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Introduction

Do numbers play dice? In many ways, the answer seems to be yes. For example, whether
an integer has an even or odd number of factors in its prime factorization is a property that
behaves much like the outcome of a coin toss: The even/odd sequence obtained, say, from
a stretch of one hundred consecutive integers, is, at least on the surface, indistinguishable
from the heads/tails sequence obtained by tossing a coin one hundred times.
We may thus think of the “even or odd number of prime factors” property as a “digital
coin flip”, encoded by a function that takes on the value +1 if n has an even number of
prime factors and −1 if n has an odd number of prime factors. This function is essentially1
the Moebius function µ(n), one of the most important number-theoretic functions whose
behavior is closely related to the distribution of primes.
This project is part of an ongoing broader project aimed at exploring the (non)-randomness
of such functions geometrically by studying certain “random walks” in the plane formed with
these functions. These random walks provide a natural way to visualize and quantify the
degree of randomness of these sequences. They can help detect and explain hidden patterns,
but can also reveal new phenomena that have yet to be explained.
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This semester we focused on series of the form g(t) = ∞
/n, as t ranges over
n=1 f (n)e
a full period interval 0 ≤ t ≤ 1. Here f (n) is some natural number-theoretic function, and we
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Strictly speaking, the function described above is the Liouville function; the Moebius function µ(n) is
identical to this function except that µ(n) = 0 if n has a repeated prime factor.
1

1

call the associated series g(t) a “number-theoretic Fourier series.” The geometric behavior of
these series, as a function of the parameter t, has been studied by Bohman and Froberg [3],
[5], who discovered some remarkable visual patterns that remain largely unexplained. The
goal of this project to explore these series in a more systematic manner and unravel some of
their mysteries.
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Weyl Sums

In trying to develop a deeper understanding of number-theoretic Fourier series, we are led
to consider finite sums of the type
S(N ) =

N
X

e2πif (n) ,

n=1

where f (n) is some real-valued smooth function. Such sums are called Weyl sums, and they
arise in many areas of mathematics and physics.
We can construct a “random walk” associated with such Weyls sums by interpreting
the complex numbers S(1), S(2), S(3), . . . as points in the complex plane, and forming the
polygonal path connecting these points. These random walks often exhibit interesting spiraltype features, called “curlicues”, and have a fractal-like behavior; see the figure below.

Figure 1: Graphs of Weyl sums with f (n) = (4/11213)n2 , N ≤ 11213 (left figure) and
f (n) = (100/10001)n2 , N ≤ 1040 (right figure).
Weyl sums have been extensively studied in the literature, and their behavior is now
fairly well understood; see, for example, Berry-Goldberg [2], Moore-van der Poorten [7], and
Dekking-Mendes-France [4]. A key tool in understanding the fractal-like behavior of Weyl
sums is the “renormalization formula” [2], which relates one quadratic Weyl sum to another
quadratic Weyl sum with the same global behavior, but without the finer local features.
P
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Renormalization Formula. Let SL (α) = 0≤n≤L eiπαn . Then
 
eiπ/4
−1
SL (α) ∼
SLα
1/2
|α|
α
2

Figure 2: Original (left figure) and renormalized version (right figure) of a Weyl sum.
Weyl sums arise in a variety of contexts in physics, including thermodynamics, quantum
mechanics, and optics; see, for example, Moore-van der Poorten [7], Luo et al. [6], and
Berry-Goldberg [2].
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Number-theoretic Fourier Series

We define a number-theoretic Fourier series as a function of the form
g(t) =

∞
X
f (n)e2πint

n

n=1

,

where f (n) is some natural number-theoretic function. The denominator n ensures that for
most functions f (n) of interest the series converges. For example, a result of Bateman and
Chowla [1] guarantees the convergence of the series in the case f (n) = µ(n).
We are interested in the geometric behavior of g(t) as t ranges over a full period 0 ≤
t ≤ 1, for various choices of f (n). In particular, we considered the Moebius function,
b
f (n) = µ(n), and trigonometric or exponential functions such as f (n) = e2πiαn , where α
and b are constants.
In the case f (n) = µ(n), the graph of the series g(t) is fairly chaotic, and similar in overall
shape to the graph obtained when letting f (n) be random ±1 coefficients, as illustrated in
the figure below.
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Figure 3: Number-theoretic Fourier series with the Moebius function as coefficients (left
figure) and random ±1 coefficients (right figure)
b

In the case when f (n) is of the form f (n) = e2πiαn , the graph appears much more regular,
and has spiral-type patterns similar to those observed with Weyl sums.

1.3

Figure 4: Number-theoretic Fourier series with coefficients f (n) = ei0.2n
1.3
f (n) = ei2n (right figure).
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(left figure) and
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Renormalization Formula

In contrast to Weyl sums, which have been extensively studied and are now well-understood,
the behavior of number-theoretic Fourier series has received little attention in the literature,
and a satisfactory explanation of their behavior remains elusive. As a first step towards a full
understanding of this behavior, we established the following analog of the renormalization
formula for Weyl sums, which helps explain some of the features observed.
Renormalization Formula for Fourier Series. Let
fα (β) =

∞
X
exp(iπ(αn2 + βn))

n

n=1

Then
fα (β) ∼ e

iπ/4

(1/2) −iπβ 2 /(4α)

|α|

e

.
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Figure 5: Original version (left figure), and renormalized version (right figure) of a numbertheoretic Fourier eries..
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Fourier Series Landscapes

To further visualize number-theoretic Fourier series, we constructed 3D density plots of these
series; the images below show some examples of such “Fourier Series Landscapes”.
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Figure 6: 3D density plots of Fourier series with coefficient function f (n) = eiπΦn (left
2 2
figure), and eiπ n (right figure) (where Φ is the Golden Ratio).
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Future Work

The renormalization formula for number-theoretic Fourier series with coefficients of the type
2
f (n) = eiαn is a first step towards a full explanation of the behavior of such series, but much
remains to be done.
P
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The corresponding Weyl sums, n≤N eiαn , are well-understood, thanks to the work of
Berry-Goldberg [2] and others. A future goal is to develop a similarly complete theory for
2
number-theoretic Fourier series with coefficients of the form f (n) = eiαn , or more generally
b
f (n) = eian .
We also hope to broaden our investigations, by studying Fourier series associated with
other well-known number-theoretic functions, such as divisor functions.
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