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Introduction

This is the first semester of a long-term program aimed at creating interactive Mathematicabased visualizations of interesting mathematical topics and making these available to a broader
audience through publication at the Wolfram Demonstrations website, http://www.demonstrations.
wolfram.com. The ultimate goal is to develop a collection of attractive interactive tools for use
in instruction and outreach activities.
This semester we focused on visualizations of selected topics at the interface of multivariable
calculus and probability, such as harmonic functions and random walks of various types. In
future semesters we may branch out into other areas such as number theory, combinatorics, and
differential equations.
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Harmonic Functions and Harmonic Landscapes

A function f (x, y) with continuous second partial derivatives that satisfies the Laplace equation ∆f = fxx + fyy = 0 in a domain D in R2 is called a harmonic function on D. A
harmonic landscape is the surface represented by the graph of a harmonic function, i.e., the
surface given by z = f (x, y), (x, y) ∈ D.
Harmonic functions have a number of remarkable properties:
• Uniqueness Property: A harmonic function on a domain D is uniquely determined by
its values on the boundary ∂D of D.
• Maximum Property: A harmonic function attains its maximum and minimum values
on D at the boundary ∂D.
• Mean Value Property: The value of a harmonic function at a point (x, y) in the interior
of D is equal to the average value of f on any circle in D with center (x, y).
• Peakless Property: A harmonic landscape does not have local maxima or minima in
the interior of the domain.
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• Flatness Property: A harmonic landscape is the flattest in a sense that it minimizes
the average square of the gradient,
ZZ
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Visualizing Harmonic Landscapes. A harmonic landscape defined over the
unit disk is uniquely determined by its boundary curve. In polar coordinates, this
curve can be parameterized by a function g(θ) that is periodic with period 2π.
The picture on the right shows an example of a parameterized boundary curve,
g(θ) = cos θ sin 5θ, while the picture on the left shows the harmonic landscape that
is uniquely determined by this boundary curve.

3

Discrete Harmonic Functions and Dirichlet’s Relaxation Method

A function f (x, y) that is defined on the lattice points (i.e., points with integer coordinates) in
some domain D and satisfies the discrete mean value property in the interior of D,
f (x, y) =

1
· (f (x + 1, y) + f (x, y + 1)
4
+ f (x − 1, y) + f (x, y − 1)),

is called a discrete harmonic function.

3.1

Dirichlet Relaxations Method

Dirichlet’s Method of Relaxations is an iterative method for computing discrete harmonic functions with given boundary values. Starting with an arbitrary initial function f0 satisfying the
boundary conditions, the method constructs a sequence fn of functions defined by
fn+1 (x, y) =

1
· (fn (x + 1, y) + fn (x, y + 1)
4
+ fn (x − 1, y) + fn (x, y − 1)).

As n → ∞, fn approaches the unique discrete harmonic function that satisfies the given boundary conditions.
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3.2

Discrete Harmonic Functions and Electric Networks

Interpret lattice points in a 2D domain as nodes of an electric network connected with resistors,
and let f (x, y) denote the voltage at (x, y). Then the function f (x, y) is a discrete harmonic
function; see [1].
Visualizing Discrete Harmonic Functions. The pictures below are visualizations of discrete harmonic functions defined over rectangular regions, generated by
20 iterations of Dirichlet’s relaxation process.

4

The Dirichlet Boundary Value Problem and Random Walks

The Dirichlet Problem for a domain D is to find a solution f to a PDE in D that takes on
prescribed values on the boundary ∂D.

4.1

The Dirichlet Problem for the Heat Equation

Given a temperature distribution on the boundary of a 2-dimensional domain D, the steady
state temperature distribution in the interior of D is given by the solution to the Dirichlet
problem for the Laplace equation ∆f = 0 in D that satisfies the given boundary temperature
distribution.

4.2

Monte Carlo Solution to the Dirichlet Problem

Given a point (x, y) in a domain D, generate random walks starting at this point and terminating once they reach the boundary ∂D. The average of the values of f at the terminal points
of these random walks is approximately the value of f at the point (x, y); see [3].
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Visualizing the Dirichlet Problem for the Heat Equation. The two images
illustrate the steady state temperature distribution on a square with given boundary
values, along with two types of random walks generated by the Monte Carlo method.
The picture on the left shows a random walk with Gaussian steps. The picture on
the right shows a random walk with discrete steps in directions parallel to the axes.

Visualizing the Monte Carlo Solution to the Dirichlet Problem. In this
interactive visualization the user first selects a starting point (x, y) in the interior
of the square. The program then generates n random walks starting at (x, y) and
terminating once they reach the boundary of the square. The visualization then
computes a predicted temperature at (x, y) as the average of the temperatures at
the endpoints of these random walks.
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Floating Random Walks

Given a domain D in R2 , a floating random walk on D is defined similar to a traditional random
walk with fixed step lengths, except that the step length is chosen as the shortest distance to
the boundary. Floating random walks approach the boundary much quicker and are thus more
efficient for numerical computations; see [2].
Visualizing Floating Random Walks.
The pictures on the right show 15
floating random walks starting at a fixed point in an elliptical region and the 3D
density plot of the points in these random walks.
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