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Lecture 7: Math 553
We saw last time that the Laplace equation was badly behaved as an initial

value problem, while there was no such problem with the wave equation (In
fact the wave eqn is well-posed as an initial value problem. Thus it becomes
important to be able to classify equations as to their behavior, since this is
connected to the way that we pose the equations. This is the topic of the next
section

Classification of second order equations in two variables:
We consider the equation

a(x, y)uxx + b(x, y)uxy + c(x, y)uyy = d(x, y, u, ux, uy)

The Cauchy data is given by

u|γ = h
∂u

∂ν
|γ = h1

where ν denotes the unit normal. But we can, of course, compute directional
derivatives in the tangent direction by differentiating along the curve. This gives
the data

uγ = h
∂u

∂x
|γ = φ

∂u

∂y
|γ = ψ

provided that the condition

h′ = φ(s)f ′(s) + ψ(s)g′(s)

holds ((f, g) parameterize the initial curve). Differentiating gives

φ′ = uxxf
′ + uxyg

′ (1)

ψ′ = uxyf
′ + uyyg

′ (2)

d = auxx + buxy + cuyy (3)

This can be solved as long as the determinant is not zero. That means that
the Cauchy data along the curve γ determines all of the second order derivatives.
By similar arguments to last time the derivatives of all orders can be determined
in a similar fashion.

We are going to let this be the definition of characteristics in this case: a
curve is characteristic if the determinant above vanishes. IN other words if

a(x, y)g′2 − bf ′g′ + cf ′2 = 0

Multiplying through by ds gives

ady2 − bdxdy + cdx2 = 0

or, in other words
dy

dx
=
b±

√
b2 − 4ac
2a

These are the characteristic curves. There are, as one might expect, three cases.
They are
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• Two real Roots: Hyperbolic Case

• One (double) Root: Parabolic Case

• No real roots: elliptic case

The canonical example of the first is the Wave equation, the second is the
heat equation, and the third is the Laplace equation.

Example 1. Find the type of the equation

x2uxx − y2uyy = 8u

The characteristics not only provide a way to classify the solutions, they also
provide a way to simplify the equations. As an example consider the following

Example 2.
x2uxx + 3xyuxy + 2y2uyy = u

The characteristics are


