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Lecture 4: Math 553

Higher Order Equations:

To begin with we are going to introduce some notation. A multi-index

α = (α1, α2, . . . αn) with αi ∈ N We’ll define |α| =
∑
αi, x

α = xα1
1 xα2

2 . . . xαn
n

and similarly

Dα =
∂|α|

∂xα1
1 ∂xα2

2 . . .

A general mth order equation is one for which

F (x,Dα1u,Dα2u . . .) = 0

with |αi| ≤ m
For simplicity we’re going to assume that the equation under consideration

can be written in the following normal form

∂mu

∂xmn
= G(x,Dαu)

where αn < m. We are also going to proscribe Cauchy data on the initial

hypersurface xn = 0

u|xn=0 = g0(x∗) (1)

du

dxn
|xn=0 = g1(x∗) (2)

...
dm−1u

dxm−1
|xn=0 = gm−1(x∗) (3)

I’d like to start by making a simple observation, which forms the backbone of

the Cauchy-Kovalevsky theorem: namely that the above problem determines

ALL derivatives of all orders of u. to see this note the following: If we have a

derivative whose order with respect to xn is less than or equal to m then this

derivative is determined from the initial data just by differentiating. If it has

order in xn greater than m then we can successively determine derivatives of

successive order by differentiating the differential equation with respect to xn
and applying the chain rule.

Example

The idea of the Cauchy-Kovalevsky theorem is to show that (assuming that

F depends analytically on its arguments and the initial data is analytic, then
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the solution is analytic and this procedure yields the answer. To begin with let

me do a couple of examples:

Examples:

Cauchy-Kovalevski Theorem If gj are real analytic in a neighborhood

of 0 and G is real analytic in a neighborhood of (0, Dαu(0)) then there exists a

unique real analytic solution u defined in a neighborhood of 0 ∈ Rn

Basically the method of proof is to write down the formal power series solu-

tion and to check that it converges. The Cauchy-Kovalevski theorem is not so

good for a number of reasons. We’d really like to consider more general data

than real analytic. There are many well-behaved equations who do not fit the

hypothesis of the theorem. For instance the heat equation is a fine example.

The heat equation is given by

ut = uxx u(x, 0) = f(x)

Now the heat equation does not fit the hypotheses of the C-K theorem since the

order is 2 but it is first order in the evolution variable. If we try to apply the

C-K scheme to the above equation we can easily see that it is doomed to fail.

It is easy to see that

dn+mu

dxndtm
|x,t=0 =

dn+2mf

dxn+2m
|x=0

Let’s take initial data f(x) = 1
1+x2 , which has a positive radius of convergence

(1, actually). It is easy to see from the power series that d2kf
dx2k = (−1)k(2k)!,

and that the power series for the “solution” to the heat equation is∑
tjx2k(−1)k

(2j + 2k)!

j!2k!

It is kind of clear that this is going to have to diverge. One way to see this is to

look at the diagonal piece j = k. If this series were to be absolutely convergent
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it is clear that any subsequence must converge. Taking the diagonal terms in

the sum, j = k, we get ∑
tjx2j(−1)j

(4j)!

j!2j!

Applying the ratio test to this thing gives

aj+1

aj
= 2x2t

(4j + 3)(4j + 2)(4j + 1)

(j + 1)(2j + 1)
→∞

so this subsequence has a zero radius of convergence. It is clear what the problem

is: since there are more x derivatives than t derivatives you make a bad deal: in

the Taylor series you only pick up a j! in the numerator, but you are balancing

this against something which can potentially grow like (2j)! in the numerator.

The Cauchy-Kowalewski theorem is sometimes the only thing that we have,

but it is bad for another reason. For most problems analytic data is much

stronger than we would like. We’d like to allow data that might only have a

finite number of derivatives (or even have jumps). By its very nature C-K cannot

handle this, since it looks for a solution in terms of a power series. Furthermore

by making such strong assumptions C-K can give solutions to problems which,

in any reasonable sense, do not have good solutions.

In this vein I would like to mention the Hadamard example. An equation is

“well-posed” in the sense of Hadamard if it satisfies the following three proper-

ties: The solution

1. Exists (in some class of solutions).

2. Is unique (in the same class of solutions).

3. Depends continuously on the initial data (for some choice of topology).

As an example of this consider the Laplace equation:

uxx = −uyy u(x, 0) = g(x) uy(x, 0) = 0

The Cauchy-Kowalewsky theorem applies to this equation, as long as the func-

tion g is analytic. Thus we know that there is a unique analytic solution to this

problem. All seems right with the world. But consider the following sequence

of initial data

gn(x) = e−n
.5

sin(nx)

This data is converging to 0 as n→∞ in most reasonable norms: the pointwise

values of the function and all of it’s derivatives converges to 0. Nonetheless the

solution to the Laplace equation with this initial data does not converge to 0 in

fact it diverges at any positive y. It is not hard to see that the solution to the

Laplace equation with this initial data is given by

un(x, y) = e−n
.5

sin(nx)(eny + e−ny)/2

Note that this function has the following unfortunate property:

un(x, 0)→ 0 n→∞ (4)

un(x, y)→∞ n→∞ (5)

(6)
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So we can take arbitrarily small initial data and in an arbitrarily short distance

in y it will become arbitrarily large.

That isn’t good. There is no reasonable sense in which the solution depends

continuously on the initial data: we can make a change in the data which is

arbitrarily small and for any positive y the change in the solution is arbitrarily

large.

This is a reflection of the fact that we are not posing the Laplace equation

in the right way. In fact the correct way to pose the Laplace equation is to pose

either the Dirichlet data u(x, 0) or the Neumann data uy(x, 0) but not both.

For reasons such as this it is important to understand the type of equation,

and how to categorize them, since this determines how the equations are posed.

1 Classifying Second Order Equations

Consider the following second order quasilinear equation

a(x, y, u, ux, uy)uxx+b(x, y, u, ux, uy)uxy+c(x, y, u, ux, uy)uyy+F (u, ux, uy, x, y) = 0

We’d like to define characteristics for this equation, which will serve to clas-

sify it. In order to motivate this discussion I want to start by presenting another

way to view characteristics, which is sometimes profitable, is the following: Con-

sider the following equation:

a(x, y)ux + b(x, y)uy = c

Suppose that we are also given the function u along some initial curve, which

we parameterize by s :

u(x(s), y(s)) = f(s)

We can differentiate the above with respect to s to get

aux + buy = c

ẋux + ẏuy = ḟ

This gives us a system of two equations for two unknowns (ux and uy). It is

clear that we can solve for ux and uy individually unless the vectors (a, b) and

(ẋ, ẏ) are linearly dependent. Thus the characteristic direction is the one for

which we cannot solve for the derivatives individually: the direction in which

the information propagates. This point of view will be useful momentarily when

we discuss the characterization of second order equations.


