
MATH 402 Non-Euclidean Geometry
Exam 2 Practice Questions

Topics: Material we covered in class since the last midterm. This corre-
sponds to sections 3.1-3.4, 5.1-5.6, 7.1-7.5.

1. Definitions and statements

• Define an isometry of the Euclidean plane.

• Basic properties of isometries (see Theorem 5.1).

• Define a fixed point of an isometry f .

• Define a reflection, rotation, translation, glide reflection.

• Line of reflection, vector of translation, angle of rotation.

• Classification of isometries in terms of reflections, in terms of
fixed points.

• Axioms for hyperbolic geometry.

• Define points and lines in the Poincaré disk model (aka Poincaré
plane) for hyperbolic geometry. Define points and lines in the
Klein model.

• Hyperbolic postulate, Postulate H’.

• Define limiting parallels.

• Properties of limiting parallels.

• Define omega points and omega triangles (in the Poincaré plane).

• Basic properties of omega triangles (Pasch’s axiom, congruence
theorem, exterior angle theorem).

• Saccheri and Lambert quadrilaterals.

2. Proofs and long answers

(a) Let `1, `2, `3 be 3 lines, r1, r2, r3 the associated reflection. If
all three lines are parallel, what kind of isometry is r3 ◦ r2 ◦ r1?
(Prove your answer.)



(b) Let `1, `2, `3 be 3 lines, r1, r2, r3 the associated reflection. If all
three lines intersect, what kind of isometry is r3 ◦ r2 ◦ r1? (Prove
your answer.)

(c) Suppose f is a transformation of the plane which takes the fol-
lowing values:

(x,y) (0,0) (0,1) (1,1) (2,1)

f(x,y) (1,1) (2,2) (2,3) (-1,0)

Can f be an isometry? Why/why not?

(d) Does there exist two parallel lines `1 and `2 in hyperbolic geome-
try with the property that the distance between them is the same
at every point?

(e) Let ABCD be a Lambert quadrilateral, with right angles at
A,B,C. Show that the angle at D is acute.

3. True or false?

(a) If `1, `2 are distinct lines, the composite of reflections r`2 ◦ r`1
could be a reflection, depending on how the lines are situated
with respect to each other.

(b) If `1, `2 are distinct lines, the composite of reflections r`2 ◦ r`1
could be a rotation, depending on how the lines are situated with
respect to each other.

(c) If `1, `2 are distinct lines, the composite of reflections r`2 ◦ r`1
could be a translation, depending on how the lines are situated
with respect to each other.

(d) Given a line ` and a point P not on `, there are finitely many
parallels to ` which pass through P in hyperbolic geometry.

(e) Some rectangles exist in hyperbolic geometry.

(f) There are two noncongruent equilateral triangles in the Poincaré
plane.


