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Question 1 Let [a]n ∈ Zn. Write m[a] : Zn → Zn for the “multiplication by [a] map”:

m[a]([b]) := [a][b].

(a) If [a]n ∈ Z×
n , then m[a] : Zn → Zn is an isomorphism. Why?

(b) Show that we obtain a homomorphism m : Z×
n → Aut(Zn) by [a] 7→ m[a].

(c) If n ≥ 3, then {±[1]n} is an order 2 subgroup of Z×
n and together with m from the previous

part, we obtain a homomorphism
α : Z2 → Aut(Zn).

What is α[0]? What is α[1]?

(d) Consider G := Z3 oα Z2. The formula for the operation in this case reads:

([a]3, [b]2)([c]3, [d]2) = ([a]3 + α[b]([c]3), [b]2 + [d]2).

Compute: ([1]3, [0]2)([0]3, [1]2), and ([0]3, [1]2)([1]3, [0]2).

(e) Both Z3, Z2 are abelian. The direct product Z3 × Z2 is abelian. Is the semi-direct product
Z3 oα Z2 also abelian?

(f) Show that Z3 oα Z2
∼= S3. Here are (at least) two possible ways to proceed to show this (feel

free to use a different method):

(a) In class we showed that S3 ∼= A3 oβ 〈(1 2)〉 (recall that β : 〈(1 2)〉 → Aut(A3) is defined
so that it sends (1 2) to the automorphism of conjugation by (1 2)). Check that there are
isomorphisms A3

∼= Z3 and 〈(1 2)〉 ∼= Z2 such that β and α are identified with each other
via these isomorphisms.

(b) Define a function f : Z3 oα Z2 → S3 by f([a]3, [b]2) = (1 2 3)a(1 2)b. Now check that this is
a (well-defined) homomorphism, that it is surjective and injective.

Question 2 Recall that we have an isomorphism φ : Z4 → Z×
5 where φ([a]4) = [2a]5. We obtain a

homorphism β : Z4 → Aut(Z5).

(a) What are β[0], β[1], β[2], β[3]?

(b) Consider Z5 oβ Z4. Compute:
([1]5, [2]4)([1]5, [1]4),
([1]5, [1]4)([1]5, [2]4),
([1]5, [2]4)

−1

Question 3 Let A,N be groups and τ : A→ Aut(N) the trivial homomorphism (i.e. τ(a) = id for
all a ∈ A). In class we mentioned that

N oτ A = N ×A.

Verify this claim.


