
MATH 595 AGS, ALGEBRAIC GEOMETRY AND STRING THEORY
SPRING 2021
Sheldon Katz

These evolving notes are designed to accompany the lectures in Math 595 AGS, Algebraic
Geometry and String Theory, an 8 week Spring 2021 course at the University of Illinois at
Urbana-Champaign.

The purpose of the course is twofold:

� To introduce some foundational ideas of string theory, together with additional back-
ground from physics, in mathematical language.

� To demonstrate how modern physics provides deep insights and new objects of study
in pure geometry.

The course strives to be as accommodating of different backgrounds as possible. While
there are no formal prerequisites, I am expecting students to possess mathematical maturity,
as the course will not be self-contained. I will be counting on students to tell me when the
lack of background is a problem, and then I will give additional references and/or lectures
as appropriate.

Familiarity with algebraic geometry will be invaluable, especially transcendental methods
for complex projective or Kähler manifolds. Familiarity with the topology and differential
geometry of manifolds will also be helpful. No familiarity with physics will be assumed.

Please report any errors to me. Also, since library access is restricted during the pan-
demic, the references I provide may not be easily accessible. If you have found an online
reference that you think might be useful for the class and does not violate any copyright
laws, please bring it to my attention.

1 Overview

The famous physicist E.P. Wigner wrote of the unreasonable effectiveness of mathematics
in the physical sciences [7]. One of the goals of this course is to justify a partial converse of
Wigner’s assertion: that theoretical physics is unreasonably effective in pure mathematics!
In the interaction of geometry and string theory over the last 35 years, we have seen many
examples where investigations in physics have led to the solution of open problems in ge-
ometry. At times, insights from physics have inspired the development of entirely new fields
of mathematics, including Gromov-Witten theory, homological mirror symmetry, geometric
Langlands duality, and much more. In this course, I want you to come away with a good
understanding of how ideas of theoretical physics lead to intrinsically interesting and often
new ideas in mathematics. While many essential details will be omitted, you will become
better able to fill in those details through further study if you are so inclined.

I illustrate some recurring themes in the course with a few examples. While I don’t
expect the details to be clear to everyone, I hope that the recurring themes are clear. I plan
to go back and fill in some but not all of the details later.

with the topology of differentiable manifolds.
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Example. Cohomology of Manifolds and Supersymmetric Quantum Mechanics.
For the math part, see your favorite book on C∞ manifolds, e.g. [5]. For supersymmetric

quantum mechanics, see for example [4].
Let M be a compact manifold. Its cohomology groups Hk(M,R) are a natural object

of study in topology. These finite-dimensional vector spaces contain important information
about M . If M is given the structure of a C∞ manifold, we have differential forms, and using
the exterior derivative d, we have notions of closed forms and exact forms. The kth de Rham
cohomology Hk

DR(M,R) is the real vector space of closed i-forms modulo exact i-forms. The
de Rham theorem states that de Rham cohomology and topological cohomology coincide.

Hk
DR(M,R) ' Hk(M,R) (1)

Suppose next that M admits a Riemannian metric g, so that (M, g) is a Riemannian
manifold. Using the metric g, the operator d has an adjoint d∗ which is used to construct
a Laplacian ∆ = dd∗ + d∗d which operates on differential forms. The harmonic forms are
those differential forms which are annihilated by the Laplacian. We denote the vector space
of real harmonic k-forms on M by Hk(M,R). The Hodge Theorem implies that

Hk(M,R) ' Hk(M,R). (2)

The Hodge theorem in fact says more than (2). If Ak(M,R) is the space of real C∞ k-forms
on M , then the Hodge Theorem asserts a direct sum decomposition

Ak(M,R) = Hk(M,R)⊕ d
(
Ak−1(M,R)

)
⊕ d∗

(
Ak+1(M,R)

)
, (3)

from which (2) can be deduced directly. The direct sum in (3) is in fact an orthogonal direct
sum with respect to a natural inner product on (3). See e.g. [5] for details.

Let’s now switch gears and discuss a physical system, supersymmetric quantum mechanics
(SQM) on the Riemannian manifold (M, g). SQM is a quantum-mechanical system contain-
ing a point moving in M , together with additional fermionic particles, the superpartners of
the ordinary point particle. The wavefunctions of fermions anticommute with each other. In
the language of mathematics, the Hilbert space H of the system is Z2 graded, decomposing
into a direct sum

H = H0 ⊕H1 (4)

where H0 is the Hilbert space of bosons (commuting wavefunctions) and H1 is the space of
fermions. SQM comes in different flavors corresponding to the amount of supersymmetry,
referring to symmetries of the physical system which exchange bosons and fermions. Since
I am not assuming familiarity with supersymmetry at this point, suffice it to say for now
that the amount of supersymmetry corresponds to the number of fermionic superpartners
included in the system.

One of the first things you would want to know about any quantum-mechanical system
is its space of lowest energy states (sometimes called ground states). With the amount of
supersymmety we will use, it can be shown that the lowest energy is zero, and the zero-
energy states are invariant under supersymmetry transformations. For these reasons, the
zero-energy states are called supersymmetric ground states.
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From this point of view, from physical considerations alone, we are led to investigate the
vector space of supersymmetric ground states of (M, g).

The result is that the vector space of supersymmetric ground states is precisely the space
of harmonic forms H∗(M,R) = ⊕kHk(M,R)! Furthermore, in the derivation of this result,
the Hodge Theorem (3) is noted in passing. Even better, the physical derivation of (3) is
much simpler than a rigorous mathematical proof of the Hodge theorem.

I’ll now make some general comments against the backdrop of this example.

� Motivated by purely physical considerations, we are led to discover the notion of har-
monic forms on Riemannian manifolds and the statement of the Hodge theorem. How-
ever, the underlying calculations using the tools of physics do not constitute a rigorous
mathematical proof of the Hodge theorem.

� The Hodge Theorem and its proof were known decades before SQM was introduced.
However, one can imagine intelligent life developing on another world whose scien-
tists and mathematicians explored SQM before Hodge theory. In such a world, the
statement of Hodge theory could have first been discovered by physicists. The math-
ematical proof of the Hodge Theorem could then have been carried out by either
physicists or mathematicians (but presumably the mathematicians would have been
more interested in providing a mathematical proof). The reason that physicists would
have had a chance at a proof is because quantum mechanics can be formulated in a
mathematically rigorous manner.

� In this course, we will be exploring situations where the physical theory is a quantum
field theory (QFT), a string theory, or a theory of comparable complexity. Such the-
ories are not mathematically rigorous. The essential problem is typically that even
the definitions cannot be formalized in such a way that the standard techniques of
physics can be deduced from the definitions, a requirement of mathematical reason-
ing. Undaunted, we will use the methods of physics to arrive at statements of pure
mathematics.

If you trust the methods of physics (as I do) but want to make inferences about mathematics,
it is most appropriate to call these statements conjectures until a mathematical proof is sup-
plied. As mentioned above, the methods of quantum field theory and string theory cannot
typically create mathematical proofs, full employment for mathematicians! One can imagine
another world whose intelligent physicists have created a mathematically rigorous formula-
tion of QFT and string theory, and they would be able to prove theorems. Unfortunately,
our civilization is not advanced enough (yet).

Recognizing the unreasonable effectiveness of physics in geometry, I will follow the con-
ventions introduced in my book [1] and sometimes refer to mathematical statements pre-
dicted by physics as Physics Theorems. While a physics theorem is not a theorem, it is
not my intention to diminish its value or use the term in a peorative manner. Far from
it. The methods of physics have developed and been refined over time with support and
guidance from experiments, including high energy experiments in accelerators and cosmo-
logical observations, not acceptable in the pure mathematician’s toolkit. It is by now clear
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that mathematics has been enriched by physics theorems, which have developed into new
theorems and even new fields of mathematics.

When the truth value of a physics theorem (a conjecture of mathematics) can be mathe-
matically established, it is typically found to be correct. On occasion, physics can generate
false statements of mathematics. Should that disturb us? Not at all! The typical outcome
is that physicists learn to refine their theories from such mathematical insights, much as
Newtonian mechanics was found to be lacking and was replaced by General Relativity. In
this way, mathematicians return the favor to physics by applying mathematics to further
the development of theoretical physics.

Example. The Hodge Decomposition for compact Kähler manifolds and SQM.
The next example is similar but mathematically deeper, regarding the Hodge decom-

position for compact Kähler manifolds (M,h). These are compact complex manifolds M
endowed with a Hermitian metric h satisfying any of several equivalent and natural condi-
tions. See your favorite text on complex manifolds, e.g. [3, 6]. An important class of compact
Kähler manifolds are the nonsingular complex projective varieties. See your favorite text on
algebraic geometry, e.g. [3] which focuses on algebraic varieties over the complex numbers.

Let (M,h) be a compact Kähler manifold, and let Ap,q(M) be the space of complex-
valued differential forms of type (p, q) (p dz’s and q dz’s in local holomorphic coordinates
(z1, z2, . . . , zn) for M). There is a ∂ operator on forms, which decomposes into (p, q) type as

∂ = ∂
p,q

: Ap,q(M)→ Ap,q+1(M). (5)

Using h, we get an adjoint ∂
∗

which decomposes into (p, q) type as ∂
∗

= (∂
p,q

)∗ : Ap,q(M)→
Ap,q−1(M), and finally a ∂-Laplacian ∆∂ = ∂∂

∗
+ ∂

∗
∂. The ∂-harmonic forms are defined

to be those annihilated by ∆∂, and the ∂-harmonic (p, q)-forms are denoted Hp,q(M). The
Hodge Theorem in this context is very similar to (3):

Ap,q(M) = Hp,q(M)⊕ ∂
(
Ap−1,q(M)

)
⊕ ∂∗

(
Ap,q+1(M)

)
. (6)

The real part of h is a Riemannian metric g on M when M is viewed as a real manifold. In
comparing (3) with (6), it is natural to wonder how ∂-harmonicity with respect to h relates
to harmonicity with respect to g. The fundamental and nontrivial result is that the two
Laplacians are proportional

∆g = 2∆h, (7)

from which it follows that the two notions of harmonicity coincide. The identity (7) is
nontrivial and uses the Kähler condition in an essential way. Noting the decomposition of
complex differential forms into (p, q)-type

Ak(M,C) := Ak(M,R)⊗R C =
⊕

p+q=k

Ap,q(M), (8)

it follows immediately that

Hk(M,C) := Hk(M,R)⊗R C =
⊕

p+q=k

Hp,q(M). (9)
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Now let Hp,q(M) ⊂ HDR(M,C) be the subspace of de Rham cohomology classes which can
be represented by d-closed (p, q)-forms. By its very definition, Hp,q(M) is independent of
the choice of Kähler metric h. Much as (3) implies (2), we get that (6) together with (7)
imply

Hp,q(M) ' Hp,q(M). (10)

Putting everything together, we get the famous Hodge decomposition

Hk(M,C) '
⊕

p+q=k

Hp,q(M). (11)

While the proof of the Hodge theorem depends on the existence of a Kähler metric, the
statement does not.

When (M,h) is compact and Kähler, an SQM can be formulate with more supersymmetry
than in the Riemannian case. The space of supersymmetric ground states is precisely the
space of ∂-harmonic forms! Furthermore, the statements of all of the mathematical results
stated in this example are derived by physical techniques, and the physical derivations are
much simpler than the mathematical proofs. In this context, the Hodge theorem can be
proven mathematically, or by a more careful analysis of the physics.

Example. Calabi -Yau manifolds and string theory.
Our final example will be much deeper, relating string theory and algebraic geometry. We

emphasize that since string theory is not mathematically rigorous, the “physics theorems”
produced by physical reasoning typical require an independent mathematical proof and new
ideas. Sometimes the development of entirely new fields of mathematics is required!

We start with a lightning introduction to Calabi-Yau threefolds. A more detailed discus-
sion of Calabi-Yau threefolds will be provided later.

In this course, a Calabi-Yau threefold is a complex manifold X of dimension 3, with
trivial canonical class KX . Equivalently, X admits a nowhere vanishing holomorphic 3-form
Ω. This means that any point p ∈ X is contained in an open set U ⊂ X with a local
holomorphic coordinate system z = (z1, z2, z3) such that

Ω|U = f(z) dz1 ∧ dz2 ∧ dz3,

where the holomorphic function f(z) is nowhere vanishing on U . See e.g. [3].
An important special case is when X is compact and Kähler, which includes the case

where X is a nonsingular complex projective variety.

Example. The quintic threefold. Let F (x0, . . . , x4) be a general homogeneous polynomial
of degree 5 in the variables x0, . . . , x4. Viewing (x0, . . . , x4) as homogeneous coordinates on
the complex projective space P4 = CP4, we can define X ⊂ P4 as the hypersurface defined
by F ≡ 0, i.e.

X =
{
x ∈ P4 | F (x0, . . . , x4) = 0

}
.

Since F is general, X is nonsingular (by Bertini’s Theorem, e.g. [3]). The canonical class
KX of X is computed by the adjunction formula as

KX = (KP4 + [X]) |X = (−5H + 5H)|X = 0,
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where H is the hyperplane class of P4. Alternatively, we can define an explicit holomorphic
3-form Ω on X as the residue of a meromorphic 4-form on P4 with poles along X:

Ω = ResF=0

(∑4
i=0(−1)ixi dx0 ∧ · · · ∧ d̂xi ∧ · · · ∧ dx4

F

)
,

where dxi is omitted in the wedge product. Then you can check that Ω is a well-defined and
nowhere vanishing holomorphic 3-form on X.

We will be concerned with a range of mathematical concepts and constructs associated
with a Calabi-Yau X.

We now shift gears and turn to physics. We consider strings (1-dimensional objects
homeomorphic to a circle) propagating in the 10-dimensional space M4 × X. Here M4 is
4-dimensional Minkowski space, which we can think of as a copy of R4 with coordinates
(x, y, z, t) and Lorentzian metric dx2 + dy2 + dz2 − dt2.1 We think of (x, y, z) as spatial
coordinates and t as time. Since X has 3 complex dimensions, it has 6 real dimensions,
hence M4 ×X is 10-dimensional. Furthermore X admits a Kähler metric h which is Ricci
flat. Combining the Riemannian metric on X associated to h and the Lorentzian metric on
M4, we get a 10-dimensional Lorentzian metric on M4 ×X.

Now, mathematicians and physicists were originally interested in Calabi-Yau threefolds
for two entirely different reasons. In the classification of threefolds in algebraic geometry,
Calabi-Yau threefolds lie in between Fano threefolds (KX < 0) and threefolds of general
type (KX > 0) and have interesting properties. In a sense that can be made precise, Fano
threefolds contain many algebraic curves, threefolds of general type contain few algebraic
curves, while Calabi-Yau threefold are somewhere in between, containing an interesting and
subtle assortment of algebraic curves. The enumeration of these curves is still an open
problem, although much progress has been made in the last 35 years.

Physicists are interested in the 4-dimensional spacetime that we live in, which we can
simplistically think of as M4. String theory is a 10-dimensional theory. It was reasoned
that if a 10-dimensional space contains a small (i.e. compact) 6-dimensional subspace, then
an effective theory in 4 dimensions can be deduced. Unfortunately, string theory is much
more complicated than SQM and there are constraints on a 6-manifold X for a string theory
on M4 ×X to make sense. By physical considerations, X has to satisfy several conditions,
including:

� X must be compact and Kähler

� The Kähler metric must be Ricci flat

� The holonomy of the metric must be contained in the group SU(3) ⊂ SO(6).

So the burning questions for physicists was: are there any 6-manifolds satisfying the above
three conditions (and others)? The answer is yes — Calabi-Yau threefolds. So mathemati-
cians and physicists were interested in the same objects for entirely different reasons. In this
course we will lead up to telling parts of this story and related topics.

1In comparing with relativity, we are using units in which the speed of light is c = 1. Also, be warned
that the conventions in many physics treatments use the metric dt2 − dx2 − dy2 − dz2.
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I’ll now simplify the presentation of the physics by shifting to a close cousin of string
theory, the topological sigma model with target X. This is a physical theory of strings
propagating in X. As the string moves in time, the string typically sweeps out a surface,
the worldsheet of the string. To be filled in . . .

2 Crash program in theoretical physics

References need to be provided.

2.1 Classical Mechanics

Let’s start with Newton’s Second Law, F = ma describing the motion of an object of mass
m in a Euclidean space Rn. In a traditional physical course we would have n = 1, 2, or
3, but we can be more general. Here F and a are vectors, the applied force F and the
acceleration a. The motion is described by a vector x = x(t), we have a = d2x/dt2. We’ll
keep the notation flexible for now and not specify the arguments of F . If F = F (x) depend
on x ∈ Rn, F is referred to as a force field.

Let’s now consider a conservative force field2, which we define by saying that F = −∇V
for some function V (x), a potential. Newton’s Law then become

∇V (x) +m
d2x

dt2
= 0, (12)

or
∂V

∂xi
= m

d2xi

dt2
, i = 1, . . . , n,

where we have written x = (x1, . . . , xn).3.
Let’s now rederive this simple differential equation by Lagrangian mechanics. The action

is defined as the time integral of kinetic energy minus potential energy:

S (x (t)) =

∫ t=b

t=a

(
1

2
m | dx

dt
|2 −V (x)

)
dt. (13)

The action is a functional, defined for any twice differentiable function x(t), a ≤ t ≤ b for
any function x(t), not just the solutions of Newton’s laws.

The Principle of Least Action says that the path x(t) taken by the object for a ≤ t ≤ b
is an extremum of S, i.e. the variational derivative

δS

δx(t)
= 0.

Variational problems can be solved using the Euler-Lagrange equation (which physicists call
the equations of motion in this context). More generally, suppose that we have unknown

2The terminology means that no net work is done on the object by the force F when the particle traverses
a closed loop.

3Physicists write spatial indices as superscripts, to facilitate the Einstein summation convention
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functions y1(t), . . . , yk(t) and a functional L(y1(t), . . . , yk(t), y′1(t), . . . , y
′
k(t)) depending only

on the yi through their values and first derivatives. The problem is to extremize the integral∫ b

a

L(y1(t), . . . , yk(t), y′1(t), . . . , y
′
k(t))dt.

The solutions are given by the Euler-Langrange equations:

δL

δyi
=

d

dt

(
δL

δy′i

)
Let’s return to (13) and find its Euler-Lagrange equation. We have L = (m/2)(dx/dt)2 −
V (x), so that δL/δx = −∇V and δL/δx′ = m(dx/dt). The Euler-Lagrange equations are

−∇V =
d

dt
(m(dx/dt)) ,

agreeing with Newton’s Law (12).
There are many advantages of the Lagrangian formulation. Here, I will emphasize the

role of symmetries. If we expect a physical symmetry to be present, it behooves us to model
the physical system with an action which is invariant under the symmetry. In the example of
an object in Rn in the absence of forces, physics is invariant under translations and rotations.
Clearly the action ∫ b

a

m

2
|dx
dt
|2dt

is invariant under translations x(t) 7→ x(t) + c where c is a constant vector, and rotations
x(t) 7→ Ax(t), where A is an n× n rotation matrix:∫ b

a

m

2
|dx
dt
|2dt =

∫ b

a

m

2
|d (x+ c)

dt
|2dt =

∫ b

a

m

2
|Adx
dt
|2dt

A fundamental result is Noether’s Theorem, which associates conserved quantities to conti-
nous symmetries. The conserved quantity associated to translation invariance is momentum
and the conserved quantity associated to rotation invariance is angular momentum. Fur-
thermore, time translation invariance corresponds to conservation of energy.

In the presence of a conservative force F = −∇V , the action is translation invariant if
V is translation invariant (and therefore constant), and is rotation invariant if V is rotation
invariant (and therefore V = V (r) only depends on the distance r of the object from the
origin). In these cases, momentum and angular momentum are conserved, respectively.

In general, given a physical system with Lagrangian L = L(x1, . . . , xn, ẋ1, . . . , ẋn), the
variational derivative of L with respect to the derivative of a coordinate xi which appears
in the Euler-Lagrange equation is called the conjugate momentum associated with that co-
ordinate

pi =
δL

δẋi(t)
.

In our main example, we have L = (m/2)|ẋ|2 − V (x), from which we deduce pi = δL/δẋi =

mẋi, the usual notion of momentum. In the case where V = 0, or more generally if V is a
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constant, we have translation invariance of the action, hence a conserved quantity. When
we discuss Noether’s Theorem in more detail later, we will see that the conserved quantity
associated with translation of the ith coordinate is exactly the conjugate momentum pi, and
momentum is conserved, ṗi = 0. This is immediate to check. The equations of motion are
0 = F = m(d2x/dt2), so each xi(t) is linear in t and hence pi = m(dxi/dt) is a constant,
independent of t.

Now suppose an object is moving in a Riemannian manifold (M, g) in the absence of
forces. We describe its motion by a mapping x : [a, b]→M . In this case, the action is

S =

∫ b

a

1

2
m|ẋ(t)|2dt =

∫ b

a

(
1

2
m
∑
i,j

gij(x(t))
dxi

dt

dxj

dt

)
dt.

The momentum conjugate to xi is

pi =
∑
j

gij(x(t))
dxj

.

Exercise. The Euler-Lagrange equation is solved by geodesics x = x(t).

2.2 Quantum Mechanics

Starting from the Lagrangian formulation of classical mechanics, we can paraphrase the idea
of quantum mechanics as follows:

� All paths x = x(t) are possible, not just the ones which solve the equations of motion.

� The space of paths has a complex probability density exp(iS(x(t))/h). Here h is
Planck’s constant

This is to be interpreted in the following way. Suppose that we want to make an observation
about x(t), for example x1(0), the first coordinate of the x(t) at time t = 0. The we write
down the path integral ∫

x1(0)eiS(x(t))/hDx(t).

and try to make sense. There are a number of problems.

� The complex-valued probability measure eiS(x(t))/hDx(t) on the infinite-dimensional
space of paths x(t) needs a definition.

� When one tries to define this integral (e.g. by a limiting process), the result is infinite.

Nevertheless, physicists have developed a sophisticated calculus for manipulating these path
integrals, getting answers which match precision experiments beautifully. What can these
techniques tell us about geometry?

To say more, we next introduce fermions and supersymmetry.

2.3 Fermions and supersymmetry

A reference for this section is [2].
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