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Lecture 2: Math 553 First Order quasi-linear equations

We are considering the first order quasi-linear system

a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)

with initial data posed along some curve:

u(x(α), t(α)) = f(α)

One way to think about this is the following: we are finding a surface u(x, t)

which contains

This has a similar interpretation to the special case considered in the first

class.

One way to interpret this is that the vector field in the plane (a(x, y), b(x, y))

is everywhere orthogonal to the gradient of the function u. Said another way

this means that u does not change in the (a(x, y), b(x, y)) direction. This means

that if we can find a curve (x(s), y(s)) which is tangent to the vector field

(a(x, y), b(x, y)) then u will be constant along this curve. This curve is simply

ẋ = a(x, y)ẏ = b(x, y) In mathematical terms if (x(s), y(s)) satisfies the system

of ordinary differential equations

dx

ds
= a(x, y) (1)

dy

ds
= b(x, y) (2)

then along this curve the function u(x(s), y(s)) is constant:

d

ds
u(x(s), y(s)) =

dx

ds

∂u

∂x
+
dy

ds

∂u

∂y
= a(x, y)

∂u

∂x
+ b(x, y)

∂u

∂y
= 0

This system of ordinary differential equations is called the characteristic equa-

tions.

The geometric picture looks like this:

Let’s do some examples:

Example:

Solve the PDE

ut + xux = 0

The characteristic equations are

dt

ds
= 1 (3)

dx

ds
= x (4)

Which have the solutions

t(s) = s+ t0 (5)

x(s) = x0e
s (6)
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Initial Curve Parameterized by x_0
Initial data specified here

Initial data carried along
Characteristics

Figure 1: The Geometry of the Method of Characteristics characteristics

We can assume that t0 = 0, so that t = s. Eliminating s gives

x = x0e
t

or

x0 = xe−t

Since the initial data is a function of x0 we have

u(x, t) = f(xe−t)

Example:

Solve the PDE

xuy + yux = 0 u(x, 0) = f(x)

The characteristic equations are

ẋ = y (7)

ẏ = x (8)

which has the solution

x = x0 cosh(s) + y0 sinh(s) (9)

y = y0 cosh(s) + x0 sinh(s) (10)

We’d like to chose the origin in time so that x(0) = x0, y0 = 0, thus

x = x0 cosh(s) (11)

y = x0 sinh(s) (12)
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Eliminating s gives x2 − y2 = x20 so

u(x, y) = f(
√
x2 − y2)

Note that this only specifies the solution in part of the plane. The characteristics

do not propagate into one region of the plane, so the solution is not determined

in this region by the partial differential equation.

Exercises:

• Check that the above solutions work by direct differentiation.

• Draw a picture to illustrate which regions of x − y plane are covered by

characteristics in the last example.

Characteristics : the general case

The general case is not much different. Suppose that we have a first order

quasilinear (remember what that means?) partial differential equation of the

form

a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)

Consider the curve (t(s), x(s)) defined by the following ordinary differential

equation

dt

ds
= a(x, t, u) (13)

dx

ds
= b(x, t, u) (14)

Note that this is not yet solvable, since we don’t know what u is. But along any

such curve we can compute the change in u to find

du(x(s), t(s))

ds
= ẋ(s)ux + ṫ(s)ut = a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)

This gives us the third equation

du

ds
= c(x, t, u)

Now suppose that the data is specified on some initial curve:

x = x(α) (15)

t = t(α) (16)

u = f(α) (17)

Then the algorithm is as follows:

Algorithm 1. To solve the first order quasilinear equation

a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)

with initial data posed along the curve

u(x(α), t(α)) = f(α)
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1 Solve the characteristic equations

dt

ds
= a(x, t, u) (18)

dx

ds
= b(x, t, u) (19)

du

ds
= c(x, t, u) (20)

subject to the initial conditions

t(0) = t(α) (21)

x(0) = x(α) (22)

u(0) = f(α) (23)

2 Given x(s, α), t(s, α), u(s, α) eliminate s, α to find u = u(x, t).

Note that frequently the initial curve will be t = 0


