
Probability in Sports, Finance, Society, and Everyday Life:
A Short Course on Selected Topics in Applied Probability

Tuesdays/Thursdays 2 pm - 3:30 pm, 345 Altgeld Hall
June 16 - July 23, 2016

Prof. A.J. Hildebrand

1 General Information

This is a series of lectures on selected topics in applied probability for participants of the NU–UI
Mathematics Summer REU Program, and for others interested in the subject. No registration is
required—anyone is welcome to attend!

Math 390 Credit Option. UI students with appropriate qualifications may be able to earn one
hour of Math 390 (Individual Study) credit for successful completion of this course. This would have to
be approved by the Directory of Undergraduate Studies and it would require formally registering for the
course and paying summer tuition. If you are interested in this option, contact me at ajh@illinois.edu.

Dates/times/location. The course will meet at 2 pm Tuesdays and Thursdays, in 345 Altgeld
Hall, for around 90 minutes each. The first class will be Thursday, June 16 (there will be no class on
Tuesday, June 14) and the last class will be on/around July 23. This schedule allows students taking
summer classes to focus on their final exams, and students in the REU program to focus on preparing
their final presentations and papers during their last week.

Prerequisites. The main prerequisites are a basic undergraduate probability course such as Math
461 or 463, and a proof-based course such as Math 347 or 444. You should be familiar with basic
concepts in probability such as random variables and expectation, and with the standard probability
distributions such as the binomial, geometric, and normal distributions. You should also be comfortable
with mathematical proofs and ε− δ arguments.

Text/resources, and homework. There is no text for this course. I plan to distribute summary
lecture notes, and I will provide references and links to additional resources where available. There will
be weekly homework assignments related to the topics covered.

Qestions/suggestions. If you have any questions or suggestions, you can contact me at ajh@

illinois.edu. You can also talk to me after class (I will be available after each class through at least
4 pm), or come to my office, 13 Illini Hall.

2 Course Philosophy

Among all mathematical fields, probability is perhaps the most relevant in the real world and the most
frequently encountered in daily life. A standard undergraduate probability course introduces the basic
concepts of probability at a relatively elementary level, and it offers a glimpse of the many real-world
applications of probability. A typical graduate probability course provides a rigorous measure-theoretic
introduction to the mathematical theory of probability.

The goal of this course is to bridge the gap between undergraduate and graduate probability by
covering a selection of topics in probability that are usually not encountered in standard undergraduate
probability courses, but accessible at the undergraduate level. A list of topics I plan to cover is given
below; in creating this list, I tried to select topics that
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• are motivated by natural questions in real-world applications;

• involve some interesting mathematics, while still being accessible at the undergraduate level;

• cover a broad range of applications and touch on a variety of mathematical areas, such as combi-
natorics, analysis, geometry, and number theory;

• lend themselves naturally to numerical explorations and visualizations using Mathematica.

3 Tentative List of Topics

We will start out with some famous problems from the theory of random walks, and then move on to
selected other topics.

Topics in Random Walks

The simplest random walk is a one-dimensional random walk that starts at 0 and moves in steps of
+1 or −1, with probability 1/2 each. Such a random walk serves as a natural model for a variety of
real-world situations. For example, the moves might represent wins and losses in gambling, scores in a
basketball game (with +1 meaning that Team A has scored, and −1 meaning that Team B has scored),
or votes in an election (with +1 meaning that Candidate A has received a vote, and −1 that Candidate
B has received a vote),

A natural way to visualize such random walks is by plotting the position after n steps as a function
of n, as illustrated below.
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Below are some natural questions about the behavior of such random walks that we will study.

• Probability of Return. What is the probability that the random walk eventually returns to
its starting position? This question, and its generalization to higher-dimensional random walks,
is known as the “Drunkard’s Walk Problem.”

• The Gambler’s Ruin Problem. Other questions arise in the gambling interpretation of a
random walk. If you repeatedly play a fair game, what is the probability that you eventually
lose your starting capital? What is the probability that you eventually win one million dollars?
Surprisingly, both of these events have probability 1, i.e., they are “guaranteed” to occur. This is
a special case of the “Gambler’s Ruin Problem.”

• Lead Changes, Times in Lead, and the Ballot Problem. How many “lead changes” (or
“ties”) should we expect in a basketball game with scores occurring according to a random walk?
What can we say about the amount of time a given team is in the lead? How likely it that the
winning team has been in the lead throughout the game? What is the probability that the winner
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in a two candidate election has been in the lead through the entire vote counting process? (The
latter question is the “Ballot Problem.”)

All of these questions can be analyzed precisely. The mathematics behind this analysis involves
one of the most ingenious “tricks” I know of in all of mathematics—the so-called “reflection
principle”—and it leads to an unusual probability distribution, the arcsine distribution.

Other Topics

This list is very preliminary, and will be finalized later in the course, depending on the time available
and audience preferences.

• Benford’s Law. Among the first million Fibonacci numbers (or powers of 2, or factorials),
what fraction begins with a 1 (or a 2, or a 9)? Surprisingly, the answer is not 1/9; in fact,
in all three cases about 30% of the numbers begin with a 1, about 17% begin with a 2, and
only about 5% begin with a 9. This curious phenomenon is due to “Benford’s Law,” which says
that, in many situations, leading digits occur with probabilities given by P (d) = log10(1 + 1/d),
d = 1, 2, . . . , 9. Benford’s Law has been found to apply to many real-world data sets such as
numbers in accounting statements and populations of cities, and it has significant applications as
a tool in fraud detection. It is also a fascinating topic from a mathematical point of view, with
connections to number theory and real analysis. We will prove rigorously that Benford’s Law
holds for sequences such as the powers of 2, or the Fibonacci numbers, and we will prove results
that explain why so many real-world sequences also satisfy Benford’s Law.

• Geometric Probability. If you pick n random points in [0, 1], and break the interval [0, 1]
at these points, what can we say about the lengths of the pieces obtained, or equivalently, about
the “gaps” between the points? In particular, what is the expected length of the smallest gap?
Questions of this type belong to Geometric Probability, and they arise in a variety of applications.

• Testing Randomness. What does it mean for a numerical sequence (e.g., a sequence of digits
0, 1, . . . , 9, or a binary sequence of 0’s and 1’s), to be random? How can we distinguish a “true”
random sequence (e.g., one generated by a computer program) from a “made up” one (e.g., one
created by a student)? For example, compare 11000011101000010100110100111001000110011010
with 11101001000101010100001011000001011101110010. Is one sequence “more” random than
the other? Or consider the sequences 59265358979323846264338327950288419716939937510582
and 03392334762485794016936197185859556836942666063331. Which is “more” random than the
other? Behind such questions are interesting foundational problems (on the concept a “random
sequence”), as well as practical problems (on distinguishing true random sequences from fake
ones).

• Kelly’s Formula. This refers to an investment/gambling strategy that, in an appropriate sense,
maximizes the long-term growth of the investment. It was discovered some fifty years ago, it has
been tested in casino gambling, and it is widely used in the investment industry. The formula has
a fascinating history that is the subject of a book titled “Fortune’s Formula.” (The title refers to
Kelly’s Formula.) Mathematically, Kelly’s formula is based on a simple random walk model and
can be derived in this context.

• Brownian Motion. Brownian Motion can be thought of as a limit case of the simple dis-
crete random walk discussed above as the step size approaches 0. The plot of a one-dimensional
Brownian motion looks much like that of a discrete random walk with a large number of steps.
A completely rigorous derivation of Brownian Motion is beyond the scope of this course, but an
intuitive understanding, along with the basic properties of discrete random walks developed in the
first part of the course, is enough to derive some of its most interesting properties and applications.
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