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Introduction

Do numbers play dice? In many ways, the answer seems to be yes. For example, whether an integer has an
even or odd number of factors in its prime factorization is a property that behaves much like the outcome of a
coin toss: The even/odd sequence obtained, say, from a stretch of one hundred consecutive integers, is, at least
on the surface, indistinguishable from the heads/tails sequence obtained by tossing a coin one hundred times.
We may thus think of the “even or odd number of prime factors” property as a “digital coin flip”, encoded
by a function that takes on the value +1 if n has an even number of prime factors and −1 if n has an odd
number of prime factors. This function is known as the Liouville function.
Many functions in number theory exhibit such random-like behaviors and can thus serve as a “digital coin
flip function”. Our project is part of an ongoing program aimed at exploring the (non)-randomness of such
functions geometrically by studying certain “random walks” in the plane formed with these functions. Such
random walks provide a natural way to visualize and quantify the degree of randomness of these sequences.
They can help detect and explain hidden patterns, but can also reveal new phenomena that have yet to be
explained.
During the past year, we focused on the case of the Moebius function µ(n), a close relative to the Liouville
function and defined as +1 if n = 1 or if n is the product of an even number of distinct primes, −1 if n is the
product of an odd number of distinct primes, and 0 if n has a repeated prime factor. For example, we have
µ(2) = µ(3) = −1, µ(6) = µ(2 · 3) = 1, µ(12) = µ(3 · 22 ) = 0.
The Moebius function is one of the standard number-theoretic functions that arises naturally as the “inverse”
(in an appropriate sense) of the constant function 1. It is closely related to the distribution of primes, and many
statements about primes are equivalent to statements about the Moebius function. In particular, the Prime
Number Theorem is equivalent to µ(n) taking on the values +1 and −1 with asymptotically equal frequencies,
and the Riemann Hypothesis is roughly equivalent to the values of the Moebius function behaving like a true
random sequence.
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The Moebius p-Series and their Random Counterparts

Given a positive real number p, we consider the power series of the form
(1)

fp (z) =

∞
X
µ(n)z n
n=1

np

.

Bateman and Chowla [1] proved that when p = 1, the series (1) converges uniformly on the unit circle |z| = 1.
Under the Riemann Hypothesis, this remains true for any exponent p > 1/2, which is the behavior one would
expect from a series with random ±1 coefficients in place of the Moebius function.
Figure 1 illustrates the similarity in the behavior of the Moebius p-series to that of a corresponding series
with random coefficients in the cases p = 1 and p = 1/2.
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Figure 1: Moebius p-series versus random p-series: The plots on the left show the Moebius p-series (1)
with z = eiφ , 0 ≤ φ ≤ 2π, at p = 1 and p = 1/2, respectively. The plots on the right show the analogous series
when µ(n) is replaced by random ±1 coefficients.
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The Moebius Power Series

In the case p = 0, the Moebius p-series reduces to an ordinary power series with the Moebius function µ(n) as
coefficients:
(2)

f (z) =

∞
X

µ(n)z n .

n=1

When z lies on the unit circle, this series diverges, but we can investigate the behavior of this series as z
approaches the unit circle. Of particularPinterest is the behavior of f (r) asP
r → 1−, which is related to the
∞
∞
Abel summability
of
the
Moebius
series
µ(n):
By
definition,
a
series
n=1
n=1 an is Abel-summable
P∞
P∞ if the
n
limit limr→1− n=1 an r exists. Thus, the convergence f (r) as r → 1− would mean that the series n=1 µ(n)
is Abel-summable.
Numerical data obtained by Froberg [3] seems
provide compelling evidence that f (r) does indeed converge
Pto
∞
as r → 1−, with limit −2, thus suggesting that n=1 µ(n) is Abel-summable, with sum −2. We have extended
Froberg’s calculations to values r ≤ 0.9999999. Our results further reinforce the apparent convergence of f (r)
to −2, and in fact suggest that the difference f (r) − (−2) decreases at a rate proportional to 1 − r; see Table
1 and Figure 2 below. In stark contrast to this seemingly overwhelming numerical evidence, there exists a
general result of Delange [2] on the behavior of power series
formed with arithmetic functions, when specialized
√
to the Moebius power series, yields lim supr→1 |f (r)| 1 − r > 0. Thus, f (r) “blows up” at a rate of order
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r
0.9
0.99
0.999
0.9999
0.99999
0.999999
0.9999999

f (r)
−1.1384289
−1.8867855
−1.9881049
−1.9988015
−1.9998804
−1.9999878
−1.9999945

Source
Froberg (1966)
Froberg (1966)
Froberg (1966)
Froberg (1966)
Froberg (1966)
New
New

Table 1: Table of values of f (r).

Figure 2: Plot of f (r) (dashed line), and its apparent asymptote (red line).
√
P
1/ 1 − r as r approaches 1; in particular, this implies that the sum ∞
n=1 µ(n) is not Abel-summable.
Why is there such an apparent contradiction between the numerical data and the known theoretical results?
Froberg [3], provided a heuristic explanation for this apparent mystery: Using Mellin transformations, he
obtained a (heuristic) analytic formula for f (r) that reveals a term that approaches −2 as r → 1−, together
with terms that have unbounded oscillations, but coefficients small enough to not be observable within the
computable range. A more precise version of this argument shows that these oscillations remain “invisible” for
values r ≤ 1 − 10−15 ; see Figure 3.

Figure 3: Plot of f (r) (dashed line), its apparent asymptote (red line), and its predicted long-range behavior
derived from the analytic representation of f (r) (blue line).
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Generalizations of the Moebius Power Series

In our project we extended the numerical and theoretical investigations of Froberg, and we investigated related
phenomena. In particular, we considered the following variations of the Moebius power series:
• Moebius power series with comprimality condition:
∞
X

fq (r) =

µ(n)rn ,

n=1
(n,q)=1

where q is a positive integer.
• Moebius power series with congruence condition:
∞
X

fa,q (r) =

µ(n)rn ,

n=1
n≡a mod q

where a, q are positive integers.
• Moebius power series with Dirichlet character:
fχ (r) =

∞
X

µ(n)χ(n)rn ,

n=1

where χ is a Dirichlet character.
Using Mellin transform representations, we showed that these series exhibit a similar type of “fake” asymptotics as the Moebius power series f (r), and we formulated a heuristic principle that predicts the precise form of
this “fake” asymptotics based on the residue contribution from the pole at 0 in the Mellin transform representation. In particular, our principle predicts the following apparent asymptotic behavior within the computable
ranges:
• Moebius power series: f (r) ∼ −2 as r → 1−. This is the phenomenon first observed by Froberg.
• Moebius power series with Dirichlet character: If χ is a non-principal character with L(0, χ) 6= 0,
then fχ (r) ∼ 1/L(0, χ) as r → 1−.
• Moebius power series with comprimality restriction: If p is prime, then fp (r) ∼ (2/ log p) log(1−r)
as r → 1−.
These predictions agree remarkably well with the observed behavior of the power series within the computable
ranges; see Figure 4.
Yet, as in the case of the Froberg phenomenon, in each case the apparent asymptotics turns out to be a
mirage: it contradicts known theoretical results about the behavior of such series. The explanation for this
apparent discrepancy between the observed behavior and the known theoretical behavior is the same as for
the Froberg phenomenon: The oscillatory terms in the Mellin transform representations that determine the
long-range asymptotic behavior typically have very small coefficients and thus have a negligible influence on
the observed behavior until well beyond the computable range.
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Figure 4: Generalized Moebius power series (dashed lines) and their apparent asymptotics (red lines). The
plots show the generalized power series f3 (r), f2 mod 3 (r), f15 (r), fχ (r) (where χ is the non-principal character
modulo 3), along with the corresponding apparent asymptotic formula f•∗ (r). In the first two cases, f•∗ (r) is a
linear functions of log(1 − r), in the third case it is a quadratic polynomial in log(1 − r), and in the last case it
is the constant funtion fχ (r) = 3.
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