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Notes on sheaves, and regular functions and maps

1 Overview

These notes are a supplement to the text (Shafarevich, Basic Algebraic Ge-
ometry), and are designed to emphasize the relationship between the notions
of regular functions and maps in affine and projective spaces.

We begin with the notion of sheaves. We will not develop the foundations
completely; in particular, we will not define the notion of a locally ringed
space which is fundamental in the theory of schemes.

In the course, we will use the definitions from the text rather from these
notes.

2 Sheaves on Topological Spaces

Let X be a topological space.

Definition 1 A presheaf F of abelian groups on X is the assignment of
an abelian group F(U) to each open subset U ⊂ X together with a group
homomorphism ρUV : F(U)→ F(V ) for each inclusion of open subsets V ⊂
U , satisfying ρUU = 1F(U) and

ρVW ◦ ρUV = ρUW : F(U)→ F(W )

whenever W ⊂ V ⊂ U . The group F(U) is called the group of sections of F
over U .

If each F(U) is a ring and each ρUV is a ring homomorphism, we say that F
is a presheaf of rings.

If you’re a fan of abstraction: Let OpX be the category whose objects are
open subsets U of X, and whose morphisms are inclusions of open subsets.
In other words, HomOpX (V, U) is a one element set if V ⊂ U and is the
empty set otherwise. Composition is only defined if W ⊂ V ⊂ U and simply
corresponds to composition of inclusions. Then a presheaf of abelian groups is
precisely the same thing as a contravariant functor from OpX to the category
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Ab of abelian groups and group homomorphisms, while a presheaf of rings
is a contravariant functor from OpX to the category Ring of rings and ring
homomorphisms.

Example 1. Let C(U) be the ring of continuous functions on U and ρUV :
C(U) → C(V ) the restriction map. Then ρUV is a ring homomorphism, and
C is in fact a sheaf of rings.

Remark. It is customary to refer to the maps ρUV in the definition of a
presheaf F as restriction maps , even if F(U) is an abstract group rather
than a group of functions which can be restricted. Similarly, for s ∈ F(U)
and V ⊂ U , we sometimes write s|V instead of ρUV (s). So the presheaf axiom
can be expressed more intuitively as

(s|V ) |W = s|W .

Example 2. Let X ⊂ A2 be an irreducible algebraic plane curve. Then the
collection of all complements of finite subsets of X, together with the empty
set, form a topology on X, the Zariski topology . For U ⊂ X Zariski open,
we let

OX(U) = {f ∈ k(X) | f is regular at p for all p ∈ U} .
For any inclusion V ⊂ U of open sets, we let ρUV : OX(U)→ OX(V ) be the
restriction map. Then OX is a presheaf, the presheaf of regular functions on
X.

If X is defined by f = 0 for an irreducible polynomial f(x, y), consider
the map

rX : k[x, y]→ k(X)

which sends g(x, y) to its equivalence class in k(X) (less formally, to its
restriction to X). It is immediate to see that f ∈ ker(rX), whence (f) ⊂
ker(r|X). In fact, we have ker(r|X) = (f) as follows. Suppose g ∈ ker(r|X) is
not a multiple of f . Then f and g have finitely many common zeros. Hence
g cannot restrict to zero on X, a contradiction. So we have an inclusion

k[x, y]/(f) ↪→ k(X).

Since polynomials are regular everywhere, the restriction of a regular function
is regular, and the restriction map of regular functions to nonempty open
subsets is injecctive, we deduce inclusions

k[x, y]/(f) ↪→ OX(X) ↪→ OX(U) ↪→ k(X)
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for any nonempty open U ⊂ X.
We will see later as an important foundational result (in a broader con-

text) that the first inclusion is an isomorphism:

OX(X) ' k[x, y]/(f),

an isomorphism which enables us to return from geometry to algebra.
We now define sheaves.

Definition 2 A presheaf F on a topological space is a sheaf if it satisfies
two additional conditions for any open cover U = ∪iUi of any open subset
U ⊂ X:

1. If s ∈ F(U) and s|Ui
= 0 for all i, then s = 0.

2. Given si ∈ F(Ui) for each i satisfying (si)|Ui∩Uj
= (sj)|Ui∩Uj

, then there
exists an s ∈ F(U) such that s|Ui

= si for each i.

Note that by (i), the s satisfying (ii) is unique (given another s′, apply (i) to
s′ − s).

In other words, (i) says that the vanishing of a section of a sheaf is
determined locally, and (ii) says that sections which agree on intersections
can be patched together. Since these are properties of continuous functions,
the sheaf CX is actually a sheaf.

If X is a plane algebraic curve, the presheaf OX is a sheaf as follows. Let
U = ∪iUi be an open cover. Then Ui = U − Zi for some finite set Zi ⊂ U .
Now pick any i. As we have seen, OX(U) → OX(Ui) is injective. So if
g/h ∈ OX(U) and (g/h)|Ui

= 0, then g/h = 0 ∈ OX(U) which is enough
to show that (i) holds. Similarly, given fi/gi ∈ OX(Ui) agreeing on each
Ui ⊂ Uj, the injections

OX(Ui) ↪→ OX(Ui ∩ Uj) ↪→ k(X)

show that each fi/gi defines the same element of k(X), call it f/g. Since
the Ui cover U , f/g is actually regular at each point of U , i.e. f/g ∈ OX(U).
Obviously (f/g)|Ui

= fi/gi, and (ii) is established.

Example 3. Let F be a presheaf on a topological space X and let U ⊂ X
be open. We define the presheaf FU on U by restriction:

FU(V ) = F(V )
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for any V ⊂ U open. Since V is also open in X, the right hand side makes
sense. The restriction maps ρU of FU are defined as the restriction maps ρ
of F : for W ⊂ V ⊂ U we put

ρUVW = ρVW .

If F is a sheaf, then so is FU .

Now let X ⊂ P2 be an irreducible projective plane curve,

X =
{

(x, y, z) ∈ P2 | F (x, y, z) = 0
}

where F ∈ k[x, y, z] is a nonzero irreducible homogeneous polynomial.
If G(x, y, z) and H(x, y, z) are homogeneous polynomials on the same

degree, and F does not divide H, we say that G/H defines a rational function
on X. We identify rational functions G/H and G′/H ′ if H ′G − G′H is a
multiple of F . We denote the set of rational functions on X by k(X). It is
immediate to check that k(X) is a field, the field of rational functions on X.

We say that f ∈ k(X) is regular at p ∈ X if it has a representation as
G/H where H(p) 6= 0. Note that G/H is a well-defined k-valued function on
U = X − Z, where Z is the finite subset of X defined by F = H = 0.

We define the Zariski topology as the topology on X whose open subsets
are the empty set and the complements of finite sets.

We now define the sheaf OX of regular functions on X. If U ⊂ X is open,
we put

OX(U) = {f ∈ k(X) | f is regular at p for all p ∈ U} .

If V ⊂ U , then OX(U) ⊂ OX(V ) ⊂ k(X), and we define ρUV as the inclusion
map (or equivalently, as restriction of functions). It is immediate to check
first that OX is a presheaf, and then that it is a sheaf.

Let X ⊂ P2 be an irreducible projective plane curve defined by an irre-
ducible nonconstant homogeneous polynomial F (x, y, z), and let X3 ⊂ A2 =
A2

3 be the irreducible affine plane curve defined f(x, y) := F (x, y, 1), the
dehomogenization of F .1 Note that X3 ⊂ X.

1We assume that F is not a multiple of z, since in that case X3 would be empty. We
can still handle this exceptional case by instead investigating the analogous irreducible
affine plane curve Xj ⊂ A2

j for j = 1 or 2.
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Claim 1. The fields k(X) and k(X3) are isomorphic.

Proof. The inverse isomorphisms are simply given by homogenization and
dehomogenization:

G(x, y, z)

H(x, y, z)
7→ G(x, y, 1)

H(x, y, 1)
,

g(x, y)

h(x, y)
7→ g(x/z, y/z)

h(x/z, y/z)
,

where the numerator and denominator of g(x/z, y/z) and h(x/z, y/z) are
multiplied by the same power of z as needed to clear denominators.

So we can think of X and X3 as having the same rational functions.

Claim 2. X3 is an open subset of X.

Proof. X3 is the complement of the finite set F = z = 0.

Note that the subspace topology on X3 induced from the Zariski topology
on X is precisely the Zariski topology on X3.

Now consider the sheaf (OX)X3 , the restriction of OX to X3.

Claim 3. (OX)X3 is isomorphic to OX3 .

Remark 1. To make proper sense of this claim, we have to define the
notion of an isomorphism of sheaves. But you would probably guess the
right definition: an isomorphism φ of sheaves F and G on a topological space
X is a collection of isomorphisms φU : F(U) ' G(U) for each open subset
U ⊂ X, compatible with the restriction maps:

ρGUV ◦ φU = piV ◦ ρFUV

for all V ⊂ U .

Remark 2. The meaning of the claim is that the notations of regular func-
tions on X and X3 are entirely consistent.

Proof. Since we have already identified the respective fields of rational func-
tions, we only have to show that the respective notions of being regular at
a point are the same. So let p = (x0, y0) ∈ X3 and f ∈ k(X) ' k(X3). We
can then represent f as G(x, y, z)/H(x, y, z) ∈ k(X) or as g(x, y)/h(x, y) :=
G(x, y, 1)/H(x, y, 1) ∈ k(X3). As a point of X, we represent p as (x0, y0, 1).
Then H(x, y, z) does not vanish at (x0, y0, 1) if and only if h(x, y) does not
vanish at (x0, y0). So the notions of regular function are the same.
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Since X = X1 ∪X2 ∪X3, we can understand the regularity of a rational
function at any point of X in terms of the regularity of the function at a
point of an affine plane curve.

The moral of the story: If the notions of algebraic geometry considered
in this course can be defined solely in terms of regular and rational functions
(and they can), then the disparate treatments of affine and projective vari-
eties in the text (and later, quasi-affine and quasi-projective varieties) are
automatically consistent.

In the next section, we briefly outline the extension of these ideas to more
general varieties.

3 Regular functions and maps

Definition 3 A variety2is an open subset of a closed subset of affine or
projective space. Its Zariski topology is the subspace topology coming from
the Zariski topology on An or Pn.

To a variety X we can associate a sheaf OX of regular functions. For open
subsets of closed subsets of Pn (i.e. quasi-projective varieties) the notion of
a function being regular at a point is defined at the beginning of Section 4.2.
Then OX(U) are the k-valued functions on U which are regular at each point.
The definition of OX for open subsets of a closed subset of An (i.e. quasi-
affine varieties) is entirely analogous, using quotients of polynomials in place
of quotients of homogeneous polynomials of the same degree.

Now suppose X and Y are varieties. Suppose that f : X → Y is regular.
Note that the definition of what is meant by regular given in the text depends
a priori on how X and Y are constructed. If f : X → Y and g : Y → Z are
regular, then the composition g ◦ f : X → Z can be checked to be regular in
all cases (proofs omitted).

The goal here is to state a unified equivalent definition. The proof of the
equivalence is left to the reader.

Theorem. Suppose f : X → Y is regular. Then f is continuous, and for
each open U ⊂ Y and each regular function g on U , the pullback f ∗(g) := g◦f
is regular on the open set f−1(U).

2Some authors include irreducibility in the definition of a variety.
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In other words, for each U , f ∗ determines a ring homomorphism f ∗U :
OY (U)→ OX(f−1(U)) .

Proof (sketch). If X is quasiprojective and Y = Pn, continuity was proven
at the end of Section 4.2. If Y ⊂ Pn is only quasiprojective, then the
composition X → Y ↪→ Pn is regular, hence continuous. Since the topology
on Y is given by the subspace topology, continuity of f : X → Y follows
immediately. The other cases follow by an adaptation of the proof, using
quotients of polynomials in place of quotients of homogeneous polynomials
of the same degree where appropriate.

Once we know that f is continuous, it follows that f−1(U) is open in X
for any open U in Y . If g ∈ OY (U), to show that f ∗(g) ∈ OX(f−1(U)), we
just have to show that it is regular at each x ∈ f−1(U). This follows directly
from the definitions.

This theorem has a converse.

Theorem. Suppose X and Y are varieties, f : X → Y is continuous, and
pullbacks of regular functions (on arbitrary open subsets of Y ) are regular.
Then f is regular.

We will not prove this theorem, which must be done case by case, since
the definitions of regular functions and mappings depend on the situation.
For example, if X and Y are both affine, the map f ∗ : OY (Y ) → OX(X) is
simply a k-algebra homomorphism k[Y ] → k[X] and we have already seen
how that uniquely determines the map f : X → Y , which is regular.

It makes sense to consider a category whose objects are varieties and
whose morphisms are regular maps. A notion of isomorphism of varieties
follows.

Now, let X be a quasi-affine variety, so it is an open subset of a closed
subset V of some An. Let Z = V − X, a closed subset of V . Embedding
An ⊂ Pn by identifying An with An

0 , we let V and Z be the closures of V and
Z respectively in Pn. Then X ′ := V −(Z(x0)∪Z) is a quasiprojective variety.
By construction, X ′ is the image of X in Pn via the inclusion An ⊂ Pn.

Lemma. The inclusion X ↪→ X ′ is an isomorphism of varieties.

Corollary. The various definitions in the text of regular functions and maps
for all kinds of varieties are compatible.

The details are omitted. Note that a regular function is the same thing as a
regular map to P1.
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