
MATH 402 Non-Euclidean Geometry
Final Practice Questions

Topics: Everything we covered in class. Also consult the review sheets for
the previous exams as well as the previous exams. The review questions
here mostly focus on the material after the last exam.

General hint: make sketches whenever you’re asked to do something visual.

1. Definitions, statements, basic properties.

(a) Axiomatic systemsm, consistency, completeness.

(b) Axioms and basic results for Neutral geometry, Euclidean geom-
etry, Hyperbolic geometry.

(c) Playfair’s postulate, Hyperbolic postulates.

(d) Congruence and similarity for Euclidean and hyberbolic triangles.

(e) Pasch’s theorem/postulate in Euclidean and hyberbolic geometry.

(f) Circle inversion.

(g) Isometries and their basic properties.

(h) Reflection, rotation, translation, glide reflection.

(i) Line of reflection, vector of translation, angle of rotation.

(j) Classification of isometries in terms of reflections, in terms of
fixed points.

(k) Poincaré and Klein model for hyberbolic geometry.

(l) Limiting parallels, angle of parallelism, hyperbolic computations.

(m) Omega points and omega triangles.

(n) Saccheri and Lambert quadrilaterals.

(o) Area and properties.

(p) Möbius transformation of the extended complex plane.

(q) Cross ratio of four complex numbers and relation to clines, circle
inversion, hyperbolic distances.



(r) Isometries of the Poincaré plane.

(s) Symmetry groups, frieze groups, Wallpaper groups.

2. Proofs, computations, long and short answers.

(a) Given a Möbius transformation f(z) = az+b
cz+d , when does it deter-

mine an isometry of the Poincaré plane?

(b) Is Hyperbolic geometry consistent?

(c) Prove that the set of Möbius transformations forms a group. Do
the set of Möbius transformations which determine an isometry
of the Poincaré plane form a group?

(d) Which Möbius transformations, define isometries of the Poincaré
plane?

(e) Describe reflections in the Poincaré plane.

(f) Construct the inverse P ∗ with respect to a circle C. Explain an
alternate and quick method for computing P ∗ (which does not
require the construction).

(g) Which are the possible symmetries contained in a frieze group?

(h) Which are the possible rotations in a wallpaper group?

(i) Let v = (1, 1) and consider the set of translations T = {id, T(1/k)v, T(−1/k)v}
where k is a positive integer. Is T a frieze group?

(j) Sketch two frieze patterns which have different symmetry groups.

(k) Prove that an equilateral triangle has 6 symmetries.

(l) What are the symmetries of a regular octagon?


