
Math 595 notes Friday, Jan. 31, 2020

Theorems: If P has the independencies I(H), then it has IL(H) too, and in that case it then also 
has independencies Ip(H). 

Together with the previous theorem for positive distributions, we have:

Corollary: For positive distributions, local (L), global (unlabeled), and pairwise (P) 
independencies are equivalent (equal as sets). 

A Gibbs distribution can vary depending on the choice of cliques (max-cliques vs sub-
cliques). Usually max-cliques give a larger space than sub-cliques. 

The canonical choice is to use nodes (which are cliques of size one).

Hammersley-Clifford Theorem: If H is an I-map for a positive distribution P, then P is a Gibbs 
distribution over H. (This is the converse of the soundness of the Gibbs distribution 
definition.)

Question: Are there distributions that cannot be represented by a Bayesian Network or by 
an UGM? Yes, it turns out that there are. 

Example: no UGM can encode a v-structure (that can be encoded by a BN):  

X — Z — Y

Definition: H is a P-map (perfect map) for P iff for any X, Y, Z, we have:
P has the independence X⊥Z|Y iff sepH(X;Z|Y).

Exponential form:

Clique potentials can be interpreted together as free energy, and they can be positive or 
negative: 

E(x) = 

Then the joint distribution has an additive structure: 

P(x) = — exp{-E(x)} = — exp{-                     }.

This form is called the Boltzmann distribution in physics and the log-linear model in statistics. 
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Undirected graph examples: 

A Boltzmann Machine (BM) is a complete graph, e.g., K4, with binary-valued RVs at the nodes 
and pairwise potentials on the edges. 

Its distribution can be written:

P(x) = — exp{    } 

  = — exp{                    }

The free energy is: E(x) = 

An Ising Model has nodes arranged on a regular lattice with edges between neighbors (at 
distance one) and can be viewed as a sparse BM. 

(Alternatively, the BM can be viewed as a high-dimensional Ising model that is called the 
Curie-Weiss model in physics.)

RVs on nodes take binary values in the Ising model (or q values in the Potts model or a 
continuum of values in the XY- or O(N) model)

Its distribution can be written:

P(x) = — exp{             },

where i~j means i and j are neighbors, and hi are components of an external (magnetic) field.

A Conditional Random Field (CRF) is an undirected analog of HMM whose distribution can 
be written as: 

p (y|x) = — exp{             }.
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