique is a largest such complete subgraph, called a max-clique. Cliques that are not maximal 
are called sub-cliques. Equivalent? Next lecture...

Examples: edges are always cliques and 
often sub-cliques if they’re part of triangles 
or larger complete graphs. 

In this graph, {A,B,D} and {B,C,D} are max-cliques. 

Max-cliques make it easier to express the Gibbs distribution, and a main difficulty is 
computing the partition function. Alternately, one can use sub-cliques, which gives more 
terms in the Gibbs distribution, but makes the partition function easier to compute. 

Example: The three-node graphical model 

This model has X⊥Z|Y, so the joint distribution must factorize, and there are a few ways to 
express it: P(x,y,z) = P(y)P(x|y)P(z|y)

= P(x,y)P(z|y)
= P(x|y)P(z,y). But it cannot completely factor.


