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Worksheet: Plane duals and projective planes (Solutions)

Exercise 1

A1 There are exactly 4 lines.

A2 Two distinct lines intersect at exactly one point.

A3 Each point is contained in exactly two lines.

Exercise 2 Does four-line geometry system embed into Euclidean geometry? (If yes, draw it.)
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Exercise 3

B1 There is a point which is contained in exactly n + 1 points.

B2 Every pair of lines intersects in exactly one point.

B3 Every pair of points is contained in a unique line.

B4 There are at least four lines, such that any three of them do not intersect.

Exercise 4
(i), (ii), (iii) The pictures for the Fano plane and its dual are the same.



(iv) Based on the above example we could conjecture that the finite projective plane of order n is
always self dual (i.e. it and it plane dual are the same (i.e., equivalent).
To prove this we have to show the following: (abbreviate finite projective plane of order n to
FFPn)

(a) The axioms for the dual of FFPn are theorems in the FFPn axiomatic system, and

(b) The axioms for FFPn are theorem in the dual FFPn axiomatic system.

We refer to the axioms of FFPn as A1, A2, A3, A4 and to the axioms of dual FFPn as B1,
B2, B3, B4.
Let’s prove (a), so we are assuming the axioms of FFPn. To show B1, we need to show
there exists a point contained on exactly n + 1 lines. By A1, there is a line which contains
n + 1-points, call in ` and label its points P1, . . . Pn+1. By A4, there must be some point
Q not on `. Now each pair Pi, Q is contained on a line, call it mi, and it follows from A2
that for i 6= j we have mi 6= mj (make sure you understand why). Since there are n + 1
such pairs, we conclude that there are at least n + 1 lines containing Q. Suppose there is an
n + 2nd line containing Q. This line must intersect ` by A3 and A2 implies that this point
of intersection must be different that any of the Pi but this contradicts the assumption that
` has exactly n + 1 points. Therefore, there can be no n + 2nd line containing Q and so B1
has been established. Note that B2 and B3 hold under our assumption. It remains to verify
B4. Let X1, X2, X3, X4 be 4 points such that any three of these points are not colinear. Each
of the pairs (X1, X2), (X1, X3), (X2, X3), (X3, X4) determines a line and it follows from the
assumption on these points and A2 that each of these lines is distinct. This yields 4 distinct
lines such that any three of them do not have a point in common. This finishes the proof of
(a).
Now we prove (b), so we are assuming the axioms of the dual of FFPn. Let Q be a point
which has exactly n+ 1 lines passing through it. Label these `1, . . . , `n. By B4, there is some
line which does not pass through Q, call it m. By B2, each of the lines `i intersect m in a
point, call it Pi. By B3, each of these points are distinct. Thus m contains at least n + 1
points. If m contains an n+ 2nd point, there is a line passing through this point and Q which
is different than any of the `i, contradicting the assumption that there are exactly n+ 1 lines
through Q. So m contains exactly n + 1 points. There is nothing to check for A2, A3. It
remains to show A4 is valid. Let n1, n2, n3, n4 be four lines such that any three of them do
not intersect. Let X1, X2, X3, X4 be the respective points of intersection of the pairs of lines
(n1, n2), (n1, n3), (n2, n3), (n3, n4). Any three of these four points are not colinear and so A4
is verified. This finishes the proof of (b) and we conclude that axioms A1-A4 are equivalent
to B1-B4.

Exercise 5 The finite projective plane of order 1 does not exist, i.e. the axioms for FFP1 are
not consistent. By A1 there is a line ` with exactly 2 points P1 and P2. By A4 there four points
X1, X2, X3, X4 such that any three are noncolinear. Each pair (Xi, Xj) determines a line by A2
and each of these lines intersects `. This point of intersection has to be either P1 or P2. Of the
lines determined by the pairs (X1, X2), (X1, X3), (X1, X4), at least two must have the same point of
intersection with `. Say (X1, X2), (X1, X3) intersect at P1 (one can always relabel if needed). But
then by A2 these are the same line and so X1, X2, X3 are colinear which is a contradiction. This
the axioms for FFP1 are inconsistent and the finite projective plane of order 1 does not exist.


