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Lecture 1/2: Math 553

The subject of this class is partial differential equations. A partial differential

equation is any relationship between a function and its partial derivatives of any

order: F (x, t, u, ut, ux, uxx, uxt, utt, . . .) = 0. Here are some examples

ut + (f(u))x = 0︸ ︷︷ ︸
Transport equation

(1)

utt = uxx︸ ︷︷ ︸
Wave equation

(2)

ut + uux + uxxx = 0︸ ︷︷ ︸
Korteweg−DeV ries equation

(3)

uxx + uyy = k2u︸ ︷︷ ︸
Helmholtz equation

(4)

uxx + uyy = uzz + uww︸ ︷︷ ︸
Ultrahyperbolic/John equation

(5)

ut = uxxxx︸ ︷︷ ︸
Fourth order diffusion

(6)

u2x + u2y + u2z = 1︸ ︷︷ ︸
Eikonal equation

(7)

~vt + ~v · ∇v = ∆~v −∇P︸ ︷︷ ︸
Euler equation

(8)

All of these arise naturally in some context. The Korteweg-Devries equation

governs water waves in a channel, and is interesting because it has an integrable

structure. The John equation (named after Fritz John) arises in the theory of

X-ray tomography. The Euler equation governs fluid flows in the absence of

viscosity.

One of the reasons that partial differential equations are more subtle than

ordinary differential equations is that the form of the equation often determines

the manner in which the equation is posed. Whereas the ordinary differential

equation

uxx = 0

might be posed as an initial value problem

uxx = 0 u(0) = 0 u′(0) = 1

or as a boundary value problem

uxx = 0 u(0) = 2 u′(1) = 1

the Laplace equation

uxx + uyy = 0 (x, y) ∈ Ω

should really only be posed as a boundary value problem. The initial value

problem does not really make sense. Thus it is very important to be able to

classify equations. There are a number of ways to do this. The first idea should
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be familiar from ordinary differential equations. This is the idea of the order of

a differential equation.

Definition 1. Order: The order of a differential equation is the order of the

highest derivative appearing in the relation. The orders of the equations above

are (1, 2, 3, 2, 2, 4, 1, 2) respectively.

It is also convenient to classify equations by whether they are linear or

nonlinear. A linear equation is one which is linear in u and all of its partial

derivatives (which coefficients which are allowed to depend on the independent

variables ). For instance all of the above except the transport, Korteveg-DeVries

equation, eikonal equation and Euler equation are linear.

An equation is quasi-linear if the highest derivative enters linearly. It is

semi-linear if only the function u enters nonlinearly. For instance the Korteveg-

DeVries equation is quasi-linear. The equation

ut = uxx + u3

is semi-linear.

Anything else is nonlinear.

There is a further classification of partial differential equations into elliptic

(boundary value) problems, parabolic problems and hyperbolic (initial value)

problems. We’ll get into this more later. It is not a hard and fast classification

(there are equations whose type can change, etc) but it is very useful.

First Order Quasilinear Equations

By the terminology we have just learned a first order quasi-linear equation is

one in which the first order derivatives all enter linearly, although the coefficients

may depend on the function itself. Thus the general form is

f1(u)ut + f2(u)ux + f3(u)uy + . . . g(u) = 0.

for the sake of simplicity we’ll first consider the case where g(u) = 0 and u is a

function on R2, although everything we will say will generalize in a straightfor-

ward way.

To set the motivation I’ll begin by deriving a partial differential equation,

the transport equation. Suppose that we have a quantity of something whose

density is denoted by ρ. I’d like to find equations for how the density ρ(x, t)

changes. Since ρ represents a density the total amount of “stuff” in the interval

[a, b] is given by

”stuff” =

∫ b

a

ρ(x, t)dx

What is the rate of change of the amount of “stuff” in the interval [a, b]? Well,

it should be determined by the flux through the boundary - we are assuming

that “stuff” isn’t created or destroyed, so the only way for the amount to change

is for stuff to enter or leave. Let’s assume that the stuff moves with a velocity

which is a function of the density. The rate at which stuff enters through a
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is given by the product of the velocity with the density: c(ρ(a, t))ρ(a, t), and

similarly with the rate at which stuff leaves through b:

∂

∂t

∫ b

a

ρ(x, t)dx = c(ρ(a, t))ρ(a, t)− c(ρ(b, t))ρ(b, t)

Now I’m going to switch the order of integration and differentiation, and use

the fundamental theorem of calculus in the form

F (a)− F (b) = −
∫ b

a

∂F

∂x
dx

to get ∫ b

a

∂ρ

∂t
+
∂c(ρ)ρ

∂x
dx = 0

This is what is sometimes known as the weak formulation of the problem. How-

ever since a, b are arbitrary assuming that ρt + (c(ρ))x is a continuous function

we have that the above implies that

ρt + (c(ρ)ρ)x

You may think that this is always true, and the solutions are always nice, but in

fact this is not the case. Many (even most) of these type of transport equations

develop something called shocks, which are discontinuities in the solution. This

is really a part of the physics. We’ll learn later how to deal with this problem

- essentially it amounts to going back to the integrated (or weak) form of the

equation.

Question: Suppose that one is working in Rn+1 and the velocity is now a

vector: ~c(u) : R→ Rn. What is the natural analog of the transport equation?

The case c(ρ) constant.

The case c(ρ) = 1 is a nice gentle start. Then we have

ρt + ρx = 0
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It is not hard to guess the general solution: ρ(x, t) = f(x − t), which repre-

sents a rightgoing wave (which agrees with the picture I drew in deriving the

transport equation.) Note that the solution here is different than the solution

to an ordinary differential equation in that, instead of an arbitrary constant of

integration we have an arbitrary “function”. Specifying this function amounts

to specifying the function ρ(x, t) along t = 0 :

ρ(x, 0) = f(x).

This observation is the beginning of somethimg called “the method of char-

acteristics”. One way you could find the above solution, if you were not able to

guess it, is to make the change of variables

u = x− t (9)

v = x+ t. (10)

After grinding the rust off your calculus III skills you’ll find that, in these new

variables, your equation becomes

2
∂ρ

∂v
= 0

the solution of this is ρ = f(u).

The method of characteristics generalizes this. Basically the method of char-

acteristics gives us a way to construct coordinates the “characteristic coordi-

nates” in which the evolution of the PDE looks simple.

Let’s start with a simple example. Consider the partial differential equation

a(x, y)
∂u

∂x
+ b(x, y)

∂u

∂y
= 0

One way to interpret this is that the vector field in the plane (a(x, y), b(x, y))

is everywhere orthogonal to the gradient of the function u. Said another way

this means that u does not change in the (a(x, y), b(x, y)) direction. This means

that if we can find a curve (x(s), y(s)) which is tangent to the vector field

(a(x, y), b(x, y)) then u will be constant along this curve. This curve is simply

ẋ = a(x, y)ẏ = b(x, y) In mathematical terms if (x(s), y(s)) satisfies the system

of ordinary differential equations

dx

ds
= a(x, y) (11)

dy

ds
= b(x, y) (12)

then along this curve the function u(x(s), y(s)) is constant:

d

ds
u(x(s), y(s)) =

dx

ds

∂u

∂x
+
dy

ds

∂u

∂y
= a(x, y)

∂u

∂x
+ b(x, y)

∂u

∂y
= 0

This system of ordinary differential equations is called the characteristic equa-

tions.
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Initial Curve Parameterized by x_0
Initial data specified here

Initial data carried along
Characteristics

Figure 1: The Geometry of the Method of Characteristics characteristics

The geometric picture looks like this:

Let’s do some examples:

Example:

Solve the PDE

ut + xux = 0

The characteristic equations are

dt

ds
= 1 (13)

dx

ds
= x (14)

Which have the solutions

t(s) = s+ t0 (15)

x(s) = x0e
s (16)

We can assume that t0 = 0, so that t = s. Eliminating s gives

x = x0e
t

or

x0 = xe−t

Since the initial data is a function of x0 we have

u(x, t) = f(xe−t)
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Example:

Solve the PDE

xuy + yux = 0 u(x, 0) = f(x)

The characteristic equations are

ẋ = y (17)

ẏ = x (18)

which has the solution

x = x0 cosh(s) + y0 sinh(s) (19)

y = y0 cosh(s) + x0 sinh(s) (20)

We’d like to chose the origin in time so that x(0) = x0, y0 = 0, thus

x = x0 cosh(s) (21)

y = x0 sinh(s) (22)

Eliminating s gives x2 − y2 = x20 so

u(x, y) = f(
√
x2 − y2)

Note that this only specifies the solution in part of the plane. The characteristics

do not propagate into one region of the plane, so the solution is not determined

in this region by the partial differential equation.

Exercises:

• Check that the above solutions work by direct differentiation.

• Draw a picture to illustrate which regions of x − y plane are covered by

characteristics in the last example.

Characteristics : the general case

The general case is not much different. Suppose that we have a first order

quasilinear (remember what that means?) partial differential equation of the

form

a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)

Consider the curve (t(s), x(s)) defined by the following ordinary differential

equation

dt

ds
= a(x, t, u) (23)

dx

ds
= b(x, t, u) (24)

Note that this is not yet solvable, since we don’t know what u is. But along any

such curve we can compute the change in u to find

du(x(s), t(s))

ds
= ẋ(s)ux + ṫ(s)ut = a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)
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This gives us the third equation

du

ds
= c(x, t, u)

Now suppose that the data is specified on some initial curve:

x = x(α) (25)

t = t(α) (26)

u = f(α) (27)

Then the algorithm is as follows:

Algorithm 1. To solve the first order quasilinear equation

a(x, t, u)ut + b(x, t, u)ux = c(x, t, u)

with initial data posed along the curve

u(x(α), t(α)) = f(α)

1 Solve the characteristic equations

dt

ds
= a(x, t, u) (28)

dx

ds
= b(x, t, u) (29)

du

ds
= c(x, t, u) (30)

subject to the initial conditions

t(0) = t(α) (31)

x(0) = x(α) (32)

u(0) = f(α) (33)

2 Given x(s, α), t(s, α), u(s, α) eliminate s, α to find u = u(x, t).

Note that frequently the initial curve will be t = 0


