
 
Bayesian Networks, such as the HMM we drew last time, have some main features:

A directed graph, with arrows representing influence of one variable on another. 
We can represent joint distributions compactly/efficiently by factorizing via conditional 

independence assumptions. 
They encode a generative sampling process: each X_i is a stochastic function of its parent Y_i.  

The Factorization Theorem—in between full factorization for mutually independent RVs and the full 
multiplication rule—say that the joint probability is the product of the probability of each (child) node 
conditioned on its parents, i.e., the nodes out of which a directed edge goes to the child node:

Common local structures:

Cascade: encodes that X and Z are conditionally independent given Y, i.e., (X _ Y | Z). 1.

2. Common Cause: again, encodes that X and Z are conditionally independent given Y, again (X _ Y | Z). 

3. Common Effect: also called a v-structure, encodes that X and Z are independent if no prior 
information is known, but dependent if Y is observed. 

I-maps are a correspondence between independence of variables in the joint distribution, and a notion of 
separation in the graph G.  We say G is an “I-map” of a distribution P if every independence assertion 
implied by G is also implied by P, in other words that G does not mislead us about independence in P.

More precisely: 
P is a distribution, and I(P) is the set of independence assertions (X _ Y | Z) that hold for P, 

and I(G) is the set of independences associated with the graph G,
Then: 
We say G is an I-map for P, or equivalently, G is an I-map for I(P),  

iff I(G) _ I(P).
 

Note: P may have additional “accidental” independence not reflected by G.
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The “local Markov assumption” for a graph G is that each RV is independent of its non-descendants given 
its parents.  

More precisely:
Let Pa(X) be the parent/s of X in G, and
let ND(X) be the variables in G for which X is not a parent or a parent of a parent, etc. 
Then we can form a set of local independence/Markov assumptions:

{X _ ND(X) | Pa(X) }, for all X c V

Another important notion is “D-separation” in the graph. The “D” is for directed edges. 

Let A, B, C be three sets of nodes in G. We say that A and B are D-separated given C, or dsep (A;B|C), iff 
there is no “active trail” between any Xc A and Yc B given C. What are active trails? 

Causal trail X — Z — Y is active iff Z is not observed. 

Evidential trail X — Z — Y is active iff Z is not observed.

Common cause trail X — Z — Y is active iff Z is not observed. 

Common effect trail X — Z — Y is active iff Z is observed or one of Z’s descendants is observed. 

With all of these notions, we can now describe I(G), and it turns out to be sound and complete:

I(G) = { X _ Z | Y : dsep (X;Z|Y) }.

Equivalence Theorem: For a graph G, let D be the family of distributions for which the independence 
assumptions I(G) hold, and let D* be the family of distributions that factorize according to G. 
Then D = D*.

Corollary: each distribution P in D can be written as a product of CPDs, conditional probability density 
functions. 

Soundness of I(G) means that if a distribution P factorizes according to G, then I(G) _ I(P).

Completeness of I(G) is the converse: for any P that factorizes over G, if (X _ Y | Z) c I(P), then 
dsep (X _ Y | Z). Equivalently,  a distribution that factorizes over G may contain additional “accidental” 
independence relations that aren’t obvious from the graph. E.g., a graph has X — Y but for a particular P 
the variables X and Y are independent. 

But!
If X and Y are not d-separated given Z in G, then X and Y are dependent in some distribution(s) that 
factorize(s) over G.

For almost all (w.r.t. CPD parametrizations) distributions P that factorize over G, I(P) = I(G). 
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