
Lecture 15: Perturbation theory for Eigenvalue problems II Degenerate perturbation
theory

As we saw in the previous lecture we can treat perturbations of eigenvalue problems as we have treated
other problems: if it is an ODE eigenvalue problem we can treat it using ODE ideas, if it is a matrix
eigenvalue problem we can compute the characteristic polynomial and treat it using perturbation theory
for the roots of a polynomial. But this is, in some sense, the wrong way to go about it. Eigenvalue problems
have some algebraic structure, and we should take advantage of that when we do perturbation theory. In
this lecture we are going to talk about the degenerate case, when the dimension of the unperturbed
eigenspace is greater than one.

Again we will assume that A(ε) is a one-parameter family of self-adjoint operators. These could be
matrices or they could be some kind of infinite dimensional operator like a differential operator. We will
assume that we know how to solve the ε = 0 eigenproblem

A(0)v(0) = λ(0)v(0)

and that the eigenspace corresponding to λ(0) has dimension k. We will assume that e1, e2, . . . , ek are
an orthonormal basis for the eigenspace of A(0) corresponding to λ(0).

Differentiating the eigenvalue relation

A(ε)v(ε) = λ(ε)v(ε)

with respect to ε and setting ε = 0 we get

(A(0)− λ(0))
dv

dε
= (

dλ

dε
− dA

dε
)v(0).

The eigenvector v(0) is an arbitrary, as yet undetermined linear combination of the basis eigenvectors
e1 . . . ek:

v(0) =
∑

αiei

The Fredholm alternative implies that, in order for the equation for dv
dε to be solvable the righthand

side must be orthogonal to the nullspace of A(0) − λ(0): in other words the ej . Dotting with ej gives as
k equations in k + 1 unknowns: αi and dλ

dε :

dλ

dε
αj =

∑
〈ej

dA

dε
ei〉αi

This is a k × k eigenvalue problem, where the matrix is given by Mij = 〈ej dAdε ei〉, which is basically the
composition of A with the matrix projecting onto the eigenspace span{ei}ki=1. There are obviously k
eigenvalues, counted according to multiplicity. This gives k branches

λi(ε) = λ(0) + εµi

where µi is one of the eigenvalues of Mij = 〈ej dAdε ei〉

Example 1. Find the first order change in the eigenvalues of the matrix

A(ε) =

 1 0 0
0 2 1
0 1 2

 + ε

 1 2 3
2 3 1
3 1 2




