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Lecture 12: Lower Bounds for ε-Nets

Let F be a family of sets on a ground set U of size N . We say that A ⊆ U is an ε-net if
for every F ∈ F such that |F | > εN , we have F ∩ A 6= ∅. Given F and ε, it is natural to
ask how small an ε-net can be. One cannot do better than (1 − ε)N in general, as this is
necessary to cover all subsets of size εN . We can give better answers for families F that are
simple in some sense; we formalize this with the notion of VC dimension. We say that a set
S ⊆ U is shattered by F if |{F ∩ S : F ∈ F}| = 2|S| . We then define the VC dimension of
F as VC(F) = max{|S| : S shattered by F}.
As an example, consider a set P of N > 3 points in a plane. Take F = {T ⊆ P :
∃ a line ` such that ` ∩ P = T }. It is easy to shatter a set of size 2, so VC(F) > 2. To see
that VC(F) 6 2, let S ⊆ P be a set of size 3. If the points of S are not collinear, then
there is no line that intersects all three points, so S cannot be shattered. Otherwise, denote
the points of S by a, b, and c, where b lies on the segment between a and c. There is no
line whose intersection with S is {a, c} (any such line must also intersect b), so S cannot be
shattered. The same argument applies to sets of size larger than 3, so VC(F) = 2.
Haussler and Welzl [22] showed that if VC(F) = d, then there is an ε-net for F of size


O dε log dε . This gives a net of size O 1ε log 1ε for our example of lines in the plane. If we
take our point set to be a disjoint union of 1/ε parallel lines, each with εN points, then
every ε-net must be of size at least 1/ε, because any ε-net has to contain at least one point
from each of the parallel lines. In [33], Matoušek-Seidel-Welzl conjectured that “natural”
geometric families F of VC dimension d admit an ε-net of size O(d/ε). Alon [1] recently
refuted this conjecture in the case of points and lines in the plane, using the density HalesJewett theorem to give a construction of a point set such that the smallest ε-net has size

Ω 1ε log∗ 1ε , where
log∗ n := max{i ∈ N : log · · · log n > 1}.
| {z }
i times

In particular, this bound is super-linear in 1/ε.
In this lecture, our main goal will be to prove the following theorem of Balogh-Solymosi
[12], which improves on the lower bound of Alon.
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Theorem 1.1 ([12]). Let ε∗ > 0 be an arbitrary small constant. Then there exists a point
system S in the plane, such that if T ⊆ S intersects each line containing at least ε∗ |S| points,
i.e., T is an ε∗ -net, then
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It is conjectured that the true lower bound on the size of an ε-net
should
 for1 this setting
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be Ω ε log ε . The current state of the art is a lower bound of Ω ε log 2
.
ε

1.1

Proof of Theorem 1.1

First, we recall the hypergraph container theorem for r-uniform hypergraphs. Let H be an
r-uniform hypergraph with average degree d. For every S ⊆ V (H), its co-degree, denoted
by d(S), is the number of edges in H containing S, i.e.,
d(S) = |{e ∈ E(H) : S ⊆ e}|.
For every j ∈ [r], denote by ∆j the j-th maximum co-degree, i.e.,
∆j = max{d(S) : S ⊆ V (H), |S| = j}.
For τ ∈ (0, 1), define
r
∆(H, τ ) = 2(2)−1

r
X
j=2

∆j
.
j−1
dτ j−1 2( 2 )

We use the following version of the Saxton-Thomason [38] hypergraph container theorem.
Theorem 1.2 ([38, Corollary 3.6]). Let H be an r-uniform hypergraph on vertex set [N ].
Let 0 < ε, τ < 1/2. Suppose that τ < 1/(200 · r · r!2 ) and ∆(H, τ ) 6 ε/(12r!). Then there
exists c = c(r) 6 1000 · r · r!3 and a collection of vertex susbset C such that
1. every independent set in H is a subset of some A ∈ C;
2. for every A ∈ C, e(H[A]) 6 ε · e(H);
3. log |C| 6 cN τ · log(1/ε) · log(1/τ ).
We now prove Theorem 1.1.
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Proof of Theorem 1.1. We will take V (H) = [n]r and E(H) to be the set of collinear r-tuples,
for r a parameter to be chosen later which satisfies log log n  r 6 0.01 log1/2 n/ log log n. We
then take a p-random subset of H, i.e., we choose each vertex independently with probability
p. From here, we obtain our final point set by removing one point from each collinear (r + 1)tuple in the p-random subset, resulting in a set with no collinear (r + 1)-tuples. We then
project this set onto the plane such that the collinearity of the points is maintained.
For this to go through, we want
E[# points] = pnr  pr+1

(r + 1) · 22r+1 2r
n log n = E[# collinear (r + 1)-tuples],
r!

which will be satisfied by taking p = r/20n.
We begin by setting parameters and computing some bounds arising from the hypergraph
2
container theorem, Theorem 1.2. We will set ε = 10−r throughout.
Since there are at most n points in a line, we have for 2 6 i < r


n−i
∆i =
,
r−i
and ∆r = 1. We can bound (for details, see [12, Claim 4.1(i)] with r = k) the number of
edges e(H) and the average degree d = d(H) as
22r
n2r
6
e(H)
6
n2r
r2r
(r − 1)!

nr

and

r2r−1

6 d = d(H) 6

r2 · 22r r
n.
r!

Taking τ = n−1−0.9/(r−1) , we can bound ∆(H, τ ) as
 2r−1
n−j
r
X
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ε
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∆(H, τ ) 6 2(2)−1
.
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r τ j−1 2( 2 )
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Note also that since r 6 log1/2 n, we have
τ<

1
.
200 · r · r!2

We also need a supersaturation result for this hypergraph, which we take from Balogh2
Solymosi [12]. Recall that ε = 10−r .
Lemma 1.3 ([12, Lemma 6.1]). Let A ⊆ V (H) with e(H[A]) 6 ε · e(H). Then |A| 6 nr /10.
With the above bounds, we can apply the hypergraph container theorem, Theorem 1.2,
to obtain a set of containers C of size
|C| 6 21000·r·r!

3 v(H)τ ·log(1/ε)·log(1/τ )

3

−1−0.8/r ·v(H)

6 2n

.

Since every C ∈ C contains at most ε · e(H) edges, Lemma 1.3 implies that |C| 6 0.1 · v(H)
for all C ∈ C. From here, we can upper bound the number of independent sets of size
9
pv(H) in the p-random subset of H by counting the number of possible m-sets
m = 20
in each container and multiplying by the bound on the number of containers. Using the

k
standard estimate nk 6 en
, we get that the number of independent sets of size m is
k
bounded by


0.1 · v(H)
−1−0.8/r ·v(H)
−1−0.8/r −p/5)·v(H)
n−1−0.8/r ·v(H)
2
·
· pm 6 2n
(0.61)m < 2(n
= o(1).
m
Denote by S the point set resulting from taking a p-random subset of V (H), removing
o(pv(H)) points to ensure no r + 1 points are in a line, and projecting this to R2 . Standard
9
< 12 ,
concentration results imply that |S| = (1 + o(1))pv(H) with high probability. As 20
the previous bound implies that with high probability there are no independent sets in the
p-random subset of H of size |S|/2. Note that if T ⊂ S is an ε∗ -net, then since T intersects
every line containing r points in S and no line contains r + 1 points of S, S − T is an
independent set. Then |S| − |T | 6 |S|/2, so |T | > |S|/2. Finally, we choose parameters by
taking ε∗ to be a small positive constant and setting
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Note that, in principle, one could compute the corresponding value of n in terms of the
other parameters, but the existence of such n suffices. We remark here that
3

ε∗ = 2−(1+o(1))r ,

1.2

2

n = 2(1+o(1))r ,

2

p = 2−(1+o(1))r .

Weak ε-Nets

In geometric settings, the notion of an ε-net can be relaxed. Let P be a set of N points in
the plane and L a set of lines. We say that S ⊂ R2 is a weak-ε-net if for every ` ∈ L such
that |` ∩ P | > εN , we have ` ∩ S 6= ∅. The word weak here refers to the fact that S need
not be a subset of P .
There are instances where weak-ε-nets can be much smaller than ε-nets. For example,
take a collection of 1/ε distinct lines in the plane, all intersecting at a single point (say, the
origin). Consider a point set obtained by taking εN points from each line, excluding the
4

point of mutual intersection. Then any ε-net for this point set requires size 1/ε, but the
point at which all the lines intersect is a weak-ε-net of size 1.

Since an ε-net is a weak-ε-net by definition, there are weak-ε-nets of size O 1ε log 1ε for
the setting of points and lines in the plane. Alon gave a lower bound for weak-ε-nets in the
planar points-and-lines setting in [1]. In [12], Balogh-Solymosi use ideas similar to those of
Theorem 1.1 to give the following lower bound for weak-ε-nets.
Theorem 1.4 ([12]). Let ε0 be an arbitrary small constant. Then there is a 0 < ε∗ < ε0
such that the following holds. There exists a point system S in the plane, that if T intersects
each line containing at least ε∗ |S| points, i.e., T is a weak ε∗ -net, then
1
|T | >
10ε∗

1.3


1/10
1
log log ∗
.
ε

Relation to Helly’s Theorem

Recall Helly’s theorem from convex geometry.
Theorem 1.5 (Helly). For all finite families of convex sets in Rd , if every d + 1 sets have
non-empty intersection, then the whole family has non-empty intersection.
We can generalize Helly’s theorem as follows. For p > q > d + 1, we say that a family
of convex sets F in Rd has the (p, q)-property if among every collection of p sets in F, some
q of them have non-empty intersection. In 1957, Hadwiger and Debrunner [21] posed the
following conjecture.
Conjecture 1.6 ([21]). For every p > q > d + 1, there exists c = cd (p, q) such that any
family F which satisfies the (p, q)-property can be pierced by c points. That is, there exists a
set S ⊂ Rd with |S| = c such that for all F ∈ F, we have F ∩ S 6= ∅.
Note that Helly’s theorem immediately implies that cd (d + 1, d + 1) = 1. It is not hard to
see that cd (p, q) > p − q + 1. Indeed, the union of many sets overlapping at a point and p − q
disjoint sets shows that p − q + 1 points are necessary. Hadwiger and Debrunner [21] showed
a matching upper bound when q > p/2 + 1. Subsequently, Alon and Kleitman [2] proved
that cd (p, q) is finite, giving an exponential bound. In recent work, Keller and Smorodinsky
[25] gave a lower bound of p1+Ω(1/q) on c2 (p, q). A special case of their work is the following
theorem, for which we sketch the proof. Further details can be found in [25].
Theorem 1.7 ([25]). c2 (p, 3) > p6/5−o(1) .
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Proof sketch. Let S be a set of n points in the plane which contains no four points on a
line. By a result of Balogh-Solymosi [12, Theorem 2.1] on the (3,4)-problem (the problem
of finding the minimal size of the largest S 0 ⊆ S such that S 0 is in general position, for any
set S satisfying the above conditions), we can assume S has the additional property that
for any R ⊆ S, if |R| > n5/6+o(1) then R contains 3 points on a line. Via point-line duality,
we get a collection F of n lines such that no 4 lines have a common point and that every
set of n5/6+o(1) lines contains three lines sharing a common point. Take p = n5/6+o(1) . Then
F satisfies the (p, 3)-property. Moreover, every point intersects at most 3 lines, so at least
n/3 = p6/5−o(1) points are needed to pierce F.
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[9] J. Balogh, H. Liu, S. Petřı́čková, and M. Sharifzadeh ‘Typical structure of maximal
triangle-free graphs’, Forum of Mathematics, Sigma, 3, e20 (2015).
6

[10] J. Balogh, H. Liu and M. Sharifzadeh, 2016. The number of subsets of integers with
no k-term arithmetic progression. International Mathematics Research Notices, 2017(20),
pp.6168–6186.
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[15] P. Erdős, Some recent results on extremal problems in graph theory. Results, Theory of
Graphs (Internat. Sympos., Rome, 1966), Gordon and Breach, New York; Dunod, Paris,
1967, pp. 117123 (English); pp. 124–130 (French).
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[34] D. Osthus, H.J. Prömel and A. Taraz, ‘For which densities are random triangle-free
graphs almost surely bipartite?’ Combinatorica 23 (2003) 105–150.

8

[35] D. Osthus, Maximum antichains in random sets of a finite set, Journal of Combinatorial
Theory, Series A (2000) 90, 36–46.
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